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Abstract

Modern theories of the business cycle do not allow for the simultaneous rational choice
of both prices and quantities, instead assuming that an “invisible hand” determines
one of these variables to clear markets. In this paper, we develop a macroeconomic
framework in which both prices and quantities are chosen directly by firms, and ex-
change is both voluntary and efficient. Because of uncertainty about demand and
productivity, individual product markets can be in excess supply or rationed. The
absence of market-clearing changes pricing and production in qualitatively important
ways: markups are no longer determined solely by the elasticity of demand, and higher
uncertainty reduces production and increases markups. In equilibrium, production in
rationed markets has a negative aggregate demand externality on demand in slack
markets. Differently from New Keynesian economies, monetary shocks propagate by
reducing economic slack, raising aggregate labor productivity and consumption, while
uncertainty shocks act as stagflationary cost-push shocks. We integrate our theory of
disequilibrium in a dynamic, rational-expectations “New Old Keynesian Model” and

demonstrate its implications for the business cycle.
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1 Introduction

We study the equilibrium determination of pricing and production in economies in which
both of these decisions are made directly by economic agents. Although this may sound
descriptive of standard general equilibrium models, that is far from the case. Indeed, Arrow
(1959) describes the presence of “a logical gap in the usual formulations of the theory of the
perfectly competitive economy, namely that there is no place for a rational decision with
respect to prices as there is with respect to quantities.” In modern models of imperfect
competition in general equilibrium, such as the monetary model of Blanchard and Kiyotaki
(1987) or the textbook New Keynesian model of Woodford (2003b), Arrow’s critique can be
inverted: there is a rational decision with respect to prices but not quantities. For example,
the New Keynesian model requires firms to produce goods even when they would rather
not do so (Huo and Rios-Rull, 2020; Holden, 2025), violating the core economic principle of
voluntary exchange. Thus, it is no new argument that the delegation of pricing or production
to the invisible hand or the Walrasian auctioneer is potentially undesirable.

In this paper, to overcome the Arrow (1959) critique, we build a general equilibrium
macroeconomic model in which firms make both pricing and production decisions to maxi-
mize expected profits under uncertainty, and exchange is both voluntary and efficient. The
resulting model features markets in which goods are either rationed or over-supplied—as
in classical analyses of disequilibrium (see e.g., Barro and Grossman, 1971)—in a standard
rational expectations equilibrium. On a technical level, the presence of rationing and slack
creates cross-market spillovers that are challenging to characterize and have previously in-
hibited research on disequilibrium models (see e.g., Bénassy, 1993).

Notwithstanding these complications, we fully characterize equilibrium outcomes in the
model. Moreover, we find that severing the invisible hand has a number of non-standard im-
plications: (i) the classic Lerner (1934) pricing formula breaks down and firms’ markups are
optimally given by the inverse probability that demand is rationed, (ii) increases in volatility
have first-order effects on firms’ decisions, driving up prices, reducing labor inputs, and in-
creasing markups, (iii) aggregate demand externalities can turn negative because increasing
production in rationed markets reduces demand for non-rationed markets, (iv) uncertainty
shocks raise aggregate prices and depress aggregate consumption while leaving aggregate
employment unchanged, (v) the extent of monetary non-neutrality is decreasing in volatil-
ity, discontinuous in the zero uncertainty limit, and ambiguously affected by market power,
and (vi) unanticipated monetary shocks raise labor productivity. While our baseline model
is intentionally as simple as possible, we also describe how it can be augmented to feature

inventories, disequilibrium in product and labor markets, and dynamics with sticky decisions.



The Pricing and Production Problem. We first examine a single firm that must choose
prices and inputs for production before it knows its demand and productivity. To focus on
the novel economics of this problem, we consider the simplest possible model of this setting:
the firm operates a constant returns-to-scale production function and faces a demand curve
with constant price elasticity of demand, n > 1. The firm is uncertain about the strength
of its demand and productivity, which are jointly log-normally distributed. Problems of this
variety lie at the core of virtually all standard macroeconomic models, including the New
Keynesian model and the Real Business Cycle model with monopolistic firms. The standard
practice is to suppose that the firm picks either its price or its quantity, and then that
the remaining variable is determined by market-clearing. To overcome the Arrow (1959)
critique of this assumption, we instead adopt an axiomatic approach (Bénassy, 1993). First,
we assume that exchange must be voluntary: no one can be forced to trade more than they
would be willing. Second, we assume that exchange is efficient: there are no trades that fail
to take place that both sides of the market would be willing and able to make. These axioms
of exchange imply that the transacted quantity is the minimum of what the firm produces
and what the household demands at the price set by the firm. For this reason, the firm faces
sharply different pricing and production incentives ex post depending on which of two states
occurs: demand exceeds supply and the market is rationed, or supply exceeds demand and
the market is slack. The firm’s problem is to balance these trade-offs ex ante.

We first characterize the optimal pricing and input decisions in terms of a single fixed-
point equation for the firm’s optimal tightness, defined as the ratio of the firm’s price raised
to the power of its negative price elasticity of demand to the firm’s labor input. This
equation requires that the firm’s tightness is proportional to the ratio of the firm’s expected
productivity when the firm rations demand to the firm’s expected demand when the firm
over-produces. Intuitively, consider a firm raising its prices by 1 percent, a marginal amount.
If the market ends up rationed, they just sell all of their produced goods at the now higher
price and make 1% higher revenues. If the market is slack and output is demand determined,
then the firm continues to earn 1% more per unit sold but also sells n% fewer units, where 7
is the elasticity of demand; the overall effect on revenues is a (n—1)% reduction. The optimal
choice of tightness balances these forces, weighed by their relative likelihood of occurring.

Once the optimal degree of tightness is determined by resolving this trade-off, the firm’s
optimal price is pinned down by setting a markup equal to the inverse probability that
demand is rationed on the expected marginal cost of production. Without market clearing,
hiring an additional unit of labor is only beneficial whenever the market is rationed, while
costs are always paid. The optimal price must therefore be a markup on marginal costs

equal to the inverse rationing probability to ensure that hiring labor is profitable on the



margin. Thus, optimal pricing deviates from the classical Lerner (1934) formula, in which
the optimal markup is solely determined by the elasticity of firms’ residual demand. Instead,
uncertainty about supply and demand forces now drives the optimal markup.

Indeed, we show that uncertainty has unusually strong effects on prices and inputs in
this model: the perceived standard deviations of supply and demand shocks have first-order
effects on decisions. This is in contrast to most widely-used business cycle frameworks, in
which the standard deviations of these factors are only relevant to second-order or third-
order (Schmitt-Grohé and Uribe, 2004). This feature arises from the discontinuity in firms’
marginal revenues as a firm’s product switches from being oversupplied to rationed. More-
over, the discontinuity of marginal revenues is a fundamental property of voluntary and
efficient exchange. To make this point precise, we contrast our model to one with a match-
ing function that violates the principle of efficient exchange, as in the literature on matching
in goods markets (see Petrongolo and Pissarides, 2001, for a review), and show that uncer-
tainty only matters for firm decision-making to second-order.

We characterize the effects of uncertainty and show that higher uncertainty increases
firms’ optimal prices and depresses their optimal usage of labor inputs, a feature that is
unique to the fact that firms are choosing prices and quantities jointly. Intuitively, firms
reduce their labor to insure themselves against low demand realizations in which production
is wasted, and they raise prices so that purchasing labor continues to be profitable. The role of
uncertainty in determining markups can help account for the disconnect in the magnitude of
markups found in macroeconomic studies that use production function estimation approaches
(e.g., De Loecker et al., 2020), with those that directly estimate the elasticity of demand
(e.g., Broda and Weinstein, 2006). Our framework also implies that cyclical fluctuations in
uncertainty can drive cyclical fluctuations in markups. Finally, we show that these qualitative
insights translate to more general environments, such as those that feature inventories or

disequilibrium in both input and output markets.

Pricing and Production in General Equilibrium. We next embed this firm problem
in an otherwise canonical general equilibrium macroeconomic model. Following Blanchard
and Kiyotaki (1987), households have constant elasticity of substitution preferences over a
continuum of varieties with idiosyncratic taste shocks. Households further have Golosov and
Lucas (2007) preferences over the consumption aggregate, money, and labor supply.

The household’s problem in this model differs from that in standard analyses of mo-
nopolistic competition because the household cannot consume more of any good than has
been produced. The resulting failure of market-clearing in any one market modifies effec-
tive demand in other markets. We characterize these spillovers analytically and show that

the presence of rationed markets increases effective demand in slack markets. Intuitively,



consumers substitute to other varieties once a particular variety is out of stock. Thus, the
standard logic that production decisions are strategic complements (Blanchard and Kiyotaki,
1987) is no longer universally true: expanding production of rationed varieties reduces the
demand for non-rationed varieties, generating negative aggregate demand externalities.

Next, we study how these market interactions shape prices, production, and aggregate
consumption in general equilibrium. As in our partial equilibrium framework, we show
that these variables respond to first-order in uncertainty. We show that an increase in
uncertainty unambiguously raises firms’ prices and reduces aggregate consumption. For this
reason, uncertainty shocks have similar effects to markup shocks in general equilibrium. We
contrast this case to the Walrasian benchmark, in which demand uncertainty has no impact
on firms’ pricing decisions. Surprisingly, and different from standard analysis of markup
shocks, we find that uncertainty has no first-order impact on the choices of firms’ inputs
because of the aforementioned positive spillovers between slack and rationed markets. Thus,
uncertainty reduces aggregate labor productivity (GDP per labor hour) while leaving physical
productivity unchanged. This occurs because an increase in uncertainty raises the economy’s
“excess capacity”’—that is, certain varieties are not consumed because there is no invisible
hand to incentivize consumers to purchase those goods which are in excess supply.

We then revisit the monetary transmission mechanism when markets do not clear. We
find that the passthrough of an unanticipated monetary policy shock to aggregate consump-
tion is one-for-one in the zero uncertainty limit, but that it is declining in the degree of
uncertainty that firms face. Crucially, monetary passthrough is positive even though ag-
gregate production in the economy remains unchanged. Rather, unanticipated changes in
aggregate demand give households resources to consume goods in previously overproduced
markets. This mechanism is therefore distinct from that of standard “New Keynesian”
frameworks in which changes in consumption arise entirely from firms’ market-clearing com-
mitments to produce whatever the market is demanding (for a discussion, see Flynn et al.,
2026) and is more reminiscent of the “Old Keynesian” notion that consumption increases by
picking up slack in the economy (for a discussion, see Barro, 2025). To see this formally, we
find that monetary passthrough—while decreasing in uncertainty—is discontinuous in the
zero-uncertainty limit: when there is no uncertainty in the economy, there is no slack in any

market, and unanticipated monetary shocks have no effect on output.

Dynamics: A New Old Keynesian (NOK) Model. Finally, we study the dynamic
implications of our framework when pricing and production decisions are also “sticky” in
the sense of Calvo (1983): only a fraction of firms can adjust pricing and production in any
given period. This allows for empirically realistic sluggishness in decision making and allows

us to transparently compare our approach to that of the textbook New Keynesian model.



We first characterize the properties of our New Old Keynesian (NOK) model. First, as in
the static analysis, uncertainty has first-order effects on allocations. These are in some ways
similar to “cost-push” shocks in standard New Keynesian analyses (e.g., Smets and Wouters,
2007) but, as we will see, with sharply different labor-market implications. Second, we show
that the first-order propagation of shocks for the price-level and real consumption are the
same as their New Keynesian counterparts: that is, conditional on the initial shock to the
price level or consumption, these variables behave identically in the NK and NOK models.
Third, we show that propagation for output, employment, and labor productivity is sharply
different. The intuition is the dynamic analogue to what we found in the static analysis:
consumption and sales can fluctuate due to absorbing and releasing product-market slack,
even without corresponding movements in inputs.

We finally solve a calibrated version of this model nonlinearly to illustrate two key eco-
nomic lessons. First, monetary expansions lead to consumption booms fueled by tightening
product markets, with a more limited response of production and employment. This non-
standard transmission mechanism is consistent with high-frequency empirical evidence of
monetary transmission from Buda et al. (2025), who document rapid (week-to-week) re-
sponses of sales to monetary expansions without corresponding responses of production or
inputs (including labor). Moreover, the prediction that monetary expansions increase labor
productivity (GDP per worker)—despite fixed physical productivity—is consistent with the
classic empirical findings of Christiano et al. (2005), who show that GDP expands more
quickly and sharply than employment in response to shock monetary expansions.

Second, uncertainty shocks lead to sharp declines in consumption, increases in prices, and
an increase in product-market tightness (decrease in slackness). As a result, they manifest
in sharp declines in labor productivity: for close to the same level of physical production,
high prices dissuade consumers and lead to lower transaction volumes. These effects are
completely absent in the nested NK model, in which volatility has no effect on allocations
even in the nonlinear solution. In this way, our findings contribute to the literature studying
how and why spikes in uncertainty, known to be concurrent with recessions (see, e.g., Bloom
et al., 2018), might translate into economic contractions (as shown empirically by Bloom,
2009) and inflation (as shown empirically by Mumtaz and Ruch, 2025). In aggregate data,
our uncertainty shocks would manifest as contractionary and inflationary reductions in the
Solow residual with ambiguous effects on labor inputs, consistent with the classic findings of
Basu et al. (2006). Thus, through the lens of our model, microeconomic uncertainty shocks
affect the aggregate “productivity” of guiding consumers to slack markets, holding fixed the

actual physical productivity of producers.



Related Literature. The prevailing tradition in modern macroeconomics is to study mod-
els in which firms set prices (see e.g., Woodford, 2003b) or quantities (see e.g., Angeletos
and La’O, 2010) and that all markets clear ez post.! Our work is most related to a literature
that explores equilibrium in contexts in which markets do not clear (see Bénassy, 1993, for
a review). For example, Barro and Grossman (1971) and Michaillat and Saez (2015) study
models in which there can be rationing and excess supply in the product and labor mar-
kets. A key challenge in this literature is the combinatorial nature of clearing across markets
and accounting for all possible combinations of cross-market demand spillovers. Method-
ologically, we demonstrate that allowing for uncertainty and monopolistic competition (as
in Dixit and Stiglitz, 1977) smooths over any discontinuities in the firm decision problem
and gives rise to a well-defined distribution of markets that are below and above capacity in
general equilibrium, allowing for an analytical characterization of these spillovers. This is a
different approach than those based on tatonnement, which postulate (Jaffé, 1967) or derive
(Lorenzoni and Werning, 2026) an explicit process of price adjustment and study whether
and how fast outcomes converge to Walrasian equilibrium. For example, in Lorenzoni and
Werning (2026), while firms’ prices are sticky, their quantities are not: they always produce
the quantity that clears the market at their out-of-equilibrium price.

Most related to our analysis are Huo and Rios-Rull (2020) and Holden (2025),* which
respectively augment New Keynesian models with the ability of workers to not supply labor
and firms to not produce goods if they do not wish to do so. In both instances, this leads to
the potential for labor or goods demand to be rationed. Our analysis differs from these in
the critical respect that firms must make both pricing and production decisions before the
realization of uncertainty. This leads to the important economic difference that markets can
end up in a state of either excess supply or rationing, and is the feature that gives rise to the

novel implications of our analysis for the propagation of monetary and uncertainty shocks.

Outline. The rest of the paper proceeds as follows. Section 2 introduces the decision
problem of a monopolist that must choose both prices and inputs under uncertainty and
characterizes its properties. Section 3 embeds this decision in a general equilibrium model
and characterizes household behavior. Section 4 characterizes equilibrium prices and produc-
tion and leverages this to study the propagation of uncertainty shocks and monetary shocks.
Section 5 extends the static model to a dynamic setting and quantitatively illustrates the

dynamic implications of the theory. Section 6 concludes.

1Reis (2006) and Flynn et al. (2024) consider settings in which firms can choose to set either a price or a
quantity. Flynn et al. (2026) allow firms to choose supply functions, but maintain market clearing.

2Liu (2026) embeds a similar rationing mechanism to that of Holden (2025) in a search-and-matching
framework, allowing him to study the interaction of rationing with real rigidities.



2 Pricing and Production in Partial Equilibrium

We begin by analyzing the core new element of our paper: the decision problem of a monop-
olistic firm that must make pricing and production decisions before their demand ultimately

realizes. This is the key building block of our subsequent general equilibrium model.

2.1 Model: The Firm’s Problem

A firm sets a price p € R,, and purchases labor L € R, at a cost w € R,,. Given
these choices, the firm produces quantity ¢° € R, according to a constant returns-to-scale

production function given by:

¢ = AL (1)

where A € R, is the firm’s productivity. Moreover, the firm faces demand ¢? for its product:
¢ =zp" (2)

where z € R, is a demand shifter and n > 1 is the elasticity of demand. The firm
values its profits according to a nominal stochastic discount factor A € R,,. We assume
that the variables (A, A, z,w) are jointly log-normally distributed with mean p, variance-
covariance matrix 3, and cumulative distribution function G. We use 1 x and 0% to represent,
respectively, the mean and the variance of the logarithm of an arbitrary random variable X.

The amount of the good that is ultimately sold to consumers, ¢, derives from two basic
and classic principles (see Bénassy, 1993, for a review). The first is voluntary exchange: no
agent can be forced to trade more than that which they are able and/or willing, i.e., ¢ < ¢°
and ¢ < ¢%. The second is efficient exchange: there are no trades that fail to take place that
both sides of the market are willing and able to make, i.e., it is never the case that both
q < ¢° and g < ¢%. These two principles imply that the ultimate transacted quantity is the

minimum of what is supplied by the firm and what is demanded by consumers:
¢ = min{q",¢"} (3)

There are three possible outcomes in this market. First, the firm may supply more than
what is demanded, ¢° > ¢?. In this case, we say that the market is slack. Second, the firm
may supply less than what is demanded, ¢* < ¢%. In this case, we say that the market is
rationed. Finally, the firm may supply exactly what is demanded, or ¢* = ¢%. In this case,
we say that the market is in Walrasian equilibrium.

The firm makes both its pricing and input choices under multi-dimensional uncertainty



about the state of demand, its own productivity, factor costs, and the stochastic discount
factor. This implies, crucially, that the firm is also unsure of the eventual state of the market:

slack, rationed, or in equilibrium. That is, the firm solves the following problem:

sup / A(pg —wL)dG(A, A, z,w)
RF*

p,L

s.t. ¢ =min{¢®, ¢}, ¢ = AL, ¢* = zp™"

Substituting the constraints into the objective yields a more explicit formulation:

sup / A (min{zpk",pAL} — wL) dG (A A, z,w) (5)
R

4
pL JRY,

This reveals the technically non-standard and economically important feature of this prob-

lem: the firm’s revenue function has a kink at the point at which demand equals supply.

The Prevalence of Walrasian Disequilibrium. Only a small fraction of real-world
markets—such as the stock market and other highly centralized exchanges in which the
equality of supply and demand is ensured institutionally—are well-described by Walrasian
equilibrium. In practice, most markets are in a fluctuating state of either slack or rationing.

Consider, by way of metaphor, the economic decisions of a baker. The baker produces
bread, pastries, and other perishable goods. Before knowing demand for these goods with
certainty, they must decide upon prices and purchase flour, other raw materials, and labor.
On the one hand, they always run the risk that their goods might sell out, and a customer
who wants a pastry is turned away (a rationed market). In practice, stockouts are prevalent
in micro data and correlate with business cycle events (see e.g., Cavallo and Kryvtsov, 2024;
Holden, 2025). On the other hand, they also run the risk that pastries are left over at the
end of the day and need to be thrown out (a slack market). This is also, of course, common
in practice. In fact, the US Department of Agriculture estimates that 31% of the US food
supply is wasted at the retail and consumer levels (USDA Economic Research Service, 2026).

Our analysis is particularly descriptive of services, where output is perishable and cannot
be inventoried. For instance, in staffed service operations—such as those of management
consultants, restaurants, barber shops, law firms, call services, etc.—when demand exceeds
staffed capacity, customers must either wait or purchase an alternative service (the rationed
state). Conversely, if demand is low, staff and employees are idle (the slack state). Moreover,
a large literature documents substantial variation in capacity utilization, which reflects the
fact that productive resources often sit idle rather than being instantaneously reallocated

to other purposes in order to clear markets (Corrado and Mattey, 1997). Direct survey



evidence from establishments also documents that firms often employ excess labor over the
cycle (Fay and Medoff, 1985) and that employed workers often spend a substantial fraction
of their work day idle, on average (Michaillat and Saez, 2015). Similarly, Liu (2026) provides
evidence that a substantial fraction of products are produced below capacity. Thus, states
of slack and rationing are descriptive of many markets in the economy.

It stands to reason that the mere possibility of slack and rationed market states—which
is assumed away in the presence of the fictitious auctioneer— can shape firm decision-making

in qualitatively important ways. It is to these decisions that we next turn.

2.2 Optimal Firm Behavior

We begin by characterizing the solution to the firm’s problem of optimally choosing prices

and inputs under uncertainty.

Theorem 1. There exists a unique optimal price p* and labor input L*. Moreover, optimal

pr"
pu— L*

tightness t* 1s the unique solution to:

1 E[AAIE > U
- 1E[A]t < U

(6)

where U = A/z. Moreover, the optimal price is given by:

. E[Au]
P = EAALr > U]] (7)
and the optimal labor input is then given by L* = p*t:n
Proof. See Appendix A.1. m

Optimal Tightness. The key intuition for firms’ optimal tightness (Equation 6) comes
from firms’ underlying pricing incentives and how these depend on the state of the market.
This argument is visualized in Figure 1. We first observe that, given a chosen price p and
labor input L, the market may be rationed or slack depending on the realizations of demand
and productivity. In particular, demand is greater than supply whenever ¢¢ = zp™ >
AL = ¢°. Using our definitions of tightness, t := p~"/L, and the shock to supply-demand
imbalances, U := A/z, we can re-write the condition for rationing as t > U. Panel A of Figure
1 shows this by varying the demand state z, fixing (for illustrative purposes) productivity
A: markets are rationed when z is sufficiently high, and slack when z is sufficiently low.
How does a higher price affect the firms’ profits if the market ends up rationed? Firms

obtain an additional revenue dp for all units produced, or AL - dp. The firm values these



Figure 1: The Incentives to Raise Prices

A. Slack and Rationed Markets B. Raising Prices: Rationed Case C. Raising Prices: Slack Case
Pq N pog
(p+dp)-q 777 (p+dp)-q

¢ = AL

P = zlp=n dp-q

0 ) p+dp R \ P+ dp
[ Q @
= \_ P = = p 2 KN P
~ \ ~ S~ A

Slack x Difference = dp - AL

a=q" \ \

~
pdg Difference =

dp-q+p-dg+o(dp®) =
dp- (1 —m)zp~" + o(dp®)

Quantities Quantities Quantities

Note: This figure illustrates the incentives for price setting in the model. Panel A illustrates cases
where the market is rationed or slack, depending on the realization of demand. Panels B and C
show the marginal revenue effect of increasing prices from p to p+ dp in states that are slack versus
rationed, respectively. Equation 8 is obtained by setting the expected (risk-adjusted) marginal
revenue effect to zero, averaging over slack and rationed cases under the stochastic discount factor,
and Equation 6 of Theorem 1 is obtained by rearranging this condition.

revenues in risk-adjusted terms, conditional on the event that the market is rationed. Thus,
conditional on the rationed state, expected marginal benefits are E[AAL|t > U] - dp.

Suppose now that the market is slack. In this case, the firm operates on its demand
curve, and so its revenue is given by p x zp~". By raising the price, the firm’s first-order
change in revenue is dp - ¢” + p - dg®?, which is readily calculated as (1 —n)zp~-dp (Panel C
of Figure 1). Moreover, this state occurs when ¢ < U. Thus, conditional on the slack state,
expected marginal losses are (n — 1)E[Azp™"|t < U] - dp.

We finally observe that the knife-edge case of Walrasian equilibrium, or perfect balance of
demand and supply, has probability zero since all random variables are drawn from a smooth
distribution. Thus, at the optimal price, the expected losses from raising prices when the
market is slack must be equal to the firm’s expected gains from raising prices whenever the

market is rationed, multiplied by the respective probability of being in each state:

(- DEAzp "t <U]x (1—-Pt>U]) = EAAL|t>U] x Pit>U]  (8)
~ ~~ 7N ~~ -~ —— N——
Revenue losses when slack Slack probability Revenue gains when rationed = Rationing probability

Rearranging this equation then yields Equation 6 exactly.

Prices and Markups without the Invisible Hand. We now turn to understanding

Equation 7, which characterizes the firm’s optimal price. This pricing condition is, para-

10



doxically, obtained from the firm’s first-order condition with respect to inputs. To see this,
note that increasing inputs always has a cost, proportional to wages, but only sometimes
has a benefit. If the market is slack (i.e., goods are oversupplied), then extra production
has no benefit. If the market is rationed (i.e., goods are undersupplied), then the firm can
sell additional units at its chosen price. Thus, the expected gains from marginally increasing
inputs are given by E[AAp|t > U|-P[t > U] +0-P[t < U], while the expected losses are given
by E[Aw]. At the optimum, these expected losses and gains must be equated. Re-arranging
this expression yields Equation 7: the price is chosen such that the firm is locally indifferent
about employing more or less inputs.

This pricing condition suggests a direct connection between the rationing probability and
the markup. In particular, the condition can be rewritten in terms of the probability that
demand is rationed, r =P [t > U]:

= 1 E[Aw] (9)

" rE[At > U

Thus, optimal pricing corresponds to placing a markup of the inverse rationing probability
on expected (risk-adjusted) marginal costs, where the expectation must additionally correct
for the inference that when demand is rationed, productivity is likely to be low and marginal
costs are likely to be high. In the natural but special case in which the stochastic discount
factor is uncorrelated with demand and the firm’s productivity is known, the firm’s price is
simply a markup of 1/r on its expected marginal costs: p* = %EMC, where EMC = E,[TW]'

Conspicuously missing is any direct role for the elasticity of demand. That is, when
pricing occurs outside Walrasian equilibrium, pricing decisions are decoupled from the well-
known Lerner (1934) formula in which markups are solely determined by the elasticity of
demand at the ultimate market-clearing quantities. We will shortly discover that a version
of the Lerner (1934) formula is recovered in the limit with no uncertainty (i.e., under which
the market will indeed be in Walrasian equilibrium) and characterize how the presence of

uncertainty, which creates the potential for rationing and slack, affects prices and markups.

Using the Model: Block-Recursivity. An important property of this model revealed
by Theorem 1 is the following block recursivity. First, one can solve for optimal market
tightness or the probability of rationing, as each is a monotone transformation of the other.
In particular, we can write tightness as 7'(r) where 7" : (0,1) — R is an increasing func-

tion.> Next, one can solve for the optimal price (and, moreover, labor input). This can be

3Since rationing occurs if and only if ¢ > U, the probability of rationing is r = R(t) := ®((Int — uy)/ov)-
Moreover, under our maintained assumptions, R is a smooth, increasing function such that lim;—, ., R(t) =0
and lim;_, o R(t) = 1; and it has a well-defined inverse function which we define as t = T'(r).

11



Figure 2: The Block Recursive Structure

A. Rationing (R) B. Inputs and Pricing (I)

== (dds ratio Marginal benefit
Marginal revenue ratio === Marginal cost

Rationing probability Price

Note: This figure shows an illustrative version of the system of equations (R) and (I). Panel A
visualizes the determination of the rationing probability, where the blue curve is the left-hand side
of Equation R and the orange curve is the right-hand side. Panel B visualizes the determination of
prices, where the blue curve is the left-hand side of Equation I (marginal cost of expanding inputs)
and the orange curve is the right-hand side (marginal benefit of expanding inputs).

represented in the following system of equations:

r E[Az|T(r) < U]
=~ = VIO are > 0 R)
E[Aw] = rE[AA | T(r) > Ulp (I)

Condition (R), simply a transformation of Equation 8, can be understood as equating the
odds ratio of rationing to the (absolute value) of the firms’ marginal revenues in each state.
We will refer to the right-hand side of this condition as the marginal revenue ratio. Condition
(I), simply a re-arrangement of Equation 9, represents the optimality of the firm’s input
choice. Crucially, the left-hand side (the marginal cost of hiring workers) is invariant to the
rationing probability. We graphically illustrate this representation in Figure 2; later, we will

show its utility for understanding comparative statics.

Closed-Form Characterization. We finally observe that the expectations in Theorem
1 can be evaluated analytically given our assumption that the underlying random variables
are jointly log-normal. Doing this reveals that the logarithm of the optimal supply-demand
imbalance is the solution to a specific fixed-point equation. In the proof of Theorem 1, we
show that this fixed-point equation admits a unique solution. Moreover, the optimal price

can be recovered easily once t* is known. We summarize this below in the following corollary.
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Corollary 1. The optimal tightness t* is the unique solution of:

d <1nt*#U _ BSOU>

ou

1-® <1n7;—UHU _ 5DUU)

(10)

1 1
Int =1In (—1> +LLA—LL,Z+§ (ai — 03 + 2004 — QUA,Z)-HH
n—

CllnA+ln AInU CllnA+lnzInU . o
where BS = EAMANT] - g gD — EAtIn=InU] = proronper, the optimal price is given by:

V[nU] V[nU]
* L., 2 Int* — py s
Inp* = py — pa + 2 (Uw — 0+ 200, — 20A,A) —Ind S — — B oy (11)
U
Proof. These expressions follow from derivations in Appendix A.1. O

Using the log-normality assumption, the inferences that the firm draws about demand
when the market is slack and the firm draws about productivity when the market is rationed
are compactly summarized by the ordinary least squares regression coefficients ” and 5,
respectively. Concretely, 3P captures how much lower demand is when the market is in
a state of slack, while 3° captures how much lower productivity is when the market is
rationed. Finally, observe that both of these coefficients cannot be identically zero because
of the identity that 3% — gP = 1.

Moreover, the general logic that the firm’s price is a markup of the inverse rationing
probability over the inference-corrected expected marginal cost is exactly captured by the
final term in Equation 11. The logic of the previous discussion allows us to express the

resulting optimal markup as:

1 1
M= _ 12
P (hlt_—/w _ 5SJU> ¢ (-Y(r) — BS0y) (12)

ou

Which simply collapses to the inverse rationing probability when 5% = 0, i.e., when being in
a state of rationing is uninformative about SDF-weighted productivity. More generally, in
the natural case that 3° > 0, we can see that the optimal markup is larger than the inverse
rationing probability. Intuitively, rationing is associated with high marginal costs, and so
the markup must be adjusted to account for the possibility of higher marginal costs in states

in which rationing occurs.

2.3 The Effects of Uncertainty

We now study the effects of uncertainty on firm behavior in this setting. To do this, we

consider the random vector and we rescale the volatility of each variable about which firms
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are uncertain (InA,In A, Inz,Inw) by § > 0.* Thus, ¢ scales the total uncertainty faced by

the firm while preserving the covariance structure of the shocks.

The Complete Information Limit. The next result shows that the complete information
limit corresponds to nothing more than the benchmark model of conduct by a monopolistic

firm: set a price equal to a taste-based markup of n—’_Ll over nominal marginal costs.
Proposition 1. In the complete information limit, we have that:
1. Prices are a constant taste-based markup over nominal marginal costs:

FI .o 1 _
p = limp —n_lexp{uw pa} (13)

2. Labor converges to its full information value:

-n
LFI = lim L = <L) exp{pz + (1 — 1)ppa — ptw } (14)
—0 n— 1

3. The supply-demand imbalance in choices is the fundamental supply-demand imbalance:

t" = lim t* = exp{pa — 1.} (15)
6—0

4. The rationing probability r = Plq? > ¢°] is the inverse taste-based markup:

-1
limr* = 1~ (16)
6—0 n

Proof. See Appendix A.2 O

Statements 1 and 2 imply that, as uncertainty approaches zero, the resulting prices and
quantities coincide with those in a standard monopolistic benchmark without uncertainty,
where firms set prices and then produce to satisfy demand. Specifically, Statement 1 indi-
cates that prices reduce to the usual taste-based markup over nominal marginal costs (while
Statement 2 indicates that labor converges to the corresponding full information value).
Statement 3 establishes that any gaps between demand and supply vanish in this limit.
Consequently, in the zero-uncertainty limit, the framework yields an underpinning for mar-
kets in Walrasian equilibrium: one can simply view firms as choosing prices and having

quantities determined by market clearing (and vice versa). Moreover, this claim makes clear

4That is, collapsing § = (InA,In 4,In z,Inw), we consider a family of random vectors 05 = g + 6E%Z,
where Z ~ N(0,I) is a four-dimensional standard Gaussian noise vector.
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that any deviations of prices or quantities from their Walrasian levels must stem from the
existence of uncertainty.

While Statements 1 and 2 show that allocations converge to the standard monopolistic
benchmark, Statement 4 shows that the rationing probability is non-zero and converges to
the inverse of the taste-based markup. Intuitively, small (but non-zero) uncertainty implies
that demand may still be higher than what the firm anticipates ex ante, leading to rationed
markets. This result also shows that even small levels of uncertainty lead to different conse-
quences for rationing probabilities compared to the no-uncertainty case, where markets are
either always rationed or always slack (Barro and Grossman, 1971).

The following derivation directly shows why the rationing probability equals the inverse
taste-based markup. Consider again the firm’s marginal incentives to raise prices (Equation
8 and Figure 1). When uncertainty is vanishingly small, sales in slack and rationed markets
are known and equal to each other, canceling out on both sides of Equation 8. Therefore,

the firm equalizes the revenue elasticity in each state weighted by the rationing probabilities:

(n—1) x(1-Pt>U]) = 1 X Pt > U] (17)

Revenuemen slack W Revenue damen rationed RatiMbﬂity
Re-arranging this and defining » = P[t > U] gives the result. Moreover, as the market
becomes perfectly competitive (n — o0), the rationing probability converges to one. Intu-
itively, more severe competition raises the losses from higher prices in the slack state while
leaving constant the gains from higher prices in the rationed state; to balance incentives, the
firm drives the rationing probability to one. The opposite logic implies that as monopoly
power becomes very strong (n — 1), the rationing probability converges to zero.

Thus, the general logic of our model collapses to the standard logic of the Lerner (1934)
markup formula as uncertainty vanishes. However, in the presence of uncertainty, our analy-
sis has demonstrated a more general principle: markups correspond (roughly) to the inverse
of the probability that the firm rations demand. Moreover, while the demand elasticity is one
component of this probability, it does not tell the whole story. For that, we must consider

the effects of uncertainty.

The First-Order Effects of Volatility. Having understood that uncertainty is the core
element of this theory’s departure from standard Walrasian equilibrium, we now characterize
how the presence of volatility affects optimal behavior to first-order. Mathematically, we do
this by characterizing the first-order effects of scaling volatility by o > 0 on choices around
the point at which there is no uncertainty (6 = 0). We use the language of volatility to

emphasize that changes in standard deviations can have first-order effects on choices (as
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opposed to variances having first-order effects on choices).
The following proposition derives the first-order effects of volatility on the firm’s optimal

price, labor input, and rationing probability.

Proposition 2. Up to a first-order approximation in volatility, the firm’s optimal price and

labor inputs are given by:

Inp* =Inpf’ + (¢(/€) — %) oy

InL* = In L — n¢(x)oy

(18)

where k = 1 ("%) Moreover, the probability with which demand is rationed is given, up

to a first-order approximation in volatility, as:

e ()]

Proof. See Appendix A.3. O]

The basic reason why uncertainty has first-order effects was highlighted earlier: the firm’s
payoff has a kink at the point where supply meets demand. We next explain the intuition

for the exact form of this effect.

How Uncertainty Affects Rationing. To build intuition, we assume momentarily that
productivity and the stochastic discount factor are constant, which implies that supply-
demand imbalances are driven solely by demand z (i.e., 04 =0, oy =0, and oy = 0,). Let
us begin by examining the first-order effects on the rationing probability given in Equation
19. This effect consists of two terms, which we discuss in sequence.

The first term, /7 is the mechanical effect by which increasing volatility affects the
marginal revenue ratio. Absent a response in firm tightness, increasing volatility is a force
that makes rationing and slack states equiprobable. Hence, if the rationing probability in
the zero-uncertainty limit is less than one-half (which corresponds to x < 0), then a slight
increase in volatility lowers the marginal revenue ratio because it makes slack states less
likely. From equation R, firm optimality requires that the rationing probability decrease.
Conversely, if the rationing probability in the zero-uncertainty is greater than one-half, then
this term is positive.

The second term captures the previously discussed inferences that the firm draws about
(risk-weighted) demand and productivity when the market is slack and rationed, respectively.

Under our temporary simplification that productivity and the SDF are constant, this implies
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that 4% = 0 and B” = —1. In other words, the firm understands that demand is low in
states in which the market is slack. This incentivizes the firm to lower its tightness in order
to insure itself against these low-demand realizations. In turn, this lowers the probability of
rationing: the change in tightness ¢t due to these inferences moves the rationing probability
by —¢(k), which represents the prior probability of being at the slack-rationing threshold.
The total effect on the rationing probability is thus proportional to x/n — ¢(k).

From Rationing to Prices and Labor. Having understood changes in the rationing
probability, interpreting Equation 18 is straightforward. Recall from Equation 9 that the
optimal price is a markup of the inverse rationing probability on marginal costs. This is
because the benefit of hiring an additional unit of labor only accrues when the market is
rationed (and depends on the price charged, while costs are always paid). It follows that,
absent additional effects on inference about productivity, the price charged moves in opposite
directions to the rationing probability, with a first-order effect given by ¢(x) — /7. Finally,
the term n¢(k) in the labor Equation can then be understood as the “residual” that is
needed to ensure that Equation 19 holds. Concretely, note that for a 1% change in prices,
the corresponding market tightness moves by n > 1%. Thus, labor must also adjust to
ensure that the change in prices is consistent with the change in the rationing probability.
This intuition remains unchanged when productivity and the SDF are also allowed to vary,
with the exception that the firm understands that states in which the market is rationed
are associated with relatively low productivity. This inference effect is captured by A° in

Equation 19.

Firms Shrink When They are Uncertain. Although the first-order impact of volatility
on rationing can be either positive or negative—depending on the elasticity of demand and
the strength of the inference effects just described—the sign of its impact on prices and labor
is unambiguous. Concretely, in response to an increase in volatility, the firm always raises

its prices and reduces the amount of labor it hires. We formalize this with the following.

Corollary 2. The presence of imperfect information reduces hiring, InL < InL¥! and

increases prices, Inp > Inpf’.
Proof. See Appendix A .4. O

Why does volatility make the firm “shrink”? Observe that the firm can increase tightness
either by reducing prices or by reducing its input quantities. Consider again the case in which
productivity and the SDF are constant. In this case, the firm wants to unambiguously reduce
the probability that the market is rationed. Intuitively, demand matters for the firm only

insofar as the market is slack. If demand becomes more “spread out,” holding fixed tightness,
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Figure 3: Visualizing the Response to an Uncertainty Shock

A. Rationing (R) B. Inputs and Pricing (I)

== (dds ratio Marginal benefit
Marginal revenue ratio === Marginal cost

|

Rationing probability Price

Note: This figure illustrates the comparative statics of the firm’s response to an uncertainty shock.
In particular, we consider a case in which demand uncertainty increases (given zero uncertainty
about productivity or the stochastic discount factor), in the neighborhood of zero uncertainty Panel
A visualizes the determination of the rationing probability, where the blue curve is the left-hand side
of Equation R and the orange curve is the right-hand side. Panel B visualizes the determination of
prices, where the blue curve is the left-hand side of Equation I (marginal cost of expanding inputs)
and the orange curve is the right-hand side (marginal benefit of expanding inputs). In both Panels,
the dashed line indicates the effect of the shock.

then the firm is only exposed to the associated downside risk of having a slack market when
demand is low. The firm instead wishes to expose itself to the upside of these demand
movements by increasing the probability that the market is slack.

The corresponding change in tightness can be mediated either by increasing prices or by
increasing labor. Suppose, counterfactually, that this change were mediated by increasing
labor and that prices remained constant. Given this new tightness, this would imply that
the marginal profit in hiring a unit of labor would decline: the firm always pays the wage,
while an additional unit of labor only increases revenues whenever the market is rationed.
Since prices are assumed constant and the rationing probability declines, hiring labor at the
margin is unprofitable. The firm must therefore choose to raise prices. But any change in
prices moves the rationing probability more than one-to-one, precisely because the elasticity
of demand is larger than unity. It follows that the firm “shrinks” in response to volatility:
labor purchases decline so that the firm is insured from low demand realizations, and prices
increase so that labor purchases remain profitable.

We graphically illustrate the effects of volatility on firm decisions using the block-recursive
structure in Figure 3. In particular, we consider an increase in demand uncertainty in the
simplified scenario, which shuts down uncertainty about the stochastic discount factor and

about productivity. The shock reduces the marginal revenue ratio, leading to a decline
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in the desired rationing probability (Panel A). This translates to a global decline in the
marginal benefit of hiring labor for any fixed price; equalizing this marginal benefit to the

fixed marginal costs yields a higher price (Panel B).

Uncertainty-Based Markups. Earlier, we remarked that markups are decoupled from
the canonical Lerner (1934) formula in the disequilibrium model (see Equation 9). We can
now more precisely describe how uncertainty affects this phenomenon, using our first-order
characterization of how the firm’s decisions respond to uncertainty. In this case, markups M
can be decomposed into a taste-based component and their uncertainty-based component,

which we have shown to be strictly positive:

M= In (%) + (¢(I€) - %) o (20)

~
Taste-Based Markup  Uncertainty-Based Markup

This has at least two concrete implications. First, our model can rationalize differences
between markups estimated via the two most standard approaches in economics: measuring
the elasticity of demand on the “demand side” and combining this with assumptions about
how firms compete (e.g., Bresnahan, 1989; Berry et al., 1995), or measuring marginal costs
on the “supply side” given suitable assumptions about production technology and/or input
markets (e.g., De Loecker and Warzynski, 2012; De Loecker et al., 2020). For example,
studies applying the production approach to public firms in the US typically find markups
in the range of 1.2-1.6 (e.g., De Loecker et al., 2020; Demirer, 2025). By contrast, studies
applying the demand approach to narrowly defined sectors or retail goods in the US find that
the majority of markets have demand elasticities above 8 (e.g., Broda and Weinstein, 2006;
Hottman et al., 2016). Under our model, the standard translation from demand elasticity
to markup would be incorrect even under correctly specifying the model of monopolistic
competition. The bias would be in the direction of under-stating markups with the demand
approach due to neglecting the uncertainty-based markup.

Second, this framework can provide a rationale for the contribution of markup shocks to
business cycle dynamics. For instance, Smets and Wouters (2007) argue that the majority
of short-run variation in inflation, as well as a significant fraction of variation in GDP, is
driven by shocks to markups. It may be hard to rationalize these fluctuations via changes
in the elasticity of demand, which is presumably a slow-moving object related to consumer
preferences. On the other hand, idiosyncratic risk at the firm level is known to be highly
cyclical (Bloom et al., 2018). In our framework, movements in uncertainty generate markup

fluctuations without requiring implausibly fast changes in underlying demand elasticities.
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2.4 Extensions: Matching, Inventories, and Multiple Markets

Before embarking on our general equilibrium analysis, we first highlight three extensions of

our framework to richer environments.

Matching: The Qualitative Importance of Efficiency. Uncertainty in our model has
large effects, in the sense that decision problems depend on volatility to first-order. To
understand what drives this result, it is instructive to extend the model to imagine that
realized sales are determined by a reduced-form matching function m : R — R, such that
q = m(q®,q%) (for a review of the matching literature in goods markets, see Petrongolo
and Pissarides, 2001). Some macroeconomic studies have explored the implications of such
matching technologies for goods markets (e.g., Michaillat and Saez, 2022; Bianchi et al.,
2024; Ghassibe and Zanetti, 2022; Bai et al., 2025).° The principle of voluntary exchange
requires that any matching function satisfy m(z,y) < min{z,y}. However, if exchange is
inefficient, it can be the case that m(z,y) < min{z,y}. Thus, the qualitative property of
efficiency generates a kink in the matching function and thereby the firm’s profit function.

We now consider a “smooth” matching function to show that our model differs qualita-
tively from one in which there is inefficient matching. As before, we will scale the volatility
that the firm perceives by 0. To define what we mean by smooth, observe that the firm’s
objective is now:

J(p,L;6) = E[A (pm(AL, zp ) — wL)] (21)

We say that the matching function is smooth if J is three times continuously differentiable
and for all § > 0 there exists a unique optimal (p*, L*) > 0 that solves the first-order
conditions 0 = J,(p*, L*; §) = J(p*, L*; §) and the second-order condition that the Hessian

of J is negative definite at this solution.

Proposition 3. If the matching function is smooth, then, up to a first-order approximation
in volatility:
p =p" and L*=L"' (22)

Proof. See Appendix A.5 H

As efficient exchange rules out the smoothness of the matching function, this result
highlights that the efficiency of exchange is the qualitative economic property that generates
the first-order effects of volatility. At a more technical level, efficiency generates a kink in
the firm’s profit function, which gives rise to a failure of first-order conditions at 6 = 0

to characterize the optimum. Because first-order conditions do not characterize the limit

Bianchi et al. (2024) discuss how smooth matching functions relate to efficient matching functions in
Section 2.3 of their paper, but use a smooth matching function for their main analysis.
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optimum, the standard principle that volatility has second-order effects on behavior does

not hold.

Inventories. In thissimple model, unsold production has no value to the firm. For services,
this is a reasonable assumption: if a hairdresser sits in the salon and nobody shows up,
there is no way to recoup the lost time. Moreover, for perishable goods, such as food, a
similar principle applies. However, for durable goods, there is naturally a non-zero value of
unsold production. To model this value, let us suppose abstractly that each unsold unit of
production becomes inventory I = max{AL — zp~",0}, each unit of which has future value
A" € R, ., where A’ is jointly log-normal with the other random variables that enter the
producer’s problem. We assume that the retention value of inventory is such that it would
be better not to produce today than to produce fully for inventory (in expectation), i.e.,
E[A’A] < E[Aw]. The following proposition characterizes the salient properties of the model

when augmented with inventories:

Proposition 4. If the firm’s behavior is optimal, then tightness must solve the following

fixed-point equation:

E[AAL]t > U]
- E[AI]t < E[A'21[t < U)o BAA=0] (23)
(n — DE[A=I]t < U] — nE[A 21t < U] g maram<oy
Moreover, given a solution for tightness t*, any optimal price must be given by:
. E[Aw] —E[NAIlt* <U
- _ Eldw] - EVAT < U] o

E[AAL]t > U]

and any optimal labor input quantity must be given by L* = p*~"/t*. Moreover, we have that
the rationing probability converges in the zero uncertainty limit to:

- (25)

exp{ (pa+pw)—(ppar+pa)}—1

Tr =
1 77+

and, up to a first-order approximation in volatility, that:
Int = py + kroy (26)

where k; = & (ry).
Proof. See Appendix A.6. O

Intuitively, the presence of inventories leads the firm to be less averse to over-production.

For this reason, the presence of inventories decreases the rationing probability r! < "T_l and
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also reduces the responsiveness of tightness to volatility x; < k. However, the qualitative
properties of the model remain much the same: rationing probabilities govern markups, and

volatility continues to have first-order effects.®

Walrasian Disequilibrium in Multiple Markets. In our baseline model, we relaxed
the imposition of market-clearing in the goods market. However, for analytical simplicity,
we maintained market-clearing in the labor market. In this extension, we show how to allow
for disequilibrium in both the product and labor markets within our framework, in the spirit
of Barro and Grossman (1971) and Michaillat and Saez (2015).

We augment our baseline model, in which the firm took the wage as given, by supposing
that the firm must also set wages w € R, alongside the price p and labor demand L¢.
When the firm sets a wage w, it faces the labor supply curve L® = vwX, where xy > 0 is
the elasticity of labor supply and v € R, is a labor supply shifter. We assume that the
variables (A, A, z,v) are jointly log-normally distributed. We impose the same voluntary
and efficient exchange assumptions on the labor market, so the realized labor quantity is

L = min{L?*, L%}. The firm now solves the following problem:

sup E[A(pg — wL)] (27)
pow, LY
subject to constraints that describe the state of both the product and labor markets.

The two linked markets could be in one of four states, ignoring the knife-edge cases of
Walrasian equilibrium. The labor market is rationed if and only if t© > v, where we introduce
the new variable t = i—i to represent labor-market tightness or the imbalance between labor
demand and supply. The product market is rationed if demand exceeds production, but the
precise condition under which this occurs depends on the state of the labor market. If the

labor market is slack, the condition remains t = 2+ > A /z. If the labor market is rationed,

La
then labor is supply-determined, and the relevant condition is 2= > A/z, or ¢ -t > Av/=.
We summarize this by defining the indicator functions
RE =T[{tr > v}], R® =1[{t" < v, t > UYU{t:r > v, t-t* > Uv}] (28)

to denote the states in which the labor and product markets, respectively, are rationed.
The solution to the firm’s problem can be characterized by a pair of fixed-point equations

that describe the firm’s optimal desired tightness in both markets:

6The first-order expansions for prices and labor inputs, although not reported for brevity, can be readily
computed by combining the arguments in Propositions 2 and 4.
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Proposition 5. Any optimal desired tightness in the product and labor markets solves the

following system of equations:

1 E[AA(1 — RE)RP] + LE[AAvRERP]

n—1 E[Az(1 — RP)] (29)
L E[AAvRERY] E[AvRE]
- x (N
E[AA(1 — RE)RP] E[A(1 — RL)]
Moreover, the firm’s optimal price is
_ . E[AQ-RY)

P="YEAA(1 — RI)RP] (30)
Proof. See Appendix A.7. O

The core economics of Equation 29 come from the producer’s local indifference about
changing prices and posted wages. The logic of the former is unchanged from before (see
Theorem 1 and Figure 1), with only one twist: when the product market is rationed, the
marginal revenue from raising prices could be proportional either to labor demand (slack
labor markets) or labor supply (rationed labor markets). The logic of the latter is new to
the two-market analysis and reflects three forces. If labor markets are slack, raising wages
increases costs in proportion to labor demand. If labor markets are rationed, they increase
costs by both raising inframarginal wages and moving up the labor supply curve. And
if product markets are also rationed, then increasing wages leads to additional marginal
production and sales.

Like its twin in Theorem 1, this characterization opens the door for uncertainty to have
first-order effects on outcomes. A new implication, relative to the earlier analysis, is that un-
certainty may have first-order effects on the excess supply of labor, which can be interpreted
as involuntary unemployment.

We close by describing the condition relating wages and prices (Equation 30) and de-
scribing its relationship in terms of markups and markdowns. This condition is derived from
the firm’s indifference condition for labor demand, observing that this choice affects payoffs
only if the labor market is slack. For intuition, it is easiest to consider the case in which A
and A are constant, in which case

> — w=r"pA < pA (31)

SRS
SRS

1
p_TC

where ¢ € [0,1] is the conditional probability that the product market is rationed given

a slack labor market. These formulas imply that both markups and markdowns depend on
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the probability of rationing in both markets. This, in turn, opens the possibility that both

depend (to the first-order) on firms’ uncertainty.

3 A Static General Equilibrium Model

We now embed this partial equilibrium model in a general equilibrium setting to understand
how uncertainty shocks and monetary shocks propagate. The goal of this analysis is to
consider the simplest possible and most standard general equilibrium closure to illustrate
the new economic mechanisms that emerge from this model of firm decision-making. For

this reason, we largely follow the microfoundations of Blanchard and Kiyotaki (1987).

3.1 Model: The Household’s Problem

A representative household has constant elasticity of substitution preferences over a contin-

uum of consumption varieties, indexed by i € [0, 1]:

C = ( / Orc, " dz’) " (32)

where 1 > 1 is the elasticity of substitution between varieties and 6; is a variety-specific taste
shock, which we assume to be IID log-normal with mean py and variance o;. The household
has Golosov and Lucas (2007) preferences over the consumption aggregate, money, and labor

supply given by:
M

where a > 0 indexes disutility from labor, and P = ([ p;c; di)/C is the ideal price index.
The household supplies labor to the firms, receives the profits from the firms, and receives

transfers from the government. The household faces the following budget constraint:
PC+M=wN+I1+T (34)

where 7" is a monetary transfer from the government and II are aggregate profits. We assume
that the household chooses its labor supply at the same time that firms choose their labor

inputs. The household chooses its level of consumption after the firms have produced.
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3.2 Optimal Household Behavior

We first consider the household’s problem of how much to consume of each consumption
variety, given a fixed level of expenditure F. Critically, the household cannot consume more
of any variety than whatever level of the variety has actually been produced, ¢;. Thus, the

household faces the following optimization problem:
1one1 N\ et
{I?&X (/ 0'c,” di) s.t. /pici di=F, ¢ <g¢ forallie]|0,1] (35)
Cifi€0,1]
To solve this problem, we define for each good i the statistic:

p; "

5

(36)

>

t;
U;

>
N

Intuitively, this statistic represents the ultimate imbalance between supply and demand for
each variety. Without loss of generality, we re-index 4 such that i is ordered by ¢;. That is,
t < j if and only if ¢; < ¢;. The following result characterizes household demand for varieties

in this setting.
Proposition 6. There exists a unique index threshold k € [0,1] such that:

1. For all varieties j € [0, k), the household’s demand is given by:

E— fkl pzézdl
C = —7

O:ip." 37
Jo O} "di 0

2. For all varieties j € (k, 1], the household demands c; = ¢;.

Moreover, the threshold k is the unique solution to Equation 37 when we replace j by k. The

aggregate level of consumption is given by:

1 et k B 1 5 g =1
C = ((E—/ PiCi dz’> (/ Oip) " dz') —1—/ 6/¢c," dz') (38)
k 0 k

Proof. See Appendix A.8. m

The solution to this problem thus has the household start from ¢ = 1, which is the most
under-supplied market, by consuming everything that is produced. Thus, outcomes in this
market lie on the supply curve. The household then goes to all subsequent, better-supplied

markets and consumes everything that is produced until they hit a threshold market £ at
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which they are exactly indifferent between consuming everything and just a little bit less.

At this point, we have:

E— fkl pzézdl
Cp = ——F—

[ 6ipt T di

Then, for all subsequent markets, the household’s demand is of the iso-elastic form:

Orpy,” (39)

cj = zp; " (40)
but where: .
fok elpzlind’l

Thus, for all markets in which the household is not rationed, outcomes lie on the demand

curve. A critical upshot of this analysis is that it generates the exact demand curves for the
firm that we assumed in the partial equilibrium analysis; the amount that the firm actually
sells is given by:

¢; = min{zp;”, ¢} (42)
Moreover, as z; = D;, D is deterministic, and 6; is log-normal, we also obtain that z; is

endogenously log-normally distributed (as we assumed in Section 2).

Cross-Substitution Without the Invisible Hand. Observe that in the limiting case

in which all markets are slack, we recover the demand system of Dixit and Stiglitz (1977):

_ o E o\ _ 1-n 3; ™
CJ—HJE<F> : P—(/iﬁlpi di (43)

In contrast, with rationing, we may write the demand system for all slack markets as

1

E— ['piedi (p;\ 7" k =
. g PiciQl (Dj o 0,p " di 44
G=7 Py (Pk;> Lt (/o b l) )

Hence, relative to the Dixit and Stiglitz (1977) benchmark, the demand shifter with rationing
needs to allocate all income that is not spent on markets that stock out, £ — fkl pic;di, on
the remaining markets, which feature a price index of P,. This also reveals that increasing
the tightness of the economy by lowering ¢; acts as a positive demand shifter for slack
markets.” In other words, if consumers are unable to purchase certain goods because they

are rationed, this will increase the demand for goods that are available. Thus, there are

"This can be proven formally by considering a small deviation ¢ + § for a non-zero measure of goods
i € [k, 1] and differentiating D with respect to 4.
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negative aggregate demand externalities from production in rationed markets on demand
in slack markets. These spillovers link the aggregate tightness of the economy with the
effective demand experienced by producers (and thus their chosen prices and quantities).
Other studies have shown that the absence of market clearing in one market can modify
the supply or demand of other markets, most notably in the presence of a homogeneous
good and the labor market (Barro and Grossman, 1971; Bénassy, 1993). However, to the
best of our knowledge, the characterization of these spillovers in the presence of imperfectly

substitutable goods is novel to our analysis.

Labor Supply Decisions. Finally, we consider the household’s problem of how much
labor to supply. Because we have assumed Golosov and Lucas (2007) preferences, the house-

hold’s first-order conditions imply that:

1 1 1
— — = 4
Wpe =0 and 50 = (45)
Together, these conditions imply that wages are pinned down by, and scale linearly with,

money holdings:

w = alM (46)

Moreover, these conditions imply that nominal consumption expenditure is simply equal to

money holdings:

E=PC=M (47)

3.3 Equilibrium

We now state the timing assumptions and equilibrium definition that we employ. The model
is split into three periods: the morning, the afternoon, and the evening. In the morning,
the government announces the money supply M, the firms set their prices p; and hire labor
L;, and the household chooses its labor supply N. In the afternoon, production takes place
and so production of each variety is ¢; = A;L;. In the evening, the household chooses its
monetary holdings M and its consumption of each variety of the good ¢;. To focus solely on
the failure of market clearing in the goods markets, for our baseline analysis, we will adopt
the simplification that the labor market clears in the morning (N = [ L;di) and the money
market clears in the evening (M = T = M). As we have seen, it is conceptually simple
to relax this assumption; we maintain it only for the simplest exposition of our modeling

departure. We define an equilibrium in this setting as follows.
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Definition 1 (Equilibrium). An equilibrium is a collection of variables:
{{tiapiaLiaCivAiaeiazi}ie[O,l]aca M, P, EILT,N, ka?l%M’A} (48)

such that:

1. FEach firm i € [0,1] chooses prices, labor, and tightness (p;, L;,t;) according to Equa-
tions 6 and 7

2. The household chooses consumption of each variety {c;}ico,1) according to Equation 42
where the demand shifter {z;}ico,1) s given by Equation 41 and the threshold k satisfies
Equation 39.

3. The household chooses expenditure, consumption, money balances, and labor supply
(E,C, M, N) according to equations 38, 47, 46.

4. The money market clears, the labor market clears, 11 is the aggregate profit, the price
index is P = ([ pic; di)/C, and A = 1/(PC') is the stochastic discount factor.

When we study an unanticipated monetary shock, we consider a scenario in which the
government changes the money supply from their announcement in the morning of M to
some value MA in the afternoon. Unanticipated monetary shocks differ from anticipated
monetary shocks in the sole respect that all decisions made in the morning (production,

pricing, and labor supply) cannot respond.

4 Pricing and Production in General Equilibrium

We now combine the firm and household problem to characterize equilibrium outcomes. We

use this model to study the propagation of monetary shocks and uncertainty shocks.

4.1 Characterizing Equilibrium

In general equilibrium, firms’ production and pricing choices generate spillovers in other
markets through effective demand. These general equilibrium interactions are captured
through firms’ expectations of demand when they make decisions. With some abuse of
notation, we write this as y, = In D+E[In 0] = E[ln z].® Solving for equilibrium thus requires
solving for this single scalar. By combining the optimality conditions for firm behavior
(Proposition 2) with the optimality conditions for household behavior (Proposition 6), we

can solve for equilibrium mean demand, which then allows us to solve for prices, labor, and

8The average level of perceived demand in the morning can differ from the average level of realized demand
to the extent that realized money balances differ from their expected level, In A # 0.
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aggregate consumption in general equilibrium. The following Theorem characterizes how the

first-order response of these variables to uncertainty.

Theorem 2. Up to a first-order approximation in volatility, the unique equilibrium level of

mean demand in non-rationed markets is given by:

-1
R I
? n—1era

Thus, the unique equilibrium prices, labor input, and aggregate consumption are given by:

Inp=1In (LO‘M) + (gb(/{) - %) ov (50)

+no(k)ou (49)

n—1eka
InL =In ("—_11) (51)
n o«
-1 MA+%91
InC = In <”—l> - (¢(/§) - f) ou (52)
n « n
Proof. See Appendix A.9. O

Note that as oy — 0, all variables coincide with those of a standard monopolistic bench-
mark with market clearing. Furthermore, observe that the first-order impact of uncertainty
on prices coincides with the partial equilibrium impact, as described in Proposition 2. This
is because the optimal level of prices must equate the marginal benefit of hiring an additional
unit of labor with its marginal cost. As discussed previously, this level depends only on the
rationing probability, which is independent of the mean level of demand. Hence, prices in
general equilibrium and partial equilibrium coincide.

However, the amount of labor that firms purchase differs in general equilibrium relative
to partial equilibrium due to spillovers. Concretely, we know from our partial equilibrium
analysis that an increase in uncertainty induces firms to raise prices and reduce their labor to
first-order (holding mean demand fixed). Since prices increase, this contributes to a positive
spillover via an increase in the price level of all slack markets. This can be seen via the
denominator of Equation 41. Depending on the sign of the first-order response of rationed
sales (p x L), this creates either a positive or negative spillover because households have
less money to spend on slack markets. This can be seen from the numerator of Equation
41. Overall, one can prove that the sum of these two forces is unambiguously positive and
equals n¢(k). This shift in effective demand induces the firm to purchase more labor inputs.
Thus, in general equilibrium, there is no first-order impact of uncertainty on labor because

the partial equilibrium effect (due to insurance) and the general equilibrium effect (due to
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spillovers) exactly offset each other.

A surprising implication of Theorem 2 is that although total input purchases are unre-
sponsive to uncertainty, aggregate consumption is always declining in uncertainty to first-
order. How can aggregate consumption change if aggregate production remains fixed? Ob-
serve that household expenditure must equal the total circulation of money in the economy.
As prices uniformly increase in response to uncertainty, it follows that aggregate consump-
tion must decline. This rationalizes why the impact of uncertainty on aggregate consumption
is simply the negative of that of prices.

One can also see how consumption declines more directly by considering slack and ra-
tioned markets separately. For simplicity, consider the case with only productivity uncer-
tainty (oy = 04) to eliminate the mechanical effect of taste shocks on the consumption
aggregator. In this case, by Theorem 2, the first-order impact of uncertainty in slack mar-

kets is equal to

9 ne¢) = % I, —nlnp| = koy (53)
The share of slack markets in the zero uncertainty limit is equal to 1/n. Hence, the total
impact on consumption that arises from this effect is xk/n x o.° Note that this term can
either be positive or negative. Intuitively, if spillovers are large relative to firms’ increase
in prices, uncertainty can raise consumption in slack markets. We may similarly consider
the first-order impact of uncertainty on the consumption of the “average” rationed markets.

This is equal to

% ne;| = % InE[Alt > U]+ InL] = —%gﬁ(/{)a(] (54)
Since the share of rationed markets is (n — 1)/n, the total effect is —¢(k)oy. Therefore,
uncertainty unambiguously lowers consumption in rationed markets. Intuitively, these are
exactly the markets characterized by relatively low productivity. As a result, an increase in
uncertainty further lowers their average productivity and, by extension, the average level of
consumption of these goods. In addition, firms that experience more favorable productivity
shocks are unable to adjust prices to incentivize consumers to buy more of their products.
Consequently, these positive productivity realizations are effectively “wasted,” leading to a

reduction in aggregate consumption in response to an increase in uncertainty.

9Because consumption is continuous as one crosses the rationing threshold, changes in the rationing
probability do not affect aggregate consumption to first-order.
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4.2 The Effects of Uncertainty Shocks

An implication of this analysis is that uncertainty shocks propagate as markup shocks to

prices and consumption. Concretely, observe that we may write prices and consumption as

aM eﬂA-i—%
Inp=1In (eﬂ_A) +InM and InC = In — ] - lni\/l (55)
markup

—_—— markup
~—_——

efficient prices efficient consumption

where recall the markup is the sum of the canonical taste-based markup and the uncertainty-

In M = }n (n—”l) + <¢(n) - %) o (56)

based markup:

Vv Vv
taste-based markup  uncertainty-based markup

Thus, a rise in uncertainty influences consumption and prices in the same qualitative man-
ner as a shift in market power. This creates a connection between empirically observable

)

measures of firm uncertainty and the otherwise opaque “black box” of changes in markups.
A second implication is that uncertainty shocks depress aggregate labor productivity,

equivalent also in this model to the Solow residual. That is,

C o K
In= = — - = a7
n - ,uA—l—n_l ((b(/i) n)UU (57)
steady-state level effect of uncertainty

Because there is no invisible hand to clear markets, the consequence of higher prices is that
goods are produced but go unsold. Thus, the economy generates less consumption with the

same level of inputs: a decline in “productivity” due to a purely non-technological source.

A Back-of-the-Envelope Calculation. Even small amounts of uncertainty can have a
large effect on markups. For instance, Broda and Weinstein (2006) find an average elasticity
of demand close to 8. This implies a taste-based markup of 13%. In Appendix B.1, we show
how to use measurements of the volatility of traditional and revenue-based TFP (Foster et al.,
2008; Bloom et al., 2018) to back out oy;; we obtain a point estimate of 0.26, corresponding to
a quarterly calibration for US manufacturing plants. Recall also that x = ®~!((n—1)/n) only
depends on the elasticity of demand. A simple calculation then reveals that approximately
11% of markups arise due to their uncertainty-based component, on average.

Shocks to uncertainty, by the same token, can have a large effect on the economy. Bloom
et al. (2018) argue that firm-level volatility spikes in recessions. Increasing volatility by a

factor of two, a conservative experiment relative to the estimates of Bloom et al. (2018) for
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US recessions, raises the relative contribution of the uncertainty-based markup to 19.6%.
This amounts to a 1.6% increase in the price level or a 1.6% reduction in labor productivity.
In Section 5.4, we further explore these findings and their relationship to empirical evidence

in a calibrated, dynamic, and nonlinear version of the model.

4.3 The Effects of Monetary Shocks

We now study the propagation of an unanticipated monetary shock. The key difference
between such a shock and an anticipated shock is that prices, wages, and labor inputs into
production cannot respond to an unanticipated shock. In standard models in which every
goods market clears ex post, such shocks would have no impact on real aggregate quantities.
However, in the present model, unanticipated monetary shocks have real effects. We define

the extent of monetary non-neutrality of an unanticipated monetary shock as:

_ 0lnC
- OlnAJ, A

(58)

We also define the right and left derivatives of the passthrough as .# " and .#~. These
terms capture how much output expands to a small positive and a small negative change in

demand, respectively.

Monetary Non-Neutrality. We begin by characterizing the extent of monetary non-

neutrality and its relationship with underlying firm-level uncertainty:

Theorem 3. Up to a first-order approximation in volatility, the extent of monetary non-

neutrality is given by:
1 —1
M=1—— (¢(R) + 1 /i) ou (59)
n n

Proof. See Appendix A.10. m

Theorem 3 is intimately related to how much slack there is in the economy. To see this,
consider again the case with only productivity uncertainty. We can write the elasticity of

consumption with respect to an unanticipated change in money balances as

dInC M x CV1x [Fel"di x (2p™)
dInA C

(60)

The last two terms reflect the fact that consumption can only increase in slack markets,
where sales are demand-determined. Furthermore, by the definition of the demand shifter, an

increase in one unit of money raises the quantity demanded in slack markets by (1/ fok p) x
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p~" = n/p. Thus, since 1/n fraction of markets are slack in equilibrium, households spend
7 more units of money in slack markets and increase their consumption of each variety in
excess supply by 1/p. Using the definition of the price index P = [ p;c;di/C and the fact
that nominal expenditures are equal to money holdings, PC' = M, we can then rewrite

Equation 60 as

dnC [} cidi % B[ adi )T
OlnA ( C ) % 77/0 )@ (61)
~—_——— N — v

consumption misallocation  average excess consumption in slack markets

This makes it clear that the passthrough of an aggregate demand shock is determined by
two features. First, as reflected by the first term, it depends on the extent of misallocation
in the economy (holding the average consumption of each variety fixed). This term is unity
to first-order in uncertainty which reflects the well-known result that “small” distortions on
consumption only affect welfare to second-order (Harberger, 1964). In contrast, the second
term differs from unity if uncertainty is non-zero and reflects how much more consumption
is present in slack markets relative to the average market. Since goods are imperfectly
substitutable and households cannot increase consumption of rationed varieties, this term
reduces the passthrough of an aggregate demand shock. The term ¢(k) + ”77% reflects this

average consumption gap and is strictly positive for all values of 7.

The Role of Uncertainty. This argument also reveals that uncertainty and slack lie
at the heart of monetary non-neutrality. Concretely, as uncertainty vanishes, so does the
average consumption gap between the average market and slack markets. Thus, in the zero
uncertainty limit, the passthrough of the money shock to consumption is equal to unity.
Moreover, uncertainty is critical to ensure that the passthrough of monetary policy is well-
defined (even in the limit). Indeed, as discussed previously, if there is no uncertainty, markets
are in a state of Walrasian equilibrium and there is no slack. Thus, an unanticipated increase
in the money supply renders money neutral. Conversely, an unanticipated contraction implies
that money reduces consumption one-to-one, because households reduce the consumption of
all goods uniformly. This discontinuity arises because of the kink in the aggregate supply
curve: as uncertainty vanishes, optimal producer behavior ensures that output lies exactly
on the kink. We now write .# (9) as the extent of monetary non-neutrality when uncertainty
about supply-demand imbalances is given by 6. We formalize this below in the following

corollary.

Corollary 3. The extent of monetary non-neutrality is discontinuous in the zero-uncertainty
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limit. That is, we have that:

lim M) =1, lim M (0)=1 and #*(0)=0,.# (0)=1 (62)
Proof. See Appendix A.11. O

The Role of Market Power. Finally, given uncertainty oy, we observe that the degree of
monetary neutrality is determined solely by market power, as captured by the demand elas-
ticity 1. The following proposition identifies the value of 1 for which monetary passthrough

is dampened as much as possible.

Proposition 7. The extent of monetary non-neutrality, # , is non-monotonically related to
market power. In particular, A is strictly decreasing in n if n < n* and strictly increasing

mn if n>n*, where n* = ﬁ(n*) ~ 2.83 and K* is the unique solution to the equation:

o) o)
Sy (‘” * @(w)) (63)

Proof. See Appendix A.12. n

The non-monotonic nature of this result can be explained as follows. As established in
Theorem 3, the degree of monetary neutrality falls as the consumption gap between the
average slack market and the average market in the entire economy widens. The magnitude
of this mechanism weakens with higher firm market power: when market power is lower,
the relative cost of overproduction rises and the likelihood that a market becomes rationed
increases (Proposition 1). At the same time, a reduction in market power makes goods more
substitutable, which diminishes the relative welfare losses from consuming “overproduced”
varieties. The cutoff value * pins down the point at which these two opposing effects offset

each other.

5 Dynamics: A New Old Keynesian Model

To most transparently discuss the novel economics of our setting, our baseline model was
static (in the style of Blanchard and Kiyotaki, 1987). However, it is simple to extend our
model of firm behavior to dynamic settings in which decisions may be sticky. To make the
parallel to the New Keynesian model as tight as possible, we now extend our baseline model
of the firm to a dynamic setting and subject firms to Calvo (1983) stickiness. The key
departure of our model from the standard New Keynesian model is that firms’ prices and

quantities are both sticky, and so goods markets do not necessarily clear in each period. In

34



this sense, this model marries elements of the New Keynesian model of price setting with
an Old Keynesian model of Walrasian disequilibrium. Our model differs relative to the Old
Keynesian tradition in the critical respect that Walrasian disequilibrium is not assumed; it
is instead an outcome of a rational expectations equilibrium. For these reasons, we refer to
this model as the New Old Keynesian (NOK) Model.

5.1 The NOK Model

Time is discrete and infinite, indexed by 7 € N to avoid confusion with market tightness ¢.

Households. The household side of the model is identical to our baseline model except

that they now act dynamically. That is, we continue to assume that:

n
1 n—1 ﬁ
C, = ( / 07 . dz’> (64)

where 0;; is lognormal with mean 4y and variance o5 . The household has preferences over

streams of aggregate consumption, real money balances, and labor supply given by:

© Ja
Zﬁj (111 OT+j + In ( PT""J) — QNT+j) (65)
=0

T+]

where 8 € [0, 1) is the discount factor and the ideal price index is given by P, = ([ p; ¢;» di)/C;.
The household faces the flow budget constraint:

PC.+M,=w,N, +11, + T, + M,_, (66)
Thus, the household’s optimality conditions continue to imply that:
wy = aM, and P,C.= M, (67)

These optimality conditions imply that monetary policy controls nominal GDP and wages,
as in Golosov and Lucas (2007). It is not essential that the monetary authority does this
through changing the money supply or interest rates. Moreover, if conceptually preferable
to having money in utility, a cash-in-advance constraint would yield identical equilibrium
conditions (see Woodford, 2003a, for a discussion of these points). We also emphasize that
it is simple to supplement the household side of this model with a dynamic IS equation, as

in the standard New Keynesian model.

35



Importantly, household demand over varieties continues to follow Proposition 6:
Cir = min{zi,sz‘jra Ei,T} (68)

where: )
MT - fk‘,— pi,‘réi,f ds

k- 1-n 7-
fO Hiani,‘r ds

Z’i,‘r = Drei,r with DT =

(69)

and k; solves ¢, , = sz,Tp,;”T, where we are re-indexing i in each period by ¢; ; = t; /Ui r,

as we did in the static model.

Firms. The departure of this model from our baseline framework is that firms’ decisions
are sticky: there is a constant probability w € [0,1) that the firm cannot reset its decision
over both prices and labor in each period. Thus, this model extends the standard Calvo
(1983) model to also incorporate stickiness along the input margin. The rest of our model
is as before. The firm produces A;.L;., where A, . is IID log-normal with mean p4 and
variance 0124,7. Moreover, the nominal SDF is A, = (P.C;)~!. Given these assumptions, the

firm’s problem at time 7 is:

oo

Su[I/) Z(ﬁw)jE’iﬂ'[Ai,T-f—j (min{zi,r—l—jpl_napAi,T-i—jL} - w'r-i-jL)] (70)
b, =0

where E; ; denotes the conditional expectation given knowledge of all shocks that realized in
periods 7 < 7 — 1. Applying the same arguments as the proof of Theorem 1, firms’ optimal

tightness and prices must satisfy the following conditions:

i 1 2o (BOVE A [ArijAiry It > Usryj]]
v n—1 Zj’io(ﬁw)jEi,T [ATHZi,TJrj]I[ti,T < Ui,TJer
s = Zﬁo(ﬁc‘))jEi,T[AT-i-ij-&-j]

v z;io(ﬁwai,T [AT+in,T+j]I[ti,T 2 Ui,T+j”

(71)

and labor inputs are determined residually as L; ; = p; 7/t . Critically, these equations just
involve present discounted values of the same conditional expectations that characterized
the firm’s optimal behavior in the static setting. Moreover, they retain the block-recursive
structure; once the fixed point for ¢; ; has been solved, the optimal choices for p; ; and L; ,

can be determined residually.

Monetary Policy. We consider a situation in which money is held fixed at some steady-
state level M. Starting from this steady state, we will consider an unanticipated monetary

shock at date 7 = 0. At date 7 = 0, it is announced that the monetary stock will follow
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M, = M A, for some sequence {A,} ey such that A, — A € R, .

5.2 The Linearized NOK Model

To analyze how this dynamic model behaves, we log-linearize it around its steady state. In
the steady state, the previous equations imply that P, = P, C; = C, t,, = t, p;r = D.
The solution to this model reduces to that of our static model. Indeed, the firm’s optimality

conditions reduce to:

1 EJAID > A/6] B aM
tD and p= E[AI[tD > A/f]]

T —1E[fI}tD < A/6]] (72)

Moreover, D solves:

M —pL [} A; di — (s —
p MopLlyAdi ) k—l—r—l—q)(ln(Dt) (p1a “‘”) (73)

pl=n fok 0; di Vo4 + o}

completing the characterization of the steady state. Hence, all of our static results apply to

the steady state of this dynamic model.

The shocks in this model are those to the money supply M. and those to the volatility
of the supply-demand imbalance 6y,. For any variable Z with steady-state value Z, we let
7 = ln(Z /7 ) denote the log-deviation from the steady state. We also define ¢, and p, as
the average log-deviation from the steady state in firms’ tightness and prices, and we denote
price inflation by 7w, = Ap, and tightness inflation by v, = At,. With these definitions in

hand, we have that:

Proposition 8. When log-linearized around the steady state and given a process for mone-
tary shocks and volatility shocks {]\ZfT, OUrtren, the dynamic equilibria of the model solve the

following three equations:

1. The New Keynesian Phillips Curve:

~

T = F(M’T - ]57) + /B]E’T[Trr—l—l] + COA-U,T (74)

2. The New Old Keynesian Tightness Curve:

A

Ur = _F(DT + E’I’) + /B]ET[UT-‘rl] + ¢&U,T (75)

3. The Demand Spillovers Curve:

~

D’T‘ = ’}/MMT + ’YpﬁT + ’Yt{T + ’YU&UKF (76)
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(1-w)(1-pw)

where I' = and the remaining constants (C, v, Y, Vp, Ve, Yu) are derived in the

proof of the result.
Proof. See Appendix A.13. O]

In this representation, we track the three key endogenous state variables in the economy:
inflation, market tightness, and demand spillovers. Using these variables, we can calculate
the equilibrium behavior of consumption, labor, and other aggregates.

Consistent with our results in static equilibrium (Theorem 2), uncertainty shocks continue
to have first-order effects on allocations. In particular, a spike in uncertainty appears as if
a “cost push shock” in the New Keynesian Phillips curve, increasing inflation holding fixed
marginal cost. Uncertainty also has first-order effects on tightness inflation and demand
spillovers for largely the same reasons as in the static analysis.

Very strikingly, the dynamics of the New Keynesian Phillips curve in Equation 74 show
that the first-order propagation of shocks is just as in the standard New Keynesian model.
Intuitively, this arises because the effects of (current and future) rationing on desired markups
have no first-order effects in deviations from the steady state: that is, while they affect
steady-state prices and markups themselves, they do not affect conditional price dynamics.
This suggests, as we will soon verify in a (nonlinear) numerical example below, that the
broad dynamic behavior of inflation—a variable held fixed in our intentionally stylized static
analysis (Section 3)—is as in the standard benchmark analysis. We also remark that, due
to the tight link between the price level, money supply, and consumption (C, = M, /P, for
all time periods 7), this implies similar dynamics for consumption across the models.

Nonetheless, the mechanics of shock transmission will prove to be quite different. In
particular, they are governed by the dynamic coevolution of market tightness and demand
spillovers. Below, we show how this leads to a qualitatively different picture for which shocks
are relevant for the business cycle and why shocks have the effect they do on inflation and

consumption.

5.3 The Propagation of Monetary Shocks

Having described the intuition for the linearized dynamics, we now study the fully nonlinear
shock responses in the New Old Keynesian Model. We compare these dynamics to their
equivalent under the standard New Keynesian model under the same microfoundations and
parameter values. Thus, concretely, the two models considered differ only in their assump-
tions about the markets for intermediate goods. In the NOK model, firms choose prices and
inputs in advance, so individual markets may be slack or rationed; whereas in the comparable

NK model, inputs are fully adjustable ex post to allow for market clearing.
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Figure 4: Impulse Responses to an Aggregate Demand Shock
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Note: This figure shows the response of macroeconomic variables to a temporary 2% increase in the
money supply at ¢ = 0, beginning from a steady state. Each panel contrasts the responses in the
New Old Keynesian model (blue solid line) with those in the New Keynesian model (orange dashed
line) with the same parametrization. The bottom right plot shows the path of the money supply M;.
“Consumption” is the consumption quantity index (Equation 64); “Average Inflation” is the growth
in the ideal price index, P, = M;/C}, where M; is the money supply and C} is the consumption
quantity index; “Labor” is total labor hours; “Labor productivity” is GDP (Consumption) per
labor hour; and the “Percentage of Slack Markets” is the percentage of markets for intermediate
goods in which supply exceeds demand. All variables except the percentage of slack markets are
expressed in percent deviations from the steady state.

We choose intentionally standard parameters for illustration: a quarterly discount rate
of B = 0.99; an elasticity of substitution of 7 = 8 (consistent with firm-level evidence from
Hottman et al., 2016); and a stickiness parameter (probability decisions are fixed quarter-
to-quarter) of w = 0.75, implying an average duration of prices and labor of 4 quarters. In
Appendix B.1, we show how the model can be used to compute microeconomic volatility using
the reported volatilities of traditional TFP (TFTT) and revenue TFP (TFPR) from Foster
et al. (2008) along with information from Bloom et al. (2018) about the unforecastability of
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firm-level shocks. Using this method, we find that 04 = 0.096 and o, = 0.24.

We begin by studying a temporary monetary expansion, which is the dynamic analogue
of the analysis in Section 4.3. We plot the results of an unexpected and temporary 2%
increase in the money supply in Figure 4.

Consider first the standard New Keynesian (NK) framework, where both aggregate con-
sumption and inflation rise. The increase in inflation is driven by changes in firms’ marginal
costs via wages, as summarized by the canonical Phillips Curve in Equation 74. Output
then changes because firms commit to hiring the labor necessary to meet the corresponding
changes in aggregate demand. Consequently, the change in aggregate labor closely tracks
the change in aggregate consumption. Furthermore, labor productivity falls slightly, since
price dispersion lowers the marginal utility derived from consuming each individual vari-
ety. Finally, note that in the NK model, there is no slack as all markets are in Walrasian
equilibrium.

Next, consider the NOK model. The response of inflation is nearly identical in the
NOK and NK models. As previously explained, this is because changes in firms’ rationing
probabilities are only second-order in determining firms’ reset prices. Hence, to a very
accurate first-order approximation, inflation dynamics are determined by the same New
Keynesian Phillips Curve in both models. Since aggregate consumption is simply total
money holdings divided by the price level, the path of aggregate consumption must also be
similar in both models.

However, the monetary transmission mechanism in the NOK model is fundamentally
different. In the NK setting, higher consumption is generated by an implausible commitment
assumption in which firms hire more labor in input markets to meet demand while holding
prices fixed. In contrast, in the NOK model, the rise in consumption is primarily due to
a reduction in slack in the economy. For instance, on impact, the share of slack markets
decreases from 12.5% to 1%. Notably, this does not mean that total production is unchanged
in the NOK model. Instead, firms that can adjust their decisions find it optimal to raise
prices and expand labor input in order to take advantage of the temporarily higher aggregate
demand. Critically, the increase in consumption arises from both higher production and
lower slack. This is reflected in an increase in measured labor productivity, as shown in the
bottom-left panel.

This “slack-absorbing” transmission mechanism for monetary expansions (or “slack-
creating” mechanism for contractions) is consistent with evidence from Buda et al. (2025) on
the perhaps surprisingly immediate effects of monetary policy shocks that are visible in data
that aggregate economic transactions at a high frequency. In particular, these authors show

that a one-standard-deviation monetary policy shock in their data affects sales, consumption,

40



and investment on the order of 1% within only 1 to 2 months, while employment is reduced
by a tenth of this (0.1%). This is obviously inconsistent with the New Keynesian benchmark
studied here, in which output, production, and employment must move one-for-one with
one another; it is also likely inconsistent with any alternative view that incorporates capital
in production, given reasonable values for the elasticity of the capital stock to investment
and the elasticity of output to the capital stock. The findings would, however, be consistent
with the hypothesis that monetary transmission operates through changes in product market
slack. In the short run, as aggregate demand increases, consumers flood into previously slack
markets; in the longer run, firms slowly begin to respond by also ramping up production.
We finally observe that both the high-frequency analysis of Buda et al. (2025) as well as
more classical, business-cycle frequency analysis in the US (Christiano et al., 2005) imply a
significant response of labor productivity to monetary policy shocks. In the New Keynesian
benchmark we study, this is impossible as labor productivity is purely determined by (ex-
ogenous) technology. In the New Old Keynesian Model, as markets slacken and transactions
increase, the economy produces more GDP for the same amount of labor inputs despite there

being no change in underlying production technology.

5.4 The Propagation of Uncertainty Shocks

We next consider a temporary increase in the uncertainty that firms face about idiosyncratic
demand and productivity, which is the dynamic analogue of the analysis in Section 4.2. We
think of this as a stylized representation of the “uncertainty shocks” uncovered by previous
work in firm-level microdata. For instance, Bloom et al. (2018) estimate that the standard
deviation of firm-level shocks (specifically, to revenue-based TFP) can more than quadruple
in a recession versus a normal state; we study a more conservative shock in which uncertainty
regarding the relevant variable, the supply-demand shifter U = A/z, almost doubles. We
plot the response of macroeconomic variables to this shock in Figure 5.

In the standard New Keynesian model, uncertainty shocks have zero effect on economic
allocations. Firms’ optimal reset prices are invariant to the level of product demand as well
as uncertainty thereof. Because the “invisible hand” determines quantities produced, there
is also no higher-order effect on aggregates via misallocation in the economy. As such, the

shocks have no effects.'?

10We note that our definition of an uncertainty shock, while consistent with the main empirical findings of
Bloom et al. (2018), differs from the notion of an “uncertainty shock” studied by Basu and Bundick (2017)
in a variant of the New Keynesian model. These authors study a change in the volatility of an aggregate
preference shock for the representative consumer, calibrated to generate a realistic spike in the forward
volatility of aggregate equity returns.
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Figure 5: Impulse Responses to an Uncertainty Shock
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Note: This figure shows the response of macroeconomic variables to a transitory increase in uncer-
tainty, beginning from a steady state. Each panel contrasts the responses in the New Old Keynesian
model (blue solid line) with those in the New Keynesian model (orange dashed line) with the same
parametrization. The shock, shown in the bottom right panel, corresponds to a temporary increase
in uncertainty about the idiosyncratic demand shock 6 and the idiosyncratic productivity shock A,
such that oy = StdDev[log A —log 6] rises by 0.2 on impact, and the ratio of uncertainty regarding
and A remains constant. “Consumption” is the consumption quantity index (Equation 64); “Aver-
age Inflation” is the growth in the ideal price index, P, = M;/C}, where M; is the money supply and
C} is the consumption quantity index; “Labor” is total labor hours; “Labor productivity” is GDP
(Consumption) per labor hour; and the “Percentage of Slack Markets” is the percentage of markets
for intermediate goods in which supply exceeds demand. All variables except the percentage of
slack markets and uncertainty are expressed in percent deviations from steady state.

In the New Old Keynesian model, uncertainty shocks lead to sharp contractions in con-
sumption and labor productivity along with a temporary spike in inflation. Echoing our
findings in the static model (Theorem 2), adjusting firms increase prices and slightly in-
crease labor, contributing to a decline in tightness. Nonetheless, significantly more markets
end up rationed and total consumption declines on impact. This shows up as a large decline

in labor productivity (GDP per worker), despite constant physical productivity and almost
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constant labor inputs. In essence, the economy has contracted because of price increases and
widespread “stock outs” (rationing). This broad pattern of transmission resembles that of a
markup shock in the standard New Keynesian model, but for the fact that transmission is
largely through changes in market tightness rather than changes in physical production.

Our findings offer one possible explanation for empirical findings that increases in eco-
nomic uncertainty, broadly defined, lead to economic contractions and inflation (e.g., Bloom,
2009; Basu et al., 2021; Mumtaz and Ruch, 2025). This happens for a particularly stark
reason in our model: even though physical output is close to constant, firms’ high prices dis-
courage purchases. Thus, it appears as if the economy has lost productivity in the aggregate,
even though technology is not changed.

By the same token, our findings can also be interpreted as an alternative take on what
econometricians identify as a “productivity shock” in aggregate data. Provided that stan-
dard approaches to adjust total factor productivity (Fernald, 2014) for utilization rates are
imperfect, especially for measuring wasted nondurable output or idle time in services, our
uncertainty shock manifests as an immediate decline in aggregate productivity. In the empir-
ical literature, such shocks have conclusively negative effects on output and positive effects
on inflation, but more ambiguous effects on labor hours and investment (Gali, 1999; Basu
et al., 2006). Moreover, it remains contested whether such shocks can be reasonably linked
back to underlying changes in production technology (see, e.g., the discussion in Alexopou-
los, 2011). Our model allows for aggregate productivity shocks to arise from the interaction
of uncertainty and the malfunctioning of the invisible hand, potentially helping to resolve

this tension.

6 Conclusion

To overcome the Arrow (1959) critique and its modern inversion, we have developed a general
equilibrium model in which both prices and quantities are determined by rational economic
actors, not the invisible hand. The resulting model generates a number of interesting eco-
nomic predictions that standard theories do not.

At the microeconomic level, the presence of slack and rationing changes production and
pricing decisions in qualitatively important ways. For instance, optimal monopoly pricing
no longer obeys the Lerner (1934) formula and uncertainty has first-order effects on firms
decisions, increasing prices and depressing labor demand. At the macroeconomic level, we
illustrate that the presence of uncertainty gives rise to a well-defined distribution of slack and
rationed markets. This allows us to overcome the combinatorial challenge of market clearing,

which has inhibited research on previous models of Walrasian equilibrium (Bénassy, 1993)

43



and characterize cross-market spillovers in a classic Dixit and Stiglitz (1977) framework.
Our results reveal that the presence of rationed markets substantially alters the standard
logic under monopolistic competition that there are positive aggregate demand externalities
(Blanchard and Kiyotaki, 1987): increasing production in rationed markets induces negative
demand spillovers in slack markets. Moreover, the propagation of demand and uncertainty
shocks is qualitatively different from standard theories. In particular, demand shocks raise
aggregate consumption by reducing economic slack, generating increases in aggregate labor
productivity while microeconomic productivity remains unchanged. Moreover, uncertainty
shocks matter to first-order and raise prices while depressing output, akin to a cost-push or
markup shock.

Finally, we have shown how this framework can be tractably combined with sticky deci-
sions (Calvo, 1983) in a dynamic setting: one must simply add the dynamic tightness curve
and the demand spillovers curve to a standard New Keynesian Phillips curve. Indeed, as our
framework is modular, it could be tractably embedded in any existing equilibrium business
cycle model, including larger-scale DSGE models. The simple New Old Keynesian (NOK)
model that we introduce has the feature that demand and uncertainty shocks—as suggested
by the static theory—propagate very differently than in New Keynesian economies. Beyond
potential conceptual appeal, the NOK model can account for three important facts that
simple New Keynesian models struggle to rationalize: (i) uncertainty shocks have large con-
tractionary effects on output while generating inflation (Bloom, 2009; Mumtaz and Ruch,
2025), (ii) labor productivity increases in response to demand shocks (Christiano et al., 2005),
and (iii) the response of consumption to demand shocks is much larger than the response
of labor to demand shocks (Buda et al., 2025). We therefore argue that the propagation
mechanisms revealed by the NOK model are both microeconomically appealing and capable

of matching important facts.
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Appendices

A Omitted Derivations and Proofs

A.1 Proof of Theorem 1

Proof. We begin by establishing that an optimum exists. Define the firm’s payoff from an
arbitrary pair of price and labor input (p, L) as:

J(p, L) = E[Amin{zp' ™", ApL} — AwL)] (77)

Now consider a sequence of policies {py, Ly }nen such that either p, — oo or L,, — co. We

observe that min{z,y} < x and so we may write:
J(pn L) < E[ASpL " — ElAw] L, (78)

From this inequality, if p, — oo, then limsup, J(pn, L,) < 0. Moreover, if L, — oo
and p, # 0, then limsup, J(p,, L,) < 0. If L, — oo and p, — 0, it is immediate that
limsup,, J (pn, Lyn) < 0 (as it is —oo). Writing J in integral form, we have that:

[ee) [e'e] Ap"L 0o
J(p, L) = / / {/ Azp'g(z, A, A)dz + / ApALg(z, A,AN)dz| dAdA —E[Aw]L
o Jo 0 ApnL
(79)
It is immediate that this is a continuous function of (p, L) over R? . (while the integrand in the
first integral is not well-behaved, observe that it is bounded above by AApLsup, g(z, A, A)).
We now show that there is a (p, L) such that f(p, L) > 0. We observe that:

J(p, L) = E[A min{zt, A}p — Aw|L (80)
Thus, the firm’s payoff is strictly positive at (p, L) if and only if:

pE[Amin{zt, A} > E[Aw] (81)

To derive the existence of such a (p, L), consider a sequence {py, Ly, }nen such that L,p? — 0
and p, > % + ¢ for all n € N and some € > 0. Under this construction, we have that

t, — oo and so E[A min{zt,, A}] — E[AA]. Thus, there exists an N such that for all n > N:

E[Aw] e E[Aw]

E[AA] E[A min{zt,, A}] (82)

DPn >
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For any such n, we then have that J(p,, L,) > 0. Setting p = p, and L = L, for any such
n suffices.

Pick ¢ € (0,J(p,L)). We have shown that limsup, J(p,, L,) < 0 for all sequences
{Pns Ln }nen such that max{p,, L,} — oo. Thus, there exists an R such that J(p,L) < ¢

whenever max{p, L} > R. Hence, we have that:

sup J(p,L)= sup J(p,L) (83)

(p,L)ERY (p,L)€[0,R]?

An optimum therefore exists as [0, R]*> is compact and J is continuous, by Weierstrass’
theorem.

We now show that (0,0) is not optimal. First, observe that if p = 0, then it must be the
case that L = 0 (otherwise reducing L would yield a strict improvement). Second, if L = 0,
then the firm’s payoff is zero. We therefore have that 0 = J(0,0) < J(p, L).

Thus, an optimum exists (p*, L*) and all optima must lie in R2 . As J is continuously
differentiable, the first-order conditions J,(p*, L*) = 0 and J(p*, L*) = 0 must hold at an

optimum. By applying Leibniz’s rule, we compute the derivative in prices:

D=

Ap"L
/ —n)zp "g(z, A, A)dz + A (nAp" L) (ApLg(Ap"L, A, A))

—l—/ AALg(z, A,A)dz — A (nAp"_lL) (pALg(Ap"L, A, A)) | dAdA
Ap"L
Ap"L 00
/ / / —n)zp "g(z, A, A)dz + / AALg(z, A,A)dz | dAdA
Ap"L
(1 —n)E [Azp [z < Ap"L]] + E[AALI[z > Ap"L]|
(84)

Thus, dividing all terms by L, we can re-write the first-order condition for prices as:
0= (1—nE[At < A/z|]t + E[AAL]t > A/z]] (85)

Which implies that:

1 E[AAIE> A/zZ]] 1 P[A/z < t|E[AA|A/z < ]
T n—1E[A[t<A/2]] n—1(1—-P[A/2z <t])E[Az]|A/z > {]

(86)

49



We now compute the derivative in labor:

Jr(p, L) = /OOO /000 A (nAp"'L) (ApLg(Ap"L, A, N)) + /AOOLAApg(z,A,A) dz
"
— A (nAp"'L) (pALg(Ap"L, A, \)) | dAdA — E[wA] (87)
= E[AAI[z > Ap"L]]p — E[Aw]
Thus, the first-order condition for labor can be expressed as:
ElAu] (88)

P= RAAT} > A/2]]

We have now shown that any optimal (p, L) must solve Equations 86 and 88. Moreover,
we observe that Equation 86 is a one-dimensional fixed-point equation. Moreover, for any
solution t* of Equation 86, we can find p* by substitution into Equation 88 and labor is then
given by L* = tp% Thus, the set of solutions to the pair of first-order conditions is pinned
down by the set of solutions to Equation 86. We analyze this equation.

To do so, we define z = Int, and we write the Equation 86 as x = f(z), where f : R — R

is given by:

f(z)=1In (ﬁ) +In(PlnA—Inz < zE[exp{lnA +InA}/InA —Inz < z])

—In((1—PnA—-Inz <z])Elexp{lnA+Inz}|In A —Inz> z])

(89)

To analyze this equation, we first state and prove a lemma for the conditional expectations
of linear combinations of Gaussian random variables when they are conditioned on lying in

a half-space.

Lemma 1. Consider an n-dimensional normal random variable X ~ N(u, ) and for two
vectors a,b € R", define S = a'X and T =0 X. The following hold:

P[S < ]E[exp{T}|S < a] = exp {MT ; 10%} o (x — s _ “)
2 (OFS (OFS

P[S > 2]E[exp{T}|S > 2] = exp {MT N %0_%} (1 e (x —us as,T))

gs gs

(90)

where iz, 0z, ow,z denote the mean, standard deviation, and covariance for generic random
variables Z and W

Proof. We derive the first equality, the second follows by an entirely analogous argument.
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First, we apply the standard multivariate normal conditional expectation formula to derive:

g
T]SZSNN(/LTJrU;—éT(S—MS),U%—%) (91)

Applying the formula for the moment generating function of a Gaussian random variable,

we have that:

1 1oy osT S — s
Elexp{T'}|S = s] = exp {uT + 50% - §a_§} exp {O_—S s (92)

We then have that:

2 J—
Elexp{T}|S < x] = exp {,uT - %a% — %Uas—f} E [exp {US—TM} IS < x} (93)
s

We now compute:
E {eXp{US_’TS_’uS}WSx]
gs gs
-t /gﬁ exp{as’TZ_us} ! exp{——<z_ﬂs)2}dz
PS <zl ) os Osg osV2m 20%
_ 1 /“T 1 {USTZ—,uS (z—,ug)Q}dZ
P[S < ] o5V s 20%

1 /x 1 (z — s — os7)? N 10'?9771 d
P[S < z] o5V 2T P 20% 2 U%

x 94
_ 1 exp 1@ / exp ( — s — os1)? L (94)
P[S < 1}] 2 U o0 US‘/27T 20’%
= L exp l—as’T /l‘ ! exp § — (2 = ps — osir)” dz
P[S < 1}] 2 Ugv —o0 OgV 2T 20’%
2 T—pg 95T
1 1 gsT / o5 75 1 1 9 d
= exp 4 = ——— exp{ ——
P[S<a] 1202 f) . Vol WA e
1 1057 o (T Hs _ Osr
P[S < z] P2 o3 o3 o
Combining these steps, we have that:
1 _
PlS < alElexp{T}S < o] = exp {r + 503 f @ (1210 - 75 ) (95)
2 gs gg
As we claimed. n
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We now apply Lemma 1 to re-express f as:

1 1 T —
f(z) =1In (F) At pat g (0 + 0% +20354) +In® (U—“U —BSJU>
- U

1 r—
- (uA+uz+§(ai+a§+QJiﬁz)) —1In (l—fb (—MU—ﬂDJU))

oy
T—Uy S
) <— — B O’[r)

1—-@ (% — 6DUU>
(96)

1 1
=1n (F) +lLA—/Lz+§((731_03+2012x,,4—20/2\,z)+1n

where iy = E[lnA —Inz], 02 = V[lnA —Inz|, 85 = C[lnA +InA,In A — Inz]/o?, P =

C[lnA+1Inz,In A —1Inz|/c?. We can further define the following transformations:

— 1 1 1
y = T ,UU7a — BSUU,B — ﬁDUU,K = — (ln (—) + 3 (af, — 03 +203\7A —20&))

oy ou n—1

(97)

and then we can write the fixed-point equation as y = g(y), where:

1 O(y — )
=K+ —In———-— 98
We observe that g(y) is strictly increasing and it has derivative:
, 1

g(y) =~ (rly—a)+mly - 5)) (99)

where r(z) = ¢(z)/®(2) and m(z) = ¢(z)/(1—P(z)) are the left and right inverse Mills ratios,
respectively. To find sufficient conditions for a unique fixed point, we use the following fact
about Mills ratios: r(z) > max{0, —z} and m(z) > max{0, z}. Thus, we have that:

iI;fg'(y) = inf 1 (r(y—a)+m(y — B)) > iI?}f cri (max{0,« — y} + max{0,y — 5})

vy o
S maxgo, a—f} Y (100)

oy

Thus, if @« — 8 > oy, then inf, ¢’(y) > 1 and there is a unique fixed point. This condition

reduces to:
a—p3

oy

1<

=6 -pP=1 (101)

Thus, there is always a unique fixed point.

We have thus shown that: (i) an optimum exists, (ii) any optimum must lie in R% |, (iii)
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any optimum in R? , must satisfy Equations 86 and 88, and (iv) there is a unique solution

to Equations 86 and 88. This completes the proof. O

A.2 Proof of Proposition 1

Proof. We prove the three claims in reverse order.

Claim 3. Defining x(§) = Int(d), we first prove that lims_ox(d) = pa — p, = (0).
Consider the fixed-point equation (Equation 6) and let the numerator and denominator on
the right-hand side be:

Ng(t) = E[A(sA(;H[t Z A5/Z5]] = P[t Z A(s/Z(s}E[A(;Aﬂt Z A(;/Z(s]

(102)
D(s(t) = E[A(;Z(;]I[t S A(S/Z(;” = (1 — P[t Z Ag/Zg])E[AgZﬂt S A5/25]

By Theorem 1, we have that t(0) = exp{x(J)} is unique for all 6 > 0 and moreover that ¢(J)

solves:

(n = 1)#(3) Ds(t(9)) = N5(£(0)) (103)

We also have that ¢(0) = exp{pa — p.}. Because ‘2—5“ = exp{ln As —In zs} =% exp{pa — .}
as 6 — 0, we have that:
1,t > t(0),
lim P[t Z A(;/Z(s] = ( ) (104)
00 0,t < t(0).
Thus, if lims ¢(d) < ¢(0), then lims_,o Ns(t(9)) = 0 and lims_,0 Ds(¢(9)) = exp{pa + p.} > 0,
so Equation 103 cannot hold, which is a contradiction. Conversely, if lims_o¢(d) > ¢(0),
then limgs_,o N5((9)) = exp{pa + pa} > 0 and lims_,o Ds(¢(5)) = 0, so Equation 103 cannot

hold, which is a contradiction. Thus, we have proven that lims_,o£(5) = ¢(0).
Claim 2. Rewriting the fixed-point equation in Equation 103, we have that:
(n = 1t6)(1 = P[t(d) = As/z5])E[Asz5]t(0) < As/z5] = P[t(6) = As/zs]E[AsAs[t(6) = As /2]

(105)
which implies that:

P[t(5) Z A(;/Z(;] E[A525|t((5) S A(;/Z(;]
1— ]P)[t<5) Z A(;/Z(;] - (77 - 1)t(5)E[A5A5|t(5) Z A5/25]

(106)

Taking the o — 0 limit of both sides and using Claim 3, we have that:

iy ELH0) = As /2]
6l—r>r(1) 1— ]P’[Zf((;) > Ag/Zg

= 0= Doxplpa = pdexplps —pa} =n =1 (107)
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Thus, we have that:

lim P[£(8) > As /2] = ”T_l (108)

6—0

as claimed.

Claim 1. By Theorem 1, we have that for all 6 > 0, the optimal price is uniquely given
by:

E[A(gw(s]
5) = 109
p( ) ]P)[t(é) Z A(;/z(;]E[A(;A5|t(5) Z A5/25] ( )
Taking the 6 — 0 limit of both sides and applying Claims 2 and 3, we have that:
lim p(0) = = exp{pw — pia} (110)
Completing the proof. O

A.3 Proof of Proposition 2

Proof. We break the proof of this result into three lemmas. First, we characterize the first-

order effects of volatility on the logarithm of the optimal supply-demand imbalance.

Lemma 2. We have that:
2(0) = pa — po + kopd + O(8°) (111)

Proof. We showed in the proof of Theorem 1 that fj(z) > 1 for allz € R and 6 > 0. Thus, by
application of the implicit function theorem, we have that x(9) is continuously differentiable
at all points § > 0. We define its derivative at 6 = 0 by continuity: z'(0) = lims_,o 2'(0). We

now make use of the change of variable:
5) —
y(0) = 2(0) — my (112)

And we observe that:

. BT R b ST N /
clililtl)y(é) o clﬁlil(l) (50‘[] - oy c151~r>r(l] (5 O'Ux (O) (113>
We moreover have that:
1 1 D (y(6) — 6B%ay)
=ln|{— —6%(c4 — 0242 -2 1 114
sovs(0) = (5 ) + 3908 — o+ 2o —20n) i (2GRS )
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Thus, taking the § — 0 limit of both sides, we have that:

1 ®(;-2'(0))
0=1In (—) +1In ( oL (115)
n—1 1—<I>(Ex’(0))
And so we obtain that: |
2'(0) = oy ®~! (%) (116)
Application of Taylor’s remainder theorem then yields the claimed formula. O]

Second, we use this Lemma to derive the effects of volatility on prices and inputs:

Lemma 3. We have that:

1)) =10 () i = ea+ (609 = =) v+ 0(5) (117)

And:
(In L)(8) = 2z + (1 — D)pta — mjta — nln (n”j) Cpb(R)ous - O)  (118)

Proof. By Corollary 1, we have that:
1
(0p)(3) =t — 1+ 30 (02 — 0% + 200 —2004) ~ @ (y(8) ~ 65%0)  (119)

Using the fact from Lemma 2 that y(0) = &~ (17;—1), we have that:

Ui
(07)(0) = o~ a ~ 00 = () 4 s (120)
Moreover, as x is continuously differentiable for all § > 0, we also have that y is continuously
differentiable for all 6 > 0 and, therefore, that p is continuously differentiable for all § > 0.
As before, we define derivatives at zero by continuity. Differentiating both sides of Equation

114 and evaluating at § = 0, we obtain that:

ouy(0) = (¥'(0) = B%0v) r(y(0) + (4 (0) — BPou) m(y(0) (121)

and hence that:
ouy(0) + 8%aur(y(0)) + BPaum(y(0))

/
y'(0) = (122)
r(y(0)) +m(y(0))
Differentiating both sides of Equation 119 and evaluating at 6 = 0, we obtain:
(Inp)'(0) = — (¥/'(0) — o) r(y(0)) (123)
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Combining the previous two equations, we have that:

ey auy(0) + B°aur(y(0)) + B2aum(y(0))
o) =~ ( 75(0)) + m{(0) - o ) ty0)
We now make use of the following facts:
o0 = 27 (122 o)) = 222, myon) = 24O,

After some algebra, one obtains that:

(Inp)'(0) = (8° = BP)ouo (‘1"1 (777];1)) - %Uq)_l <nn;1)

oo (5) 5 ()

(124)

(125)

(126)

where the final equality exploits the fact that 8% — 3" = 1. Application of Taylor’s remainder

theorem then yields the claimed formula for In p. Using the fact that In L = —nlnp — 2 then

yields the formula for labor.

Finally, we derive the effect of uncertainty on the rationing probability:

Lemma 4. We have that:

ey =1—t n-1 (E + (BS%I + BD) <z5(f<é)> oud + 0(5?)

Thus, we have that:

r(d) = r(0) +y'(0)p(y(0))d + O(5*)
n—1 ovk+ oy 50(k) + BPoune(x)

= + 37 L+ 79(m) (k)6 + O(67)

_1-1, ( (Bsn + BD) ¢(f<o>) aud + 0(5%)

Ui

Completing the proof.

All claims in the result have now been proven.
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A.4 Proof of Corollary 2

Proof. The claim for hiring is immediate. For prices, the claim holds if and only if ¢(x) —
k/n > 0. Defining M = n—”_—l as the full-information optimal markup and recalling that
k= ®H(M™1), this inequality reduces to:

o(k) — k(1 —P(K)) >0 (130)

which holds if and only if the right Mills ratio m(x) > k. This is a global property of the
Mills ratio, establishing the inequality. O]

A.5 Proof of Proposition 3
Proof. We define the function F': R3 — R? as:
Jp(&:0)
Fo,6=1 "7 131
(5. (h@é)) (131)

where & = (p, L). If the matching function is smooth, then F' is well-defined and, moreover,
we have that £*(0) = (p*(d), L*(9)) is the unique solution to F(d,£*(d)) = 0. Application of
the implicit function theorem to £* yields that:

§7(0) = —F(0,£7(0) " F5(0,£7(0)) (132)

and £* is twice continuously differentiable. This is because we assumed that F' is three times
continuously differentiable and the derivative of F, which is the Hessian of J, is negative

definite and therefore invertible. Moreover, we define:

h(95, f) =As (pm(AgL, ngfn) - w(;L)

) (133)
where 605 = (InAs,In As, In 25, Inws) = pg + 0527

for Z ~ N(0,I). We then have that for i € {p, L}:

SLE(0,6) = BVuhi(0s, 537 = £EF0,6(0)) = EVohulpo, €0)52] =0 (134)

Combining these facts implies that £*'(0) = 0. Application of Taylor’s remainder theorem
to £ then yields the result. O]
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A.6 Proof of Proposition 4

Proof. Applying similar arguments to Theorem 1, we have that any optimum must be in-
terior. Thus, again following the same steps as Theorem 1, we now have that any optimal

choices of p and L must satisfy the first-order condition with respect to labor:
0 = pE[AAL[t > U]] — E[Aw] + E[N ATt < U]] (135)
and with respect to the price:
0= (1—nE[AI[t <Ullp~" +E[AAL[t > U)]L + nE[N 21[t < U]]p~"! (136)

Equation 135 immediately rearranges into Equation 24. After some algebra, Equation 136
reduces to:
E[AAL]t > U]

"~ T = DE[RAL < U)) — BN < Ulp !

(137)

Combining this with the formula for p from Equation 24 then yields Equation 23.
We now solve for the first-order effects of volatility in the firms’ choices. To do this,

observe that we may write:

ﬂ@:m(?&)+mN@—mD@—mu—K@) (138)
where: A
K0)= 5 D) B =56 (139)
and:
D(8) = E[Asz5T(6) < Us]] = EAjz3] (1 - @(y(6) - 38701 (140)
$(0) = BINGASTIH6) < Us]] = E[A; 4] (1= @(y(6) — 58%01)) (141)

and AP = Cov[ln A’ + In 2z, U]/Var[U], 35 = Cov[In A’ + In A, U]/Var[U]. Thus, exploiting

the same arguments as those in Proposition 2, we have that:

LN () ) :
doyy(0) =1 (n_1>+1 (1—@(y(5)—5ﬁDUU)) In(1 — K(5)) + O(6%) (142)

Passing to the 6 — 0 limit, we obtain that:

1 ®(y(0))
n—11-a(y(0))
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Moreover, we can compute that:

exp{pa — pa} i + 14} @ y(0))

KOy =273 exp{jin + ) — exp{ar + pab(1 — 2(y(0))

(144)

We also recall that the rationing probability is given by r(d) = ®(y(d)). Thus, r(0) =
®(y(0)). We call r(0) = r; and we define k7 = ®7'(r;). We now combine the previous two
equations to solve for r;:

n exp{pa + pra}rr I

=1 - — 145
=T explin + fiu} — ool 1Al =7 L n—11—r (145)

This reduces to Equation 25. Moreover, we can observe that as uy — —oo (i.e., A" =% 0),
that r; — "T_l Moreover, we know from Proposition 2 that 2/(0) = oyy(0) = opyk;. Thus,
we have that:

(Int)(8) = py + kropd + O(6?) (146)

Completing the proof. O]

A.7 Proof of Proposition 5

Proof. We define tightness in the product market as ¢ = L;Dn and tightness in the labor market
as th = Z—i There are four possible cases for the two markets, ignoring the zero-probability

events of Walrasian equilibrium in either or both markets:

1. Slack product and labor markets. This event occurs if t* < v and ¢t < U. In this case,

the firm’s realized objective is
A(pg® — wL) = A(zp*™" — wL?) (147)

2. Rationed product market and slack labor market. This event occurs if t* < v and

t > U. In this case, the firm’s realized objective is
Alpg® — wL?) = A(pAL* — wL?) (148)

3. Slack product market and rationed labor market. This event occurs if t* > v and

p~"/wX = ttY < Uv. In this case, the firm’s realized objective is
A(pg® — wL®) = A(zp*™" — vw'*X) (149)
4. Rationed product market and labor market. This event occurs if & > v and p~7 /wX =
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ttY > Uv. In this case, the firm’s realized objective is
Apg® — wL?) = A(pAvwX — vw'tX) (150)
We furthermore define the events
RY = {tF > v}, R = {t* <v,t > UYU {t! > v, tt* > Uv} (151)

to denote the states in which the labor and product markets, respectively, are rationed.
Using these observations, we can write the firm’s objective as an expectation over these

four events

E[A(zp"™" — wLY) (1 — RY)(1 — RY)] + E[A(pAL* — wL®) (1 — R*)R")

152
+E[A(zp" ™ — vw ™) RE(1 — RY)] + E[A(pAvwX — vw' ™) RERT) (152)

Analogous arguments to those of Theorem 1 establish that the problem of maximizing J
has a solution and that any solution must be interior. Necessary conditions for optimality
are that the first-order gain to changing each of p, L?, and w is zero.

We first take the first-order condition in L%, observing that this has first-order effects on
the firms’ payoff only when the labor market is slack (¥ < v):

0 = —wE[A(1 — RY)] + pE[AA(1 — R¥)R") (153)

Re-arranging, E[A(1 — RY)]
P="YEAAQ — RL)RP]

Next, we consider the first-order condition with respect to p

(154)

0= (1—n)p "E[Az(1 — R")] + LE[AA(1 — R*)R"] + wXE[AAvR*RY] (155)

Dividing each term by L¢ and re-arranging yields

1 E[AA(1 — RY)RP] + FE[AAvR*RY]
b= n—1 E[Az(1 — RP)] (156)

We finally derive the first-order condition with respect to w:

0= —LE[A(1 — RY)] — (1 4+ x)w E[AvRY] + xywX 'pE[AAvRY R (157)
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Dividing all terms by wX, and substituting p/w from Equation 154:

0 = —t“E[A(1 — RY)] — (1 + x)E[AvRY] + XE[AAURLRP]E[E[;\((E__ IfL))}}{P] (158)
Re-arranging to isolate t*,
L E[AAvRVRP] E[AvRE]
~YERA - BoRn T VERI - B9 1)
O]

A.8 Proof of Proposition 6

Proof. To characterize the solution to Equation 35, we attach a Lagrange multiplier A to the
expenditure constraint and pu; to each ¢; < ¢; constraint. The first-order condition for each
¢; 18 then:

1 1 1
0;'c; "Cm — Api — i =0 (160)

Thus, we have that:

Taking the ratio of this condition for two varieties ¢ and j yields:

0i (Api + )"
¢ = —(p_l_—#)_ncj (162)
05 (Apj + 15)

Substituting this into the expenditure constraint, we have that:

CA
o i / pibs Ops + )" dl (163)
0; (Apj + p15) "

And so we have that:
-1
C; = Eﬁj ()\p] + ,Uj)_n (/ plel ()\pl + uz)_" dZ) (164)

Moreover, ¢; < ¢;. Thus, exploiting complementary slackness (¢; < ¢; = p; = 0), we

have:

o 0; p;"
c;j =Gj mln{ ,A—sz—jD} (165)
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where D = EX7" ([ pib; (Api + )" dz’)_l, which is independent of j. Thus, re-ordering
markets according to ¢, we have that there exists a unique k € [0, 1] such that all markets
with ¢; < k have ¢; < ¢; and all markets with ¢; > k have ¢; = ¢;. Thus, we can write the

expenditure contraint as:
k 1
E=D / Oip, " di + / pic; di (166)
0 k

which implies that:
E— [ pic di
D= #Z (167)
fo O;p; " di
yielding Equation 37. To complete the proof, we plug these demands directly into the
consumption aggregator, yielding Equation 38. O

A.9 Proof of Theorem 2

Proof. We begin by deriving the exact value of mean demand in equilibrium. From Propo-

sition 6, we have that:

2; P (168)
Jo Oip; " di
where here we have used the fact that £ = M in equilibrium. Thus, we have that:
explpe} = PO i+ Lot) (169)

fok 92']93777 di

We now solve for u, without any approximation. To do this, we first observe that (i) firms
are ex ante symmetric and (ii) have a uniquely optimal solution for prices and labor. This
in any equilibrium, all firms choose the same price p and the same labor input L. With this,

we state the following formula for mean demand.
Lemma 5. We have that:

exp{p.} = M 1
T Ppr(1-e(00) - %)) + Lexpiua+ 3o3}e (07 (r) - %AL)

ou ou

(170)

where L = Lexp{—pu.} is invariant to ju..

Proof. To solve Equation 169, we first solve for the integrals in the numerator and denomi-
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nator:

1
/ pic;di = pLE {exp{ln AM {lnA —Inf <In %H
k k

A 171
= pLexp{pa + loi}é <ln 5 —ElnA—Ing] _ UA,U) ()
2

ou ou

¢ A
/ Qz‘pil_" di = pl—”E |:exp{ln O} {ln A; —In6; > 1In Q_k]:|
0 k

]n%—EMA—mﬂ_UM)> (172)

ou Oy

. 1
=#”@®ﬂm+§ﬁ}(1—@<

Combining these expressions with Equation 169, we obtain that:

In4: —EllnA—1nb
emﬂwhf”<1—¢< o~ ]_0“>>

oy Ou

1 In42: —EllnA —In6) (17)
= M — pLexp{pa + 50%}@ < O — UA’U>

oy ou

We now simplify to remove the term In ‘2—:. To do this, we observe that k£ and In g—: satisfy

the following relationship:

k=P ln@i—lnAiglnﬁ =1—-P lnAi—lneiglné
Ay 0y

InA; —In6; — E[ln A; —Ing;] %= —E[nA; —In6
—1-P < — (174)
ou ou
In 2t — E[ln A; — In 6]
—1-d k
oy

We can now also note that £ is related to the rationing probability by the identity k =1 —r.

From this, we can solve that In ‘3—: in terms of the rationing probability:

In 2t — E[ln A; — In 6] A, )
r=3ao . = In o oy® " (r) + E[ln A; — In6;] (175)
oy k
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Combining this with Equation 173 yields the relationship:

el (1-0 (070) = 22 ) ) = 01— prespla + 3ot (074 - 222)

ou

We now return to the firm’s problem to establish the general relationship between p, L, and r
with g, noting that all other terms in this expression are parameters. From the expressions
in Theorem 1, it is immediate to verify that exp{u,}t is invariant to p, and p is invariant
to p1.. These facts imply that L is log-linear in u.: L = Lexp{u.} and r is invariant to j..

Exploiting these facts and rearranging, we obtain the claimed expression. O

We now compute the first-order expansion of y, in volatility.

Lemma 6. We have that:

N -t (1 — 1) (ptw — pra) +In M + né(r)opd + O(6?) (177)

Nz:(n_l)ln

Proof. We first compute i, in the § — 0 limit. In this limit, by Equation 170, we have that:

M 1
p(0) p(0)=5 + L(0) exp{pa}™*

exp{p-(0)} = lim exp{p.(9)} =

M
% eXp{,Uw - MA}

1

— 1 _
(%) exp{ =1 +mpaty +exp{(n — pa — i} (#) exp{ua}ist (178
M

_ (L) i M
S \n-—-1 exp{(n — 1)(a —Ina —In M)}

where the final equality uses the fact that w = aM.
We now proceed to find the slope of u, in 6 at 6 = 0. We have that:

Oy

jo=1nM —lnp—InL —In <exp{,uz}t (1 —® (@1@ _ O'G_U)>
(179)

+exp{pa+ %o—i}cb (@%) - ‘”‘—U> )

Ou
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We now define:

A(8) = (exp{p.}t)(6) (1 - (@—1(7“(5)) - 5(;9—’U)>
Loy o ~1 0A UU )
B((S) _ eXp{HA + 5(5 JA}(I) (q) (7’(5)) - 5?)
And so we have that:
!/ o / TV A/(O) + Bl(O)
1. (0) = —=(Inp)(0) — (In L)"(0) — m (181)

From Proposition 2, we have that (Inp)’(0) = ((}S(ﬁ) — %) oy and (InL)'(0) = —neo(k)oy.
We also have that:

A©) = explpadr, B(O) = exp{ua}— (182)
and so A(0) + B(0) = exp{ua}. Moreover, we calculate:
A(0) = (eXp{uz}t)@)’(O)% —exp{pa} (7"’(0)@1/(7“(0)) - O:f—;]) ¢(@'(r(0)))
= ex Eoy —ex r’ L _ow K
= exp{ual Sow — expliua) (70)5 =~ 7 ) o (183)
50 = explua} (10— ) ot
Combining this information we have that:
AO)+B(0) & (L oeu oy (gl TauY .
A0+ 50 5~ (PO ) o+ (P05 - et -
_ k U+ UQ,UU—UUA,Uqb(K)
And so we obtain:
10 = = (9060 = £ ) o -4 noe)o — Zoy -+ TLZ L o)
= (=14 P o) (185)
= n¢(k)oy
As claimed. L

The formula for equilibrium prices follows immediately by combining Proposition 2 with
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the fact that p, = Ina + In M. To obtain the formula for equilibrium labor inputs, we

combine the formula for p, with the formula for In L from Proposition 2:

n
InL=p,+mn—1)pus—np, —nln (F) —no(k)oy

= (9= 1)In—1= 4 (= 1)(ja — pa) + M + 59(r)ow
+ (7= Dpa = njt — 00 (%) — né(K)ou (186)
— _In" — oy +In M
n—1
=—1In —Ina
77_

To solve for aggregate consumption, we use Equation 38 from Proposition 6 along with the
fact that £ = M:

1 =t k 5
k 0

We moreover re-arrange Equation 169 to obtain that:

(187)

=
_l’_
w\
>
D
S 3=
@Q|
s
:‘\
o,
-~
N——
3
|
A

1 1 k
M — / pic; di = exp{p, } exp{—pg — 503} (/ Oip; " di) (188)
k 0

Thus, we have that:

-1 1 k L1 op1
nC=—""1n (eXp{n— (uz — 1o — —03>} (/ 91'1?;_"012') +/ 0;¢e” d@') (189)
n—1 U 2 0 k

We already computed the first integral on the right-hand side in the proof of Lemma 5:

k 1
[ ot = expla + gty (1@ (070 - 20 )) (190)
0

ou

1

1 n=1
We can further compute the second integral by defining the random variable (; = In (6{’ A" )
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and following similar steps to those in Lemma 5:

11 1 a1 11 a1
k k

—L'"E lexp{In(}[[In A —1Inf <InA; — In 6] (199)
n—1 1 - 2eU
=L exp{uc+ 502}@ (@ ) - Tu)

Putting all of this together, we have that:

-1 1 1
nC =—1_1n exp {n—uz + = (Ma + —03) }pl_" (1 - (Cb_l(r) - UQ—U))
n—1 n n 2 oy

n=1 1 _ o
+ L eXp{/‘LC + 50’?}@ (CI) 1 (T) — ﬂ) )

ou

(192)

and we note that we have already solved for all quantities on the right-hand side. We now
parameterize volatility by ¢ and compute consumption to first-order in §. That is, we wish
to compute:

(InC)(8) = (InC)(0) + (In C)'(0)6 + O(5?) (193)

We can first compute:

(In C)(0) =

Syl <exp {2000+ S b0 (1= )+ 200 exp{us}r(0)>

1 -1

n U 1 n
= In —exp{—,uz() +—u—|—1—771np0}+
— (n —1(0) + o+ (1= 1) Ip(0)

-1

exp {Mg +7

1 -1 1
= 1 1 —exp n—((n—l)ln d +(77—1)(1na—uA)+nlnM)+—ug
n—1"\n U n—1 U

+(1—n) (hl (Ll) +lna+1nM—uA)}
/rl_
—1 1 —1 —1
+77 exp{—,ugqL77 ,uA—n (ln< il )—I—lna)}
U U U U n—1

:ILLA—F&—IDQ—IH(L)
n—1 n—1

(194)

67

1nL(0)}>



We now compute the derivative, first noting that:

(InC)(0) = n”jcm)%—l (A+ B) (195)
where:
A= (TR0 4 (= g 0)) e { TR0 4 L (1 (o)
— ¢(@'(r(0))) <¢(®r1((2)(0))) - Oz’UU) exp {UT_lﬂz(O) + %Ma +(1—n) lnp(O)}
=005 (21 gy — i) (Y 0w
=007 (35w o) (0 - 2 ))
(196)
and:
—1 , 1, n- ~1
B=" (I Ly(0) exp {ug 508+ —(lnL)(O)} "T
@000 (5ot — = e {ue+ oz + Tl aon
_ iy (T0) 1oy n—1loay
=c el )(éb(’f) n ou n  ou )
Combining all of this, we have that:
| (198)
- (o)
Completing the proof. O

A.10 Proof of Theorem 3

Proof. We now exploit the fact from Equation 42 that aggregate consumption is given by:

1 YIT_I k % 1 1 n—1
InC = Ui . In ((exp{ln M} — / DiCi di) (/ Hipll_" di) —I—/ g'c," di) (199)
n— k 0 k
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where InM =InM +1InA, and p; = p and L; = L are invariant to A. Differentiating this

expression with respect to A, we have that:

olnC B OlnC 0ln M B 0lnC
OlnA  9OlnM OlnA  OlnM

Moreover, we can compute:

n—1

OlnC n =1 0 PN T g —n
alnM_n—lc " S ((exp{lnM}—/kpicidz) (/0 zpz dl) +/k

_ 0 ot O o [ aa)
_77—10 o ((exp{lnM} pL/k Aldz) (p /Oedz) + L

1| — WM}~ pL [* Adi "
n 1(M+pLAk8k:><eXp{n }—pL [, z)
n

_ Y :
n—1 oM pt=n [ 0; di
1 . ";1
N lpl_nek Ok [ exp{ln M} —ka fk A, di = 0 A 2= Ok
n oM pl=n fo 0; di oM
(201)
We now evaluate at In A = 0. This allows us to make use of the fact that:
exp{ln M} — pL [} A;di 1
= . f’“ = exp{p: — po — 503} (202)
ptn [y 0 di 2
which gives us that:
81110 n=1 — 1 1
=C 7 M —— — p — —o2
M|, . C eXp{ ; (uz 11 209)}
n 1=t ok n—1 1 _ _1 n-1 _
Cc™ AL + =60, Dp™" | pD 7 — (AL 0. Dp~ ") npD
-1 (9MM:MK77 k+nkp)p (ALY (uDp7)p n]
1 1
=C~ "Mexp{ <Nz_N9__Ug>}
n 2
_nst ol 1 Ok n—1 1 n-1 1
+ —C pD ’1 |: AkL—i— —QkDp_” - AkL n HkDp_” ’1:|
- |, ; (AxL) 7 ( )
1 1 n _n=1 Ok _1
= Mexp{ (,LLZ—,LLQ——O'Q)}—{-—C z pD "7 [AyL — AL
n 20 n—1 OM | i [ ]
_ —1 1 1
= M exp 0 InC — = (. — pg — =0
U U 2
(203)
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where we exploited the fact that Ay L = 6, Dp~" for the threshold market k. We now compute

the small certainty expansion. We first compute:

. . 9lnC _ n—1 1 1
}5%%_}3%8111]\/[ o _Mexp{— p InC(0) — EuZ(O)—i—T—]ug}

=Mexp{—-InM} =1

(204)

where we have used the expressions from Theorem 2. We now compute:

i 2 | S M:M} — (-2 ey - o) sres {10 - L) + L
- (”—‘1 <¢<m> - f) oy~ 1n¢<n>aU) ‘1
n n n
:_%(M@+n_1OUU
(205)
Completing the proof. O

A.11 Proof of Corollary 3

Proof. In Theorem 3, we proved that lims_,o.#Z = 1. Now consider the economy in which
0 = 0. In this economy, demand and supply are equal in all markets. Thus, ¢; = ¢; for
all i € [0,1]. As ¢ cannot change after the unanticipated monetary shock, neither can c¢;.

Hence, C' is invariant to the unanticipated monetary shock. O

A.12 Proof of Proposition 7

Proof. From Theorem 3, we have that:

o) -w(Ehlo)

We now make use of the fact that n = 1/(1 — ®(x)) to write:

(04 757)

(1= ®(r))(¢(r) + £®(k)) = g() (207)
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Observing that « is a strictly increasing function of 7, it suffices to sign the derivative of g,

which is given by:

g (k) = =d(r)(9(k) + £ (K)) + (1 = (k) (¢'(K) + P(x) + Ko(r))

(208)
= ®(r)(1 = @(r)) = ¢(k)(¢(K) + KD (~))
where we have used the fact that ¢'(k) = —k¢(k). The roots of ¢’ must therefore solve:
1=m(k)(k+1r(k)) = R(K) (209)

Moreover, we know that m is a strictly increasing function. Thus, if kK +7 (k) is an increasing

function, then g(x) has at most one root. This is an increasing function if:
0<1+7(k)=1—(k+7rK)rk) < rk)(s+rk) <1 (210)

We now use some facts about Mills ratios. First, as ®(—z) =1 — &(x) and ¢(—x) = ¢(x),
we have that r(k) = m(—k). Thus, we require that m(—«)(k + m(—x)) < 1. Equivalently,
we must prove that m(z)(—z + m(z)) < 1 for all x € R. But this is equivalent to the
inequality m(z) < L(z + /22 +4), which holds for all z € R by the theorem of Birnbaum
(1942). We further have that R(0) = m(0)(0 + 7(0)) = 4¢(0)? = 4(1/v27)? = 2/7 < 1.
Moreover, lim, o R(k) = 0o (as m(k) > k and r(k) > 0). Thus, we have that ¢’ changes
sign exactly once, at the unique solution k* of the equation R(k) = 1. Moreover, when
Kk < k¥, we have that ¢'(k) > 0 and when x > k*, we have that ¢'(k) < 0. Hence, the extent
of monetary non-neutrality is decreasing in n when n < n* and increasing in n when 1 > n*,
where n* = 1/(1 — ®(x*)). Numerical calculations yield that £* ~ 0.376 and n* ~ 2.83. [

A.13 Proof of Proposition 8

Proof. We start by log-linearizing the firm’s dynamic tightness and pricing decisions.

Lemma 7. When log-linearized around the steady state, the optimal reset tightness and reset

prices follow:

—{1——Bw)<fh—%¢&yﬁ)+—ﬁwE 1] (211)
= (1= fw) (M = Cour) + Bur[pr ] (212)

where 15 andf are constants given in the proof. Moreover, the implied optimal reset level of
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labor inputs follows:

A

L, = (1= Bw)(D; — M, + (¢ +10)d1-) + Lo [Lr 1] (213)

Proof. We begin by log-linearizing the forward-looking decision rules of the firm that we
derived in Equation 71:

. 1 Zﬁo(ﬁw)jﬁET[A‘rHH[tTDTH > Arij/0r44]]
" n—- 1 Zﬁo(ﬁw)jﬁDTJrjE‘r [97+j]1[tTDT+j < A7+j/97'+j“

a
1—Bw

br = 0 :
Zj:g(ﬁw)] ﬁET[AT+j]I[tTDT+j > A-r+j/97+j“

(214)

We define A7—+j = ﬁET[AT—&-jH[tTDT—Fj Z AT+j/97+j]] and Bq—+]’ = M;

DB [0 1t Dy <
A1 ;/0:1,]]. We therefore have that:

by = (1= B, |3 (Buw) A,y — By
L (215)
pr = (1= Bw)E. | 3 (Bw) [-A,]
Lj=0
We have already computed that:
1 1 In(t, D, ;) — pu i
./47'+j = 7 CXP§ HAT+j + _0-124,7'4-]' s ( +]) Alkr - ﬁSJUvT‘H‘
My 2 U+ (216)
DT—!—‘ 1 In (tTDT—&-‘) — KU 45
BT—l—j = MT—I—]j exp {/’LG,T'i'j + 50-3,T+j} <]' - ( O-U],T—I-j L — BDO-U,T-‘FJ'

and so we have that (as we have assumed that first moments of A and 6 do not change):

AT+j = _MT-‘,-j + )\a <£T + D7+j + ¢a5-U,T+j>

A

: A v (217)
BT+j = _M'r-i-j + DT+j o /\b (tT + DT+j T gbb&U’T—i_j)
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where:

Ou ou
1 In (tD) —
Ab:—m<“( ) =1 gog ) =0
oy oy
_ (218)

Combining this information, we have that reset tightness follows (so long as A\, + Ay # 1,

which we established in the proof of Theorem 1):

Z(ﬁw)] |:()\a + )\b)f'r + ()\a + )\b - ]-)DT+] + ()\aqsa + )\bﬁbb) &U,T+j:|]

=0

f‘r = (1 - /BW)ET

= ()‘a + Ab)E’T + ()‘a + /\b - 1)(1 - BW)ET Z(ﬁwy (ﬁr-f—j + QzEa-Uﬂ'-‘rj)]

Jj=0

(219)
where 1) = (Aa®a + M) /(Aa + Ay — 1). This yields that:
b= (1= B)E, | 3(Bw) (Dray + &&U,TH)]
=0 (220)

=—(1- fw) (ﬁT + 1;5U,T> + BWE, [tr41]
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Turning to reset prices, we have that:

5, = (1 - fw)E, IOOO
= (1 - Bw)E, _]Zowcu)
— (1- B, _jf;ww)
— X |Er 4+ (1 = Bw)E

— (1 - f)E i;

— (1 Bw) (M )

T+

[e.e]

|26

=0

a(_w + ¢(I)6_U,T> + /BWET[ﬁT-i‘l]

— A

tr + (1 — pw)E

Z(ﬁw) [ T+ — Aa (57 +Dyyj+ ¢a5U,T+j>}

[e.9]

|26

=0

|

F (Dris + %JUTH)”

< r+j T wUUTﬂ (—12 + ¢a)&U,T+j>] ]

( THj a(—lz + ¢a)&U,r+j>]

(221)

Letting ¢ = )\a(—'(; + ¢,) then yields the claimed expression. The formula for labor inputs
follows from the identity that L, =

_77}37' - Lt‘r-

]

We next aggregate these variables and use the Calvo assumption to derive equations in

terms of the average tightness, ¢, and the average price level p..

Lemma 8. When log-linearized around the steady state, we have that price inflation m. and

tightness inflation v, obey the following equations:

where I' =

(1-w)(1—

. = T'(M,
(D, +

- ﬁ'r) + /BET[WT-FI] + Cé-U,T
tr) + BE:[vra] + Yo,

) ¢ =-T¢, and ¢ = —T.

(222)
(223)

Proof. We begin by noting that, under the Calvo assumption, p, = wp;_1 + (1 — w)p,, which

implies that:

br

s 177 - wprfl _ pT - W(pt

- Aﬁ‘l‘)

1—w

1—w
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Plugging this into the reset equation from Lemma 7, we obtain that:

_ woo i [ w o
pr+ mApT = (1 = Bw)(M; — (ou,r) + BwE; | Pris + EAPT-FI]

~ ~ _7 B w 3
= (1 - ﬁw)(M’r - QUU,T) + /BW]ET Pr + APT—H + EAPT+1:| (225)

A - _7 1 B
= (1 - /Bw)(MT - CUU,T) + /BW]ET Pr + EAPT+1:|

Which we can re-arrange as:

~

AﬁT = F(MT - ﬁ‘r) + 6ET[AﬁT+1] + Ca-U,T (226>

We can now apply the same principle for tightness. In particular, we plug the fact that

t. =1t + ﬁAfT into the reset equation from Lemma 7 to obtain that:

ET + %Aﬂ— = —(1 — ﬁW)(-DT + 1;6-U,T) + BMET 2Z’Jrl + %At_‘r%& (227)

Identical algebraic steps yield the result. O]

Finally, we log-linearize to obtain the demand shifter in slack markets.

Lemma 9. When log-linearized around the steady state, the household’s demand in slack
markets follows:

ﬁ‘r = fYMMT + ’Ypﬁ‘r + ')/tt_r + fVUa-U,T (228>
where Y, Vp, and v, are coefficients derived in the proof.

Proof. We start from the fact that:

D, =—" "7 (229)
where RT = fol pi7TLi,TAi,T]I[ti,TDT Z Ai,T/9i7T] di and S’r = fol p@'l;nei,T]I[ti;rDT S Ai,T/Qi,T] di.
Thus, we can log-linearize this as:
R M . R A

DT:_ _MT__ —AT_ T 2
-5 M—RR S (230)

Or, defining the steady-state expenditure share on slack markets as s = (M — R)/M, we
have that:

R, (231)



From the arguments of Lemma 5, we have that:

1 ! 1 tz TDT - T .
R. =exp {/VLA,T + —01247} / pirLi ® ( n (tiDr) — pos /BSO-U,T) di
2 ’ 0 Ou,r

1 ! 1 tz TDT - T
ST = €Xp {/LH,T + _037}/ pzl;n (1 - ( n( : ) allf - 6D0'U,T)> ds
2" 0 ’ OuU,r

Log-linearizing these expressions around the steady state (and noting that all firms decisions

(232)

are symmetric in the steady state), we obtain that:

I?T =pr+ L.+ Aa(tlf DTA + ¢abur) (233)
Sy = (1 =n)pr — N(tr + Dr + $p0v,7)
Using the fact that L, = —np, — t,, we then obtain that:
D, = ;MT — (1= m)pr + Mo(tr + Dr + $y607)
B ((1 —0)Pr — b + Aallr + Dr + %&U,T))
:éMT—é(l—n)ﬁT—l— <A,,— 1;S<Aa—1)> i, (234)
" (Ab - ?A) b, + <Ab¢b - Swa) 50
Solving this equation for D, yields the claim. ]
This completes the proof of the claims in the result. n

B Supplemental Appendix

B.1 Calibration of oy

In this Appendix, we describe a strategy for separately calibrating the volatility of produc-
tivity (A) and idiosyncratic demand shocks (z) faced for firms. This allows us to calibrate
the volatility of the composite parameter U = A/z, which in turn is critical for calibrating
the likelihood of rationing and slack. This calculation is especially subtle in our model for
two reasons. First, productivity and demand shocks—which often have a symmetric role
in standard market-clearing models, as shifters of the value marginal product of inputs—
have sharply asymmetric roles in our theory, because they have different effects on the state

of the market (rationed vs. slack). Second, as we will soon make clear, optimizing firms’
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choices of tightness complicates the mapping from fundamental shocks to the randomness

an econometrician would observe in “value-based” measures of productivity.

Measurement. We base our calibration strategy on the availability of two measurements
in any firm-level microdata with separate observations of inputs, quantities produced, and
the value of output sold.

The first measurement is “traditional TFP,” or TFPT. In the data, this is defined as
plant output in physical units (e.g., widgets) divided by an index of inputs. That is, in the
data,

In TFPT = In Physical Output — In f(Inputs) (235)

where f(Inputs) is an identified production function (e.g., under Cobb-Douglas, a sum of
inputs in logarithmic units times their output elasticities). Crucially for our purposes, phys-
ical output is measured as shipments plus changes in inventories and not as the physical

quantity of goods sold. Thus, viewed through the lens of our model, it is umambiguous that
InTFPT =Ing° —InL =In A (236)

where A is the physical productivity of the firm.

The second measurement is revenue-based productivity, or TFPR. In the data, this
is analogous to TFPT but with sales (price times transacted quantity) replacing physical
output:

In TFPR = In Sales — In f(Inputs) (237)

Through the lens of the model, we interpret TFPR thusly. Products are sold at a constant
unit price p, chosen in advance. Sales equal ¢g” = zp~" is the market is slack, or ¢° = AL if

the market is rationed. Thus,

InTFPR =Inp + Inmin{zp™", AL} —InL

(238)
= Inp+ Inmin{zt, A}

where we remind that the definition of tightness is ¢ = p="/L. Moreover, in our model,
optimal tightness depends on the variances of random variables as described in Theorem 1

and Proposition 1.

From Data to Theory. To proceed, we use measurements from two empirical studies.
First, Foster et al. (2008) conduct a detailed comparison of “traditional” and revenue-
based measures of TFP using US Census of Manufacturing microdata from particular man-

ufacturing sectors for which physical output is particularly homogeneous, such as cardboard
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boxes, white bread, and plywood. As the authors note, these sample restrictions are helpful
to make cross-firm comparisons of physical productivity meaningful given the impracticality
of constructing firm-specific measures of the quality of output. In particular, the authors
report moments of the cross-sectional, plant-level distribution of TFPT and TFPR within
narrow product groups. We interpret this as a measure of the ratio of volatility in physical
productivity versus revenue productivity (see Table I of that paper):

oA 0.21

— 239
OTFPR 0.22 ( )

Second, Bloom et al. (2018) use plant-level US Census of Manufacturing microdata
across sectors to construct detailed measures of one-quarter-ahead firm uncertainty regard-
ing revenue-based TFP. This incorporates three corrections that are useful for our analysis:
(i) isolating the statistically unforecastable component of firm-level shocks, (ii) further esti-
mating the fraction of that statistical uncertainty that is plausibly faced by the firm (given
measurement error as well as unobservable information), and (iii) translating the estimate to
a decision period of one quarter. This results in an estimated one-quarter ahead variance of
orrpr = 0.10."" Combined with the earlier calibration from Foster et al. (2008), this results
in an estimate of

op = 0.21 x 0.10 = 0.095 (240)
0.22

What remains is to calibrate o,. We do this numerically to match the estimate orppr =
0.10, simulating the distribution of In TFPR using Equation 239 and, for each possible value
of 0., also calculating the firm’s optimal tightness using Corollary 1.!2 Doing this results in

an estimate of o, = 0.24, and thus oy = /0% + 02 = 0.26.

UThese calculations are based on the calibrated values of Table V of Bloom et al. (2018). Specifically,
these authors consider an environment with two volatility states that evolve via a discrete Markov process.
In the authors’ calibration, the “low” and “high” volatility state respectively occur with probability 0.68
and 0.32. In the former state, the standard deviation of unforecastable quarterly TFPR shocks is 0.051 =
5.1%, and in the latter, it is 0.209 = 20.9%. Averaging these, and expressing them in variance terms, yields
the estimate 0.68 x 0.051 + 0.32 x 0.209 = 0.10.

12We assume, for this calculation, that all uncertainty about A and z comes from idiosyncratic shocks and
moreover that this uncertainty is orthogonal to that in the stochastic discount factor A.
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