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Abstract

In this companion note, we extend the results of Çelebi and Flynn (2025) to discrete

economies and thereby establish that the core of our analysis generalizes from the

continuum framework. Concretely, we show that appropriate analogs of Theorems 1, 2,

and 4 carry over to discrete economies. Together, these establish the optimality of APM

and characterize the (sub)-optimality of priorities and quotas. However, as discrete

economies do not necessarily admit a unique stable matching (as is well known), the first

part of Theorem 3 does not hold (uniqueness). This notwithstanding, we demonstrate

that agent-proposing DA, when combined with the optimal APM, implements the

agent-optimal stable allocation.
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1 The Discrete Model

We begin by introducing the discrete analog of the model of Çelebi and Flynn (2025). We

refer the reader to Çelebi and Flynn (2025) for additional details and interpretation and here

focus on expositing the results.

An authority has q resources to allocate. At each state ω, the economy the authority

faces corresponds to agents Θω = {θ1, . . . , θN(ω)} where q ≤ |N(ω)|. As in the continuum

case, θ ∈ [0, 1]×M denotes the type of an agent who has score s and belongs to group m.

We denote the score and group of any type θ by s(θ) and m(θ), respectively. For simplicity,

we assume that no two agents have the same score at any ω, formally, if {θ, θ′} ⊆ Θω, then

s(θ) 6= s(θ′).

An allocation µ : Θ → {0, 1} specifies for any type θ ∈ Θ whether they are assigned to

the resource. The set of possible allocations is U and Ω is the set of all possible economies.

An allocation is feasible if it allocates no more than measure q of the resource. A mechanism

is a function φ : Ω→ U that returns a feasible allocation for any possible Θω.

The authority believes ω has distribution Λ ∈ ∆(Ω). x(µ, ω) = {xm(µ, ω)}m∈M denotes

the number of agents of each group allocated the resource at matching µ, while s̄h(µ, ω) =∑
θ∈Θω µ(θ)h(s(θ)) denotes the utility the authority derives from scores at µ. The preferences

of the authority are given by ξ : R|M|+1 → R:

ξ (s̄h, x) ≡ s̄h +
∑
m∈M

um(xm) (1)

where h is continuous and strictly increasing and um is concave for all m ∈M.

2 Optimal Mechanisms in Discrete Economies

We adapt our definition of the Adaptive Priority Mechanisms to the discrete setting. An

adaptive priority policy A = {Am}m∈M, where Am : R × [0, 1] → R. The adaptive priority

policy assigns priority Am(ym, s) to an agent with score s in group m when ym of agents of the

same group is allocated the object. Given an adaptive priority policy, an APM implements

allocations in the following way:

Definition 1 (Adaptive Priority Mechanism). An adaptive priority mechanism, induced by

an adaptive priority A, implements an allocation µ in state ω if the following are satisfied:

1. Allocations are in order of priorities: µ(θ) = 1 if and only if
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(i) for all θ′ with m(θ′) 6= m(θ) and µ(θ′) = 0,

Am(θ)(xm(θ)(µ, ω), s(θ)) ≥ Am(θ′)(xm(θ′)(µ, ω) + 1, s(θ′)) (2)

(ii) for all θ′ with m(θ′) = m(θ) and µ(θ′) = 0, s(θ) > s(θ′)

2. The resource is fully allocated: ∑
m∈M

xm(µ, ω) = q (3)

Definition 1 makes two modifications relative to the continuum model. First, the mea-

sures of agents from each group are replaced by the number of agents from each group.

Second, when m(θ) 6= m(θ′), the adaptive priority of θ′ is now evaluated in the case where

an extra agent from m(θ′) is assigned the resource.1 Unlike the continuum case, it is possible

for a monotone APM to implement two different allocations, since it can assign the same

priority to two different agents, which could happen only for a zero-measure set of agents in

the continuum model.

Define A∗m(ym, s) ≡ h(s) + um(ym)− um(ym − 1), which will turn out to be the optimal

APM. We first show that A∗ is monotone, and all allocations that A∗ implements give the

authority the same utility.

Lemma 1. A∗ is monotone. Moreover, if A∗ implements µ and µ′ 6= µ in state ω, then

ξ(µ, ω) = ξ(µ′, ω).

Proof. Monotonicity is immediate from the definition of A∗ and concavity of um. Assume

that A∗ implements two different allocations, µ and µ′ at ω. Let xl and x′l denote the number

of group l ∈M agents assigned the resource at µ and µ′. Since A∗ is monotone and µ 6= µ′,

there are m and n such that xm > x′m and x′n > xn. Let θ̃l and θ̃′l denote the lowest-scoring

type l agent assigned the resource at µ and µ′, respectively. Similarly, let θ̂l and θ̂′l denote

the highest-scoring type l agents who is not assigned the resource at µ and µ′, respectively.

Let µ̃ denote the matching given by: µ̃(θ) = µ(θ) if θ 6∈ {θ̃m, θ̂′n}, µ̃(θ̃m) = 0 while µ(θ̂n) = 1.

µ̃ starts with µ, takes the resource away from the lowest-scoring group m agent who has it,

θ̃m, and allocates it to the highest-scoring group n agent who does not have it, θ̂n. Note

that since A∗ is monotone, from xm > x′m and x′n > xn, under µ′, θ̂n is already allocated the

resource while θ̃m is not.

Claim 1. µ̃ is implemented under A∗ in state ω and ξ(µ, ω) = ξ(µ̃, ω).

1This was not the case in the continuum model since all types of agents have measure 0 and therefore
replacing θ with θ′ has no effect the evaluation of diversity.
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Proof. Since A∗ implements µ and µ(θ̂n) = 0, we have that A∗m(s(θ̃m), xm) ≥ A∗n(s(θ̂n), xn +

1). Conversely, since A∗ also implements µ′ and µ′(θ̂′m) = 0, we have that A∗n(s(θ̃′n), x′n) ≥
A∗m(s(θ̂′m), x′m + 1). Moreover, since xm > x′m and x′n > xn, we have that s(θ̂′m) ≥ s(θ̃m) and

s(θ̂n) ≥ s(θ̃′n) . From this, it follows that:

A∗n(s(θ̂n), xn + 1) ≥ A∗n(s(θ̃′n), xn + 1) ≥ A∗n(s(θ̃′n), x′n)

≥ A∗m(s(θ̂′m), x′m + 1) ≥ A∗m(s(θ̂′m), xm) ≥ A∗m(s(θ̃m), xm)
(4)

where the first inequality holds as s(θ̂n) ≥ s(θ̃′n), the second inequality holds as x′n > xn

(which implies x′n ≥ xn+1) and A∗n is decreasing in its second argument, the third inequality

holds as A∗ also implements µ′ (as stated above), the fourth inequality holds as x′m < xm

(which implies x′m + 1 ≤ xm) and A∗n is decreasing in its second argument, and the fifth

inequality holds as s(θ̂′m) ≥ s(θ̃m). Thus, A∗m(s(θ̃m), xm) ≤ A∗n(s(θ̂n), xn + 1). This shows

that A∗m(s(θ̃m), xm) = A∗n(s(θ̂n), xn + 1), which implies that µ̃ is implemented under A∗ and

ξ(µ, ω) = ξ(µ̃, ω).

Note that Claim 1 shows that starting from a matching µ which is implemented by A∗,

taking away the object from a particular agent who does not have it in µ′ and allocating it

to a particular agent who has it in µ′, we arrive at another matching µ̃ that is implemented

under A∗ and gives the authority the same payoff. Therefore, starting from any µ that is

implemented by A∗ and repeating this construction (by replacing µ at step i with µ̃ at step

i−1) where at each step we take the resource from an agent who is not allocated the resource

at µ′ and assign it to an agent who is, in finitely many steps we arrive at µ′. Since the payoff

stays the same at each step, µ′ gives the authority the same payoff as µ.

Theorem 1. If µ is implemented by A∗, then µ is an optimal matching.

Proof. First, note that an optimal matching exists since the economy (and therefore the set

of matchings) is finite. We first show the following lemma.

Lemma 2. If µ is not implemented by A∗, then there exists µ′ that gives the authority a

strictly higher payoff.

Proof. If µ is not implemented by A∗, then there exists θ and θ′ such that µ(θ) = 0, µ(θ′) = 1

and either m(θ) = m(θ′) and s(θ) > s(θ′) or m(θ) 6= m(θ′) and

h(s(θ)) + um(θ)(xm(θ)(µ) + 1)− um(θ)(xm(θ)(µ)) >

h(s(θ′)) + um(θ′)(xm(θ′)(µ))− um(θ′)(xm(θ′)(µ)− 1)
(5)
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However, in both cases, a µ′ that allocates the resource to θ instead of θ′ (while not changing

any other agent’s matching) strictly improves the utility of the authority.

Lemma 2 proves that the optimal matching cannot be a matching that is not implemented

by A∗. Since the optimal matching exists, then it is implemented by A∗. From Lemma 1, all

matchings implemented by A∗ give the authority the same payoff, proving the result.

Note that Lemma 1 and Theorem 1 imply that any mechanism that is defined by an

arbitrary singleton selection from the set of matchings that A∗ implements would achieve an

optimal matching under any ω and therefore would be first-best optimal.

3 Suboptimality of Priorities and Quotas in Discrete

Economies

Now, we define Priority and Quota Mechanisms in the discrete model and extend our

(sub)optimality results to discrete economies.

A priority policy P : Θ→ [0, 1] awards an agent of type θ ∈ Θ a priority P (θ).

Definition 2 (Priority Mechanisms). A priority mechanism, induced by a priority policy

P , allocates the resource in order of priorities until measure q has been allocated, with ties

broken uniformly and at random.

A quota policy is given by (Q,D), whereQ = {Qm}m∈M andD :M∪{R} → {1, 2, . . . , |M|+
1} is a bijection. The vector Q reserves Qm objects for agents in group m, with residual

capacity QR = q−
∑

m∈MQm open to agents of all types. The bijection D (often called the

precedence order) determines the order in which the groups are processed.

Definition 3 (Quota Mechanisms). A quota mechanism, induced by a quota policy (Q,D),

proceeds by allocating QD−1(k) objects to agents from group D−1(k) (if there are sufficient

agents from this group) to the resource in ascending order of k, and in descending order of

score within each k. If there are insufficiently many agents of any group to fill the quota, the

residual capacity is allocated to a final round in which all agents are eligible.

We also extend the definitions of risk-neutrality and high risk aversion to the discrete

setting. Authority preferences are non-trivial if for all m,n ∈M:

h(1) + (un(1)− un(0)) > h(0) + (um(q)− um(q − 1)) (6)
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The authority is risk-neutral if for all m ∈M, um(x) = cmx for some cm ≥ 0 and all x ∈
{0, 1, . . . , q}. Define ũ and h̃ as follows: there exists xtar

m such that ũm(xm+1)−ũm(xm) = 0 for

all xm ≥ xtar
m and ũm(xm+1)−ũm(xm) ≥ h(1)−h(0) for xm < xtar

m and where
∑

m∈M xtar
m ≤ q.

Let ξ̃ denote the preferences of the authority under ũ and h̃. The authority with preferences

ξ is extremely risk-averse if the set of optimal allocations under ξ and ξ̃ coincide for all ω.

Theorem 2. The following statements are true:

1. If there is no uncertainty, then there exist first-best priority and quota mechanisms.

2. Suppose that the authority has non-trivial preferences. There exists a first-best priority

mechanism if and only if the authority is risk-neutral. This mechanism is given by

P (s,m) = s+ um(1)− um(0).

3. Suppose that the authority has non-trivial preferences. There exists a first-best quota

mechanism if and only if the authority is extremely risk-averse. This mechanism is

given by Qm = xtarm and D(R) = |M|+ 1.

Proof. Part (1):

Claim 2. Let µ denote an optimal allocation at ω. Then µ is a cutoff matching.

Proof. If µ is not a cutoff matching, then there exists (s,m) and (s′,m) where µ(s,m) = 1,

µ(s′,m) = 0 and s′ > s. Define µ′ by setting: µ′(s,m) = 0, µ(s′,m) = 1 and µ(s̃, m̃) =

µ(s̃, m̃) for all (s̃, m̃) such that (s̃, m̃) 6∈ {(s,m), (s′,m)}. Observe that, ξ(µ′, ω)− ξ(µ, ω) =

s′ − s > 0. Therefore, µ is not an optimal allocation, which is a contradiction.

Let µ denote an optimal allocation under ω, {ŝm(µ, ω)}m∈M denote the cutoff scores at

µ and s∗ denote an arbitrary number. Any priority policy that assigns P (ŝm(ω),m) = s∗

for all m ∈ M and is strictly increasing in the first argument allocates the resource to any

agent who has a higher score than the cutoff for their group and implements the optimal

allocation.

Let xm denote the number of group m agents who are allocated the resource at an optimal

allocation under ω. Then a quota policy that sets Qm = xm allocates the resource to any

agent who has a higher score than the cutoff for their group and implements the optimal

allocation.

Part (2): The if part of the result follows from observing the priority policy P (s,m) =

s+ um(1)− um(0) is equivalent to the optimal APM A∗ under risk neutrality since um(1)−
um(0) = um(ym+1)−um(ym) for all m, ym. Thus, by Theorem 1, P (s,m) = s+um(1)−um(0)

is first-best optimal.

To prove the only if part, assume risk neutrality does not hold and let m denote a group

such that um does not satisfy risk neutrality. For a contradiction, assume that P is an
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optimal priority policy. First, we observe that P (s,m) must be strictly increasing in s for all

m. To see why, assume P (s,m) = P (s′,m) where s > s′ and just consider an ω where there

are q − 1 group m agents with scores strictly higher than s, and no other agents. Clearly,

the optimal allocation would be to allocate the resource to all agents but (s′,m), while P

allocates the resource to (s′,m) with at least probability 1/2.

Second, let m denote a group such that um does not satisfy risk neutrality. Take another

arbitrary group n. We have the following:

Claim 3. Either (i) there exists t < q, sm, sn such that

um(t+ 1)− um(t) + h(sm) = un(q − t)− un(q − t− 1) + h(sn) (7)

or (ii) there exists t < q such that

um(t+ 1)− um(t) + h(1) < un(q − t)− un(q − t− 1) + h(0) (8)

um(t)− um(t− 1) + h(0) > un(q − t+ 1)− un(q − t) + h(1) (9)

Proof. From non-triviality, we know that um(1)− um(0) + h(1) > un(q) − un(q − 1) + h(0)

and un(1)− un(0) + h(1) > um(q)− um(q − 1) + h(0). The result then follows from the fact

that h is continuous and strictly increasing and um and un are concave.

We first prove the result under case (ii). Fix two agents with scores sm ∈ (0, 1), who

belong to group m and sn ∈ (0, 1), who belong to group n. Assume that there are t − 1

group m agents and q − t group n agents with higher scores than max{sn, sm}, so a total of

t group m agents and q − t + 1 group n agents. Note that in this case, only one agent will

not be allocated the resource in the optimal allocation, and that would be either (sm,m) or

(sn, n). From equation 9, (sm,m) is more preferred than (sn, n) and therefore it must be that

P (sn, n) < P (sm,m), as otherwise P would not be optimal. Next, assume that there are t

group m agents and q − t − 1 group n agents with higher scores than max{sn, sm}. From

equation 8, (sn, n) is more preferred than (sm,m) and therefore it must be that P (sm,m) <

P (sn, n), which is a contradiction.

We now prove the result under case (i).

Claim 4. In case (i), any optimal priority policy P must satisfy P (sm + ε,m) > P (sn, n)

for all ε > 0 and P (sm − ε,m) < P (sn, n) for all ε > 0

Proof. From Equation 7, we see that when there are t group m agents and q− t− 1 group n

agents with higher scores, (sm+ε,m) is strictly preferred to (sn, n), which is strictly preferred

to (sm − ε,m).
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Since um is not linear, there exists an l such that um(l+ 1)− um(l) < um(l)− um(l− 1).

There are two possibilities: l ≤ t or l > t. First, suppose that l ≤ t. We have that:

um(l)−um(l−1)+h(sm) > um(l+1)−um(l)+h(sm) ≥ un(q− l)−un(q− l+1)+h(sn) (10)

where the first inequality follows from um(l+ 1)− um(l) < um(l)− um(l− 1) and the second

inequality follows as um(t+ 1)− um(t) + h(sm) = un(q − t)− un(q − t− 1) + h(sn), um and

un are concave, and l ≤ t. Thus, for sufficiently small ε > 0, we have that:

um(l)− um(l − 1) + h(sm − ε) > un(q − l)− un(q − l + 1) + h(sn) (11)

Given this inequality, we see that when there are l − 1 group m agents and q − l group n

agents with higher scores, (sm − ε,m) is strictly preferred to (sn, n). Thus, to implement

the optimal allocation, it must be that P (sm − ε,m) ≥ P (sn, n), which is a contradiction to

Claim 4.

Second, suppose that l > t. We know that:

um(t+ 1)− um(t) + h(sm) = un(q − t)− un(q − t− 1) + h(sn) (12)

As l > t, from concavity of um and un,

um(l)− um(l − 1) + h(sm) ≤ un(q − l + 1)− un(q − l) + h(sn) (13)

From concavity of un and um:

um(l + 1)− um(l) + h(sm) < un(q − l)− un(q − l − 1) + h(sn) (14)

Thus, for sufficiently small ε > 0, we have that:

um(l + 1)− um(l) + h(sm + ε) < un(q − l)− un(q − l − 1) + h(sn) (15)

Given this inequality, we see that when there are l group m agents and q − l − 1 group n

agents with higher scores, (sn, n) is strictly preferred to (sm + ε,m). Thus, to implement

the optimal allocation, it must be that P (sm + ε,m) ≤ P (sn, n), which is a contradiction to

Claim 4.

Part (3): To prove the if part, fix an ω and let µ∗ denote the optimal allocation under ω.

Let x∗m denote the number of group m agents allocated the resource at µ∗ and xm(ω) denote

the total number of group m agents under ω.
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Claim 5. If the authority is extremely risk-averse, then x∗m ≥ min{xm(ω), xtarm }

Proof. Assume for a contradiction this is not the case. Then x∗m < xm(ω) and x∗m < xtarm .

Since
∑

m∈M xtarm ≤ q and x∗m < xtarm , there exists n ∈ M such that x∗n > xtarn . Let sn

denote the score of the lowest-scoring group n agent who is allocated the resource, and let

sm denote the score of any group m agent who is not allocated the resource, which exists as

x∗m < xm(ω). Since the authority is extremely risk-averse, we have the following:

h(sm) + um(x∗m + 1)− um(x∗m) > h(sn)− un(x∗n) + um(x∗n − 1) (16)

However, this contradicts the optimality of µ∗ and proves the claim.

Claim 6. If the authority is extremely risk-averse, x∗m > xtarm and x∗n > xtarn , µ∗(s,m) = 0

and µ∗(s′, n) = 1, then s′ > s.

Proof. Assume for a contradiction that s > s′.2 The difference in the utility of the authority

when allocating the resource to (s,m) rather than (s′, n) is given by

h(s) + um(x∗m + 1)− um(x∗m)− (h(s′)− un(x∗n) + um(x∗n − 1)) = h(s)− h(s′) > 0 (17)

which is a contradiction to optimality of µ∗.

The previous two claims show that under any ω, the optimal allocation admits (i) the

highest-scoring xtarm agents from each group (provided that they exist) and (ii) highest-scoring

agents who are not in (i), until the capacity is exhausted. Clearly, the quota policy Qm = xtar
m

and D(R) = |M|+ 1 implements this outcome at every ω.

To prove the only if part, assume that {Qm}m∈M is part of an optimal quota policy.

Claim 7. For and each m,n ∈ M and any t, l such that t ≤ Qm, Qm > 0 and l ≥ Qn, we

have that:

um(t)− um(t− 1) + h(0) ≥ un(l + 1)− un(l) + h(1) (18)

Proof. Assume that at ω, there are t group m agents, one of which one has score 0 and l+ 1

group n agents with scores higher than 1 − ε1 and q agents from other groups who have

scores higher than 1− ε2, where ε1 > ε2 > 0. As t ≤ Qm and Qn < l + 1, t group m agents

and Qn < l+ 1 group n agents are admitted under Q. Since Q is optimal for all ε1, we must

have that:

um(t)− um(t− 1) + h(0) ≥ un(l + 1)− un(l) + h(1− ε1) (19)

The statement then follows from continuity of h by taking the limit ε1 → 0.

2Remember that s′ = s was ruled out by assumption.
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Claim 8. Merit slots are processed last at the optimal quota policy.

Proof. For a contradiction, assume there is a merit slot that is processed before a quota slot.

Let l denote the last merit slot that precedes a quota slot. Let m denote a group that has a

quota slot after l. We consider a state in which: (i) there are q group n agents with scores

ŝ− εi, where εi > 0 for all i ∈ {1, . . . , q} (let ŝ denote the score of the highest-scoring agent

from this group), (ii) there are Qm group m agents with scores ŝ + εj for j ∈ {1, . . . , Qm}
(let ŝ denote the score of lowest-scoring agent from this group) and one with score ŝ/2, and

(iii) q agents from other groups with scores in (ŝ, ŝ). A group m agent with score ŝ+ εk for

some k is matched to l, thus (ŝ/2,m) is matched to a later quota slot, while some agents

with type (ŝ − εj, n) are rejected for some j. Let ŝ − εj′ be the score of the highest-scoring

such agent. From the optimality of the quota policy we have that

um(Qm + 1)− um(Qm) + h(ŝ/2) ≥ un(Qn + 1)− un(Qn) + h(ŝ− εj′) (20)

Let s∗ be the score of the lowest-scoring group n agent (i.e., s∗ = mini∈{1,...,q} ŝ− εi). Next,

consider the modified version of the above state, all group n agents are the same, but all

of the other Qm group m agents as well as q agents from other groups now have scores in

(s∗ − ε̂, s∗) and the group m agent who had a score of ŝ/2 now has a score of ŝ/2 + ε̂ for

ε̂ > 0. Note that now the group n agent with score ŝ− εj′ is allocated the slot l or an earlier

slot, while the agent (ŝ/2 + ε̂, m) is not allocated to any slot. Thus

um(Qm + 1)− um(Qm) + h(ŝ/2 + ε̂) ≤ un(Qn + 1)− un(Qn) + h(ŝ− εj′) (21)

which, since h is strictly increasing, implies that um(Qm + 1)− um(Qm) + h(ŝ/2) < un(Qn +

1)− un(Qn) + h(ŝ− εj′). This contradicts Equation 20, proving the claim.

Given the previous two claims, the following claim proves the result.

Claim 9. If merit slots are processed last, then for all l ≥ Qm and j ≥ Qn

um(l + 1)− um(l) = un(j + 1)− un(j) (22)

Proof. Assume for a contradiction this does not hold. Without loss of generality, assume

um(l + 1)− um(l) > un(j + 1)− un(j) and define δ as

δ = (um(l + 1)− um(l))− (un(j + 1)− un(j)) (23)

Consider a state with q − 1 agents with scores higher than s∗, of which exactly Qm are
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group m agents and Qn are group n agents. Moreover, there is one more group m agent with

score s′ < s∗ (denote this agent by θm) and one more group n agent with score s′′ ∈ (s′, s∗)

where h(s′′)−h(s′) < δ (denote this agent by θn). Note that all agents apart from θm and θn

are allocated the resource before the final merit slot. Moreover, since θn has a higher score,

she obtains the final merit slot. However, this is a contradiction to the optimality of Q as

h(s′′)− h(s′) < δ and allocating that resource to θm gives the authority higher utility. This

proves the claim.

Taken together, claims 7 and 9 prove that a fictitious authority that is extremely risk-

averse with xtar
m = Qm agrees with the authority on the optimal allocation, for all ω. To see

this, observe that claim 7 implies that diversity preferences dominate any concern for scores

when a group is allocated less than Qm. Moreover, conditional on being allocated at least

Qm, it is as if there is no residual diversity preference, by claim 9. This proves the only if

part of (3), which finishes the proof of the result.

4 Characterization of Stable Allocations in Discrete

Economies

In this section, we extend our discrete model to the multiple authority case. Of course, in

discrete models, there can be multiple stable matchings. This notwithstanding, we show that

agent-proposing DA, when combined with the optimal APM, implements the agent-optimal

stable allocation.

Let Θ0 denote the set of agents. C = {c0, c1, . . . , c|C|−1} denotes the set of authorities. qc

denotes the capacity of authority c and qc0 ≥ |Θ0|. θ = (s,m,�) ∈ [0, 1]|C| ×M×R = Θ,

where R is set of all complete, transitive, and strict preference relations over C such that c0

is less preferred than all c ∈ C. For each type θ, sc(θ) denotes the score of θ at authority c

and m(θ) denotes the group of θ.

A matching in this environment is a function µ : C ∪ Θ → 2Θ ∪ C where µ(θ) ∈ C is the

authority any type θ is assigned and µ(c) ⊆ Θ is the set of agents assigned to authority c,

which satisfies |µ(c)| ≤ qc for all c. xc(µ) = {xm,c(µ)}m∈M denotes the number of agents

of each group assigned to authority c at µ while s̄hc(µ) =
∑

θ∈µ(c) h(s(θ)) denotes the score

utility the authority derives from µ. The preferences of the authority are given by:

ξc(s̄hc , xc) = s̄hc +
∑
m∈M

um,c(xm,c) (24)

where hc is continuous and strictly increasing and um,c : R → R is concave for all m ∈ M
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and c ∈ C̄.
In Theorem 3, we showed that in the continuum model, there is stable matching and

this matching is a cutoff matching. It is well known that in discrete models there may be

multiple stable matchings, so the first part of the result does not hold. However, we can

extend the second part of Theorem 3. Recall that in the discrete setting, a matching µ is

stable if there are no blocking pairs, that is, there does not exist an agent θ and an authority

c ∈ C (which includes the dummmy authority) such that c �θ µ(θ) and either (i) c does

not fill its capacity or (ii) there exists θ′ ∈ c such that ξc(s̄hc(µ
′), xc(µ

′)) > ξc(s̄hc(µ), xc(µ)),

where µ′(c) = µ(c) \ θ′ ∪ θ.

Proposition 1. If µ is a stable matching, then it is a cutoff matching.

Proof. If µ is not a cutoff matching, then there exist θ = (s,m), θ′ = (s′,m) and c ∈ C such

that µ(θ′) = c, c >θ µ(θ) and s > s′. Define µ′ as follows. µ′(c) = µ(c)\θ′∪θ and µ′(c′) = µ(c′)

for all c′ 6= c. As s > s′ and hc is strictly increasing, ξc(s̄hc(µ
′), xc(µ

′)) > ξc(s̄hc(µ), xc(µ)),

which contradicts the stability of µ.

In discrete markets, there may be multiple stable matchings. We now show that when

all authorities use the optimal APM, Agent-Proposing Deferred Acceptance implements the

agent-optimal stable matching, in other words, Theorem 3 holds if we replace the unique

stable matching with agent optimal stable matching. For this result, we also assume that

the authorities preferences are strict in the sense that given the finite economy Θ and two

different matchings µ and µ′ such that µ(c) 6= µ(c′), ξc(s̄hc(µ), xc(µ)) 6= ξc(s̄hc(µ
′), xc(µ

′)).

Theorem 3. Agent-Proposing Deferred Acceptance implements the agent-optimal stable

matching when all authorities use the optimal APM.

Proof. We first define substitutable preferences in this setting, following Definition 6.2 in

Roth and Sotomayor (1990). A choice rule satisfies substitutes if an agent θ is chosen from

a set of agents Θ and θ′ 6= θ, then θ must be chosen from Θ′ ≡ Θ \ θ′.
We first show that under our assumptions on the preferences, the optimal APM for an

authority satisfies this property. Suppose that θ is chosen from some Θ under the optimal

APM for some authority. For a contradiction, suppose that θ is not chosen from Θ′. As

the optimal APM admits higher-scoring agents before lower-scoring ones, this means that

there are strictly fewer m(θ) agents chosen from Θ′. Let nm and n′m denote the number of

m group m agents chosen from Θ and Θ′. Then we have nm(θ) > n′m(θ). As θ is not chosen

from Θ′, there must be a group m′ such that more m′ agents are chosen from Θ′ compared

to Θ. Let θ̂ denote the highest scoring m′ agent that is not chosen from Θ and θ̃ denote the
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lowest scoring m′ agent chosen from Θ′. Note that s(θ̂) ≥ s(θ̃), which yields the following

inequalities:

Am(θ)(nm(θ), s(θ)) > Am(θ̂)(nm(θ̂), s(θ̂)) ≥ Am(θ̃)(n
′
m(θ̃)

, s(θ̃))

> Am(θ)(n
′
m(θ), s(θ)) ≥ Am(θ)(nm(θ), s(θ))

(25)

where the first inequality holds as θ is chosen from Θ while θ̂ was not chosen (and the

preferences were assumed to be strict), the second inequality holds as n′
m(θ̃)

> n′
m(θ̂)

and

s(θ̂) ≥ s(θ̃), the third inequality holds as θ̃ is chosen from Θ′ while θ was not chosen (and

the preferences were assumed to be strict), and the fourth inequality holds as nm(θ) > n′m(θ),

which is a contradiction—as the first and final terms are identical.

Given this, the theorem follows from Theorem 6.8 in Roth and Sotomayor (1990): when

authorities have substitutable preferences (and preferences are strict), the agent-proposing

Deferred Acceptance algorithm produces the agent-optimal stable matching.

5 Dominance of APM in Sequential Discrete Economies

We finally extend the dominance of APM to discrete economies in which agents apply to

the authorities sequentially, who decide which agents to admit. We index the stage of the

game by t ∈ T = {1, . . . , |C| − 1}. Each stage corresponds to an authority I(t), where

I : T → T . At each stage t, any unmatched agents choose whether to apply to authority

I(t). Given the set of applicants, authority I(t) chooses to admit a subset of these agents.

Given this, histories are indexed by the path of the remaining of agents who have not yet

matched, ht−1 = (Θ0,Θ1, . . . ,Θt−1) ∈ Ht−1. Given each history ht−1 and set of applicants

ΘA
c ⊆ Θ, a strategy for an authority returns a set of agents ΘG

c ⊆ Θ whom they will

admit such that ΘG
c ⊆ ΘA

c and |ΘG
c | ≤ qc for each time at which they could move t ∈ T ,

ac,t : Ht−1 × P(Θ) → P(Θ), where P(Θ) is the power set over Θ. A strategy for an agent

returns a choice of whether to apply to authorities at each history and time for all agent

types θ ∈ Θ, σθ,t : Ht−1 → [0, 1]. We moreover say that a strategy ac̃,t for an authority c̃ at

time t is dominant if it maximizes authority utility regardless of {{ac,t}c∈C/{c̃}, {σθ,t}θ∈Θ}t∈T
and I.

Theorem 4. The APM A∗c is a dominant strategy for all authorities.

Proof. We prove that APM A∗c implements a dominant strategy for all authorities in all stages

by backward induction. Consider the terminal time t = |C| − 1. Some set of agents Θ̂ ⊆ Θ

applies to the authority. Regardless of Θ̂, by Theorem 1 we have that the set of agents chosen
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under any selection from APM A∗c is first-best optimal. Thus, A∗c is dominant. Consider

now any time t < |C| − 1, precisely the same argument applies and A∗c is dominant.
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Çelebi, O., and J. P. Flynn (2025): “Adaptive Priority Mechanisms,” Working Paper

34035, National Bureau of Economic Research.

13


