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Abstract

We study how bounded rationality coevolves with the business cycle. We introduce
a business-cycle model in which firms face a cognitive cost of making precise deci-
sions. Theoretically, we characterize equilibrium with non-parametric, state-dependent
stochastic choice. Firms have greater incentives to pay attention in downturns be-
cause they are owned by risk-averse households. Correspondingly, the model generates
counter-cyclical attention, pro-cyclical mistakes, and an endogenous attention wedge
that depresses aggregate productivity when attention is low. Empirically, we test the
model’s predictions using novel measures of firms’ mistakes and attention. Quantita-
tively, attention cycles generate significant stochastic volatility of output growth and
shock propagation asymmetries.
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1 Introduction

Firms often make decisions which, ez post, are inconsistent with profit maximization. An
influential explanation is that firms’ managers face constraints on their attention and deci-
sionmaking capacity that introduce “mistakes” (Simon, 1947). Although this view relaxes
perfect optimization, it still preserves incentives at its core—even if plans are imperfect, an
optimizing manager may design them to minimize mistakes in the economic circumstances
in which mistakes are most costly. By implication, the state of the economy may be a central
determinant of apparent bounded rationality. Moreover, the macroeconomic consequences
of bounded rationality may depend on the state of the economy.

This paper studies the co-determination of business cycles and attention cycles, aggre-
gate fluctuations in cognitive effort and mistakes. Theoretically, we develop a general-
equilibrium model in which heterogeneous firms choose non-parametric, state-dependent
production plans and face a cognitive control cost of choosing more precise plans. Our
modeling approach allows us to analytically study state-dependent attention, a phenomenon
largely abstracted from in the existing literature on macroeconomics with decision frictions
(e.g., Woodford, 2003; Nimark, 2008; Mac¢kowiak and Wiederholt, 2009; Lorenzoni, 2009; An-
geletos and La’O, 2010; Gabaix, 2019). In our model, firms want to allocate costly attention
toward the states in which decision mistakes are most costly. In particular, because firms
are owned by risk-averse investors, incentives for precise, attentive behavior are high when
aggregate consumption is low. Therefore, in equilibrium, the model predicts higher cognitive
effort and smaller decision mistakes in downturns versus booms. Endogenous attention, in
turn, induces asymmetric propagation of positive and negative macroeconomic shocks.

To test the model empirically, we introduce new strategies to measure precision in “what
firms do,” an exact measure of mistakes as defined by our model, and attention to the
macroeconomy in “what firms say,” a suggestive proxy for cognitive effort. At the macro
level, firms make smaller input-choice mistakes and speak more about the macroeconomy in
downturns. At the micro level, input-choice mistakes reduce firms’ stock returns, this market
punishment is significantly harsher during downturns, and firms that make smaller mistakes
use more attentive language. When the model is calibrated to match the data, we find that
endogenous fluctuations in attention contribute significantly to the observed asymmetric
and state-dependent effects of macroeconomic shocks. That is, realistic attention cycles help
explain fast crashes and slow recoveries.

Model. We build on a standard Neoclassical real business cycle model with heterogeneous
firms. A representative household owns, supplies labor to, and consumes the output of

monopolistically competitive firms with heterogeneous productivities. An aggregate shock



shifts the productivity distribution and generates a business cycle.

We model firms’ state-dependent attention by subjecting firms to a cognitive control
cost of choosing any non-parametric stochastic choice rule, i.e., a mapping from all payoft-
relevant microeconomic and macroeconomic states to a distribution of production. These
control costs are greater in a given state when decisionmaking is more precise in that state.
Firms therefore choose costly “attention,” or cognitive effort, to optimally trade off these
costs with the benefit of increasing expected, stochastically discounted profits in every state
of the world. Our approach of directly modeling stochastic choice allows for equilibrium
analysis of rich decision frictions in a way that is robust to the specific and difficult-to-test
microfoundation for why precise decisionmaking is hard, like costly information acquisition,
behavioral biases, or trembling hands in implementation (see, e.g., Caplin and Martin, 2015;
Morris and Yang, 2022; Flynn and Sastry, 2023). Despite this generality, we show that

equilibrium analysis in our setting is well-posed and tractable.

Attention Cycles and Their Consequences. In partial equilibrium, bounded ratio-
nality is lower when stakes are higher. That is, firms pay more attention, measured by the
extent of their cognitive effort, and make smaller misoptimizations, measured by the variance
of their actions around the ex post ideal, when the benefit of paying attention is high. These
benefits are driven by two forces: the sensitivity of firms’ dollar profits to mistakes and the
stochastic discount factor. The former, which we call the profit-curvature channel, depends
on the price elasticity of demand that firms face and the elasticity of wages to real output.
While this channel has an ambiguous sign in general, we argue that in realistic parameter-
izations it pushes toward high attention when aggregate output and firm productivity are
low. The latter, which we call the risk-pricing channel, depends on the firm owner’s risk
aversion. This channel pushes toward high attention when aggregate consumption is low.

We next describe the general-equilibrium properties of “attention cycles.” If household
relative risk aversion exceeds an empirically modest lower bound of one plus the elasticity
of real wages to output and wages are not too procyclical, then equilibrium attention is
counter-cyclical: cognitive effort decreases in output and the average size of agents’ mistakes
increases in output. Intuitively, market incentives push firms toward paying more attention
to decisions when the economy is doing poorly.

We finally study the macroeconomic consequences of attention cycles. Output is the
product of the counterfactual output under no cognitive friction and an attention wedge
that is less than one. The wedge arises because inattentive, stochastic choices translate into
dispersion of value marginal products across firms (“misallocation”) and reduced aggregate
total factor productivity (TFP). Due to counter-cyclical attention, the wedge widens when

the economy is booming and firms optimize less precisely. Owing to this mechanism, misallo-



cation is endogenously higher in booms than recessions. Starkly, equilibrium aggregate TFP
can even be non-monotone in the distribution of underlying microeconomic productivity.
Moreover, the translation of negative shocks into increased attention leads to asymmetric,
state-dependent shock propagation and endogenous stochastic volatility. This asymmetry
takes the form of a concave relationship of aggregate output (and the attention wedge) with
productivity, in logarithmic units: that is, negative shocks have larger effects than positive

shocks, and all shocks have larger effects when output and productivity are low.

Measurement. The model makes micro and macro predictions for both choice mistakes
(“misoptimization”) and cognitive effort (“attention”). To test these predictions, we intro-
duce new methods to measure each of these variables for firms.

We measure misoptimization, as defined in the model, using data on firm choices and
fundamentals in Compustat from 1986-2017. We do so by combining our theoretical re-
sults with conventional econometric techniques for estimating firms’ productivity and policy
functions (e.g., Ilut et al., 2018).

Attention, unlike misoptimization, has no direct analog in observable choices. Our
premise is that, when management uses more language to describe the relationship of their
decisions with a specific topic, they are revealing greater cognitive effort toward adapting
decisions to those factors. Specifically, we quantify firms’ attention toward macroeconomic
conditions, a factor faced to some extent by all firms. Using textual data from firms’ reg-
ulatory filings (forms 10-Q/K) and conference calls, we measure firms’ attention using a
natural-language-processing technique that builds on Hassan et al. (2019). The attention
measure complements the “model-based” misoptimization measure by being constructed in

a “model-free” fashion.

Testing the Theory. As nothing in our estimation imposes that measured misoptimiza-
tions are bad for firms’ performance, we first test for this in the data. As predicted by the
theory, we find that both positive and negative misoptimizations (i.e., “over”- and “under”-
hiring) have negative effects on firms’ stock returns and profitability. Moreover, misoptimiza-
tions do not predict higher future productivity, stock returns, or profitability. Together, these
results rule out stories in which misoptimizations purely reflect misspecification, wedges, or
forward-looking adjustments with short-run costs and long-run benefits.

We next find that the size of firms’ misoptimizations is pro-cyclical, consistent with
our theoretical prediction. This result holds under a number of alternative constructions
of misoptimizations, including those that account for time-varying financial frictions and
adjustment costs; under alternative aggregation that adjusts for compositional bias; and on
the entire Compustat sample back to 1950. This finding enriches the literature’s observation

that the variance of firm productivity spikes in recessions (e.g., Bloom et al., 2018). Our



new fact implies that choice dispersion conditional on productivity decreases exactly when
productivity itself becomes more volatile.

We next test the theoretical mechanism underlying pro-cyclical mistakes: that incentives
to avoid mistakes vary with the state of the economy. We find that the negative effect of
misoptimizations on stock returns significantly strengthens when the market is doing poorly.
For example, in the stock market trough of 2008, a misoptimization was more than 6 times
more costly for returns than it would have been in a year with 10% aggregate returns. By
contrast, the effect of misoptimizations on profitability is close to constant. This supports a
primary role for the risk-pricing channel and a limited role for the profit-curvature channel
in driving pro-cyclical misoptimization.

We finally test the model’s predictions for attention. At the aggregate level, macroeco-
nomic attention is counter-cyclical. At the firm level, macroeconomic attention is associated
with smaller misoptimizations. These findings, together, validate the consistency of our two
approaches to measuring attention at both the microeconomic and macroeconomic levels

and further support the theory’s prediction of counter-cyclical attention.

Quantification. To assess the effects of attention cycles on business cycles, we estimate
our model to match our empirical findings. In the model, negative productivity shocks
have a 7% larger effect on aggregate output than positive shocks of the same size. This
corresponds to 25% of the asymmetry estimated by Iut et al. (2018) using industry-level
data. Similarly, in the model, a shock that replicates a “Great-Recession-sized” 5% peak-
to-trough reduction in output also generates an 11% increase in the conditional volatility of
output. This is 19% of the increase in uncertainty about output growth between the trough of
the Great Recession and the preceding peak as measured by Jurado et al. (2015). Our model
therefore explains a significant fraction of observed non-linearities and state-dependence of

macroeconomic dynamics, solely as consequences of state-dependent attention.

Related Literature. Our primary contribution is to theoretically justify and empirically
validate the hypothesis that agents’ inattention systematically varies with the business cycle
because of changing incentives. The idea that incentives drive attention is obtained in classic
single-agent models (e.g., Sims, 2003; Gabaix, 2014). By contrast, most macroeconomic
models with cognitive and/or informational frictions (e.g., Woodford, 2003; Mac¢kowiak and
Wiederholt, 2009; Lorenzoni, 2009; Angeletos and La’O, 2010; Gabaix, 2020; Kohlhas and
Walther, 2021) do not study how optimal state-dependent attention varies over the business
cycle. Three exceptions are Méakinen and Ohl (2015), Benhabib et al. (2016), and Chiang

(2023).! In contrast to these studies, we emphasize a distinct risk-pricing mechanism, develop

In Mikinen and Ohl (2015), decreasing returns to scale lead firms to demand more information when
aggregate productivity is low. Chiang (2023) considers a complementary mechanism in the context of a



novel measures of firms’ attention and misoptimization, and use these measures to directly
test and quantify both the macroeconomic and microeconomic predictions of the theory.

Methodologically, we show how to use a control-cost model to study state-dependent
attention in general equilibrium. This relates to a literature that numerically studies state-
dependent attention under mutual-information costs (Kacperczyk et al., 2016; Afrouzi, 2023;
Afrouzi and Yang, 2021; Matéjka, 2016; Stevens, 2020; Turen, 2023). In contrast to these
studies, our model allows for an exact analytical characterization of firms’ choices. This
is crucial in the theory to obtain an analytical characterization of equilibrium and in our
empirical work to obtain a direct and realistic mapping from the model’s predictions to
observed choices.? Our approach is similar in spirit to that of Tlut and Valchev (2023),
who model cognitive constraints as costly learning of policy rules. These authors focus on
different applications and use numerical analysis of aggregative equilibrium.

An additional contribution is to show how endogenous attention contributes to microe-
conomic and macroeconomic volatility. A key lesson from our analysis is that endogenous
volatility in choices conditional on fundamentals may have an opposite cyclicality to exoge-
nous volatility in fundamentals, helping reconcile the finding of counter-cyclical TFP variance
(Bloom et al., 2018) with more ambiguous evidence for the volatility of other variables (e.g.,
Bachmann and Bayer, 2014; Dew-Becker and Giglio, 2020).

Our focus on state-dependence is shared by a long literature that studies macroeconomic
dynamics when firms face “menu costs” for decision variables (e.g., Bertola and Caballero,
1990; Golosov and Lucas, 2007). Apart from differences in microfoundations, an important
difference in our analysis is that our mechanism operates through the endogenous curvature
of firms’ payoff functions, as determined in equilibrium. Thus, the mechanism driving state-
dependence in our model is complementary to, and distinct from, the channel by which higher
shock volatility leads to more frequent adjustment in menu-cost models (Vavra, 2014).

In the same vein, our focus on business-cycle asymmetries links to studies of information
production over the business cycle. One strand of this literature hypothesizes that informa-
tion about fundamental shocks is a by-product of production and is therefore in pro-cyclical
supply (e.g., Zeira, 1994; Veldkamp, 2005; Van Nieuwerburgh and Veldkamp, 2006; Ordonez,
2013). Others emphasize that information grows stale during booms and is created in crises,

amplifying the crises’ magnitude (e.g., Gorton and Ordonez, 2014; Asriyan et al., 2022; Howes

model where firms acquire Gaussian signals about the state. Benhabib et al. (2016) predict lower information
demand in recessions, a prediction at odds with our empirical findings.

2Costain and Nakov (2015, 2019) also apply the control-cost model but study different questions, regarding
price dynamics, and do not provide comparable analytical results. In the context of households’ attention to
savings choices, Macaulay (2020) studies the special case of exchangeable choices under mutual information
costs, which is isomorphic to a control cost approach.



and Weitzner, 2026). Our mechanism is similar to that proposed by the latter literature,
but it arises from different foundations: the key decisionmakers with time-varying incentives
are firms themselves, not lenders, and mistakes arise from flexible cognitive frictions rather
than (lack of) information per se.

Finally, our findings regarding attention to the macroeconomy contribute to a literature
measuring this object in firm and household surveys (Coibion et al., 2018; Link et al., 2024).
Kuang et al. (2024) estimate that the conditional precision of professional forecasters’ signals
increases when perceived recession risk and volatility are high, consistent with our attention
cycles hypothesis. Our textual measure of attention also relates to work by Song and Stern
(2023), who develop a text-based measure of firms’ attention to macroeconomic news and
use it to study the importance of inattention for the propagation of monetary shocks.
Outline. In Section 2, we introduce our model. In Section 3, we present our theoretical
results. In Section 4, we describe the data and measurement. In Section 5, we test the
model’s six main predictions. In Section 6, we calibrate our model and analyze the impact

of attention cycles on macroeconomic dynamics. Section 7 concludes.

2 Model

We first describe our model, a Neoclassical real business cycle model with a stochastic choice

friction for intermediate goods firms that captures inattention and mistake making.

2.1 Consumers and Final Goods

Time periods are indexed by ¢ € N. A representative household has constant relative risk-

aversion preferences over final-good consumption C; and labor L;. Their payofts are:

N > (CHT -1
U{Cryj, Ligj}i2g) = Ey Z B o 0(Liy+j) (1)
=0

where € [0,1) is the discount factor, v is an increasing and convex labor disutility, and
~v > 0 is the coefficient of relative risk aversion. The aggregate final good is produced from
a continuum of intermediate goods, indexed by ¢ € [0,1], by a representative, perfectly

competitive firm using a constant-elasticity-of-substitution production function

X = X({Tittiepy) = </ Ty dz’) (2)
[0,1]



where € > 1 is the elasticity of substitution. This firm buys inputs at prices {g; }icjo,1] and
sells its output at a normalized price of one. The household owns equity in firms that produce
intermediate goods, receiving profits {m }icjo,1)-

Wages are determined by the following wage rule:

we = - (é) 3)

where w > 0 and X > 0 are constants, and y > 0 measures the extent of real wage
flexibility. Households supply labor to meet firms’ labor demand at the wages from Equation
3. Describing the labor market via a wage rule is for technical simplicity, as this allows us
to study the economy via a scalar fixed-point equation.® Moreover, it allows our model to
parsimoniously match the empirical acyclicality of real wages (Solon et al., 1994; Grigsby
et al., 2021). In Appendix B, we micro-found this wage rule when households have Greenwood
et al. (1988) preferences and markets clear in the standard fashion. We show in Appendix

F.1 that our results are quantitatively robust to considering wages set in this manner.*

2.2 Intermediate Goods Firms and Productivity Shocks

Each intermediate goods firm ¢ is a monopoly producer of its own variety and faces a demand
1_1
curve d(zy, X;) = X2, from the final goods producer. They hire a labor quantity L,

pay wage w; per worker, and produce with the following linear technology:
it = i Ly (4)

where 0;; is a firm-level shifter of productivity, which lies in a set © C R,..

We parameterize the stochastic process for productivity in the following way that allows
for both rich cross-firm heterogeneity and “aggregate productivity” shocks. We let 6, € ©
be an aggregate productivity variable. For each firm 4, (6;,6;) follows a first-order Markov
process of the following form: the transition density can be factored as h(0;, 6; | 6;1—1,0:—1) =
hagg(0: | 01—1)Pigio(Oit | 0i1—1,0:,0:—1). In words, aggregate productivity follows a first-order
Markov process by itself and firm-level productivity depends flexibly on its own lag and the

current and lagged aggregate state. This model allows for aggregate productivity shocks to

3Blanchard and Gali (2010) and Alves et al. (2020) use similar wage-rule formulations.

4Under Greenwood et al. (1988) preferences, the household’s marginal utility depends directly on labor
hours: oU/OC; = (Cy — v(Ly))~7. If a household with GHH preferences owns the firms, this makes the
analysis messier. In Appendix B, we nevertheless extend our model to a setting with workers and capitalists
with GHH preferences and show that our main results carry over. Practically speaking, in our numerical
example, the “correction” of marginal utility due to labor hours is negligible, and all our quantitative and
qualitative results about equilibrium attention cycles go through.



affect all moments of the idiosyncratic productivity distribution. For example, it is consistent
with the model empirically estimated by Bloom et al. (2018) wherein aggregate shocks affect
both the mean of firm-level productivity and its idiosyncratic variance.

Throughout our analysis, we will reference two aggregate summaries of the productivity
distribution. The first is the cross-sectional distribution of 6;; at time ¢, G; € A(O). The

second is the statistic:® .
0(G) = ( / ot dG(@Q) - (5)
o

which is a quasi-arithmetic mean of the productivity distribution. Because the integrand
inside is an increasing function, (@) is monotone in distributions G and G’ ranked by

first-order stochastic dominance.

2.3 Modeling Attention via Costly Control

Due to cognitive constraints, these agents struggle to perfectly adapt their production choice
to the microeconomic and macroeconomic state without making mistakes. We model this
by having them choose stochastic choice rules, or mappings from states to a distribution
of production outcomes, subject to a cognitive cost. Both the choice set and the cost are

flexible enough to allow for unrestricted, state-dependent attention, as we formalize below.

Decision State and Choice Variable. We first define the firm-level decision state z; =
(0, X¢,wy) € Z as the concatenation of all decision-relevant variables that the firm takes
as given.® Firms believe that z;; follows a first-order Markov process with transition density
f(zit|zit—1). As we will soon clarify, this conjecture combines the first-order Markov process
for (0;,0;) with a conjecture for how aggregates depend on the productivity distribution.
We denote the corresponding set of possible transition densities by F. At time t, each firm
i observes the history of states, {z;s}s<¢, but not the contemporaneous value z;.

The firm’s choice variable is a stochastic choice rule p : Z — A(X) in set P, or a mapping
from states of the world to distributions of actions described by a probability density function
p(- | ziz) when the decision state is z;. A firm using rule p commits to delivering the realized
quantity z;; € X to the market and hiring sufficient labor in production. It is fully equivalent
to interpret firms’ choices as committing to hire L; workers and producing x;; = 0 L.
Costly Control. We model the cognitive cost of attention via a cost functional ¢ : P x
A x Z x F — R which returns how costly any given stochastic choice rule is to implement

in units of utility. The cost can depend on a firm-specific type \; € A C R, , by assumption

SThroughout, we assume that this integral and E[log 6;] exist.
6As will become clear, Z = © x X x W, where X is the feasible set of production, and W is the image
of X via the wage rule (3).



independent from the decision state and distributed in the cross-section as L € A(A), and
the previous value of the decision state z;;—1. We assume that E[\;] and E[\;|log \;|] exist.

The basic idea that we wish to embody is that firms pay a cost to have more precise
production strategies. To make this tension clear, while also keeping the analysis tractable,
we specialize to the following state-separable entropy cost with a (potentially firm-specific)

scaling \; > O:

c(p, Niy zig—1, f) = /\i/z/xp(x | zie) log(p(a | zi)) do f(zi | 2ie—1) dza (6)

These costs embody the idea that it is costly for firms to avoid making mistakes in their
production choices (see Morris and Yang, 2022, and Flynn and Sastry, 2023, for a discussion).
To see this, note that we can interpret Equation 6 as an expectation over realized states z
of the negative entropy of the conditional distribution of production. We can think of the
firm’s choice variable as a “plan” for each state: given a particular value of productivity,
aggregate output, and the wage, how much should the firm produce? Since entropy measures
imprecision, these costs penalize the precision of the firm’s plan in any given state. We adopt
the flexible interpretation that these costs can represent both any ex ante costs of formulating
a precise plan and any ex post costs of implementing such a plan. The choice of entropy
units is primarily one of convenience, as they will yield particularly simple choice rules
(e.g., as in McFadden, 1973; McKelvey and Palfrey, 1995). As we will soon see, the firm’s
optimal choices will intuitively embody a state-by-state tradeoff of the benefits of precision
against these costs. As a result, the size and character of firms’ choice mistakes will respond
to incentives, consistent with broad experimental evidence on imperfect choice (Woodford,
2020) as well as the central premise of this paper’s analysis.

In Section 3.5, we discuss how our approach compares in premise and results to other
candidate models of incentives-driven attention. In particular, we contrast our model to
models of information acquisition and discuss the robustness of our key conclusions to models

of stochastic choice with different functional forms.

2.4 The Firm’s Problem

Intermediate goods firms are owned by the representative household and maximize the prod-
uct of their dollar profit, which we write as m(x;, z;), and the household’s marginal utility,

which we write as M(z;;). We define “risk-adjusted profits” as the product of these terms:

(@i, zi) = m(@ie, 2ie) - M (2i¢) (7)



We can also think of this as a measure of the risk-adjusted valuation of the firm’s cash flow.
Under our assumptions about the firms’ cost and revenue structure and the household’s

utility function, the profit function and marginal utility are respectively
vy _ Wi —
(@i, 2it) = T | Xy X — — M(zy) = X; (8)

Since the firm observes the history of realized states and their actions do not affect
this history, the firm’s dynamic choice problem reduces to a series of one-shot problems.
The firm’s choice at time ¢ therefore solves the following problem of maximizing expected

risk-adjusted profits net of cognitive costs:

ep {/Z/X (z, zit) p(x | 2i2) Az [ (20t | zig—1) d2ie — e (p, Ay 2i g1, f)} (9)

peEP

Firms flexibly choose a production plan for each decision state realization z;. For example,
firms can choose how the mean and variance of their production vary with idiosyncratic
productivity, aggregate output, and wages. Planning precisely, however, has a cognitive
cost, which is proportional to negative entropy. The firm’s optimal choice trades off higher

expected utility from precise planning with the increased costs of so doing in each state.

Units for Costs. Consistent with our premise that decision frictions arise because of
cognitive limitations, the cost ¢ is in utility units.” An alternative model, motivated for
instance by a story of labor costs within the firm (e.g., hiring planners or consultants),
might denominate the costs in units of the numeraire good. In Section 3.5, we show that
this dollar-cost model (under any stochastic discount factor) is outcome-equivalent to our
utility-cost model with risk-neutral owners (v = 0), and is therefore nested. We further

discuss how to interpret our main results in this case.

2.5 Linear-Quadratic Approximation and Equilibrium

To tractably study equilibrium, we simplify the intermediate goods firms’ objective and
the final goods firm’s production with quadratic approximations. Both approximations are
derived in Appendix A.7.

Toward simplifying the intermediate goods firms’ objective, we first define an interme-

diate firm’s ex post optimal production level, x*(z;) := arg max e II(x, 2;). We next define

"Our analysis focuses on business cycle fluctuations rather than growth. To accommodate balanced
growth in this model, it would be natural for the cognitive cost shifter \; to scale with trend growth in
marginal utility. That is, one could set \j; = \; exp((1 — 7v)gt), where \i is a time-invariant shifter and
g is the trend growth of consumption. This would not affect our main conclusions about business cycles,
understood as stochastic deviations from this trend.

10



I1(z;) as risk-adjusted profits evaluated at (z*(z;),z;) and Il,.(2;) as the function’s second
derivative in x evaluated at the same point. The latter measures the state-dependent cost of
misoptimizations relative to x*(z;) and will be central to our analysis. The objective of the

intermediate goods firm is, to the second order:

- _ 1
Mz, 2i) = I(z) + Slaa(zi) (2 — " (i) (10)
The first-order term of this approximation drops out as there are no first-order costs of
deviating from x*(z;). So that this approximate payoff is globally defined, we will also apply
the simplifying assumption that X = R.

Next, we approximate the final goods firm’s production function (2) around the ex post

optimal production levels x*(z;) to the second order. We first define the aggregate of the ex

post optimal production levels as X* = ( fol x*(zi)l_% di) . We then write the approximate

production function as

L[ (z—2"(2))? i (11)

X=X"—— i
2¢ Jo (X7)7e (w7 (20))1 e

We now define a rational expectations equilibrium, up to these approximations, in which
all agents optimize, all markets clear, and expectations are consistent. It is convenient for
us to state this definition in the following compact way in terms of the stochastic choices of

intermediate goods firms p and the transition density f:

Definition 1 (Equilibrium). An equilibrium is a stochastic choice rule p € P and a transition
density f € F such that:

1. Intermediate goods firms’ stochastic choice Tules p solve program (9) given f, with I,
defined in (10), replacing I1.

2. The transition density f is consistent with p in the sense that: the marginal distribution
of firm-level productivity is given by G; aggregate output is given by the aggregator (11)
evaluated in the cross-sectional distribution of production implied by p and G; and the

wage is derived from the wage rule (3) evaluated at aggregate output.

3 Attention Cycles and Their Consequences

We now present our main theoretical results, in four parts. First, we characterize firms’ pro-
duction and attention choices in partial equilibrium. Second, we derive primitive conditions

under which attention is counter-cyclical in general equilibrium. We argue these conditions

11



are exr ante reasonable based on existing macro-financial evidence. Third, we characterize
equilibrium output in the economy, isolate the role of cyclical inattention, and show how
it can drive asymmetric and state-dependent shock responses. We conclude the section by
summarizing six key predictions of the theory at the micro and macro levels, which will form

the basis of our empirical tests and quantitative calibration.

3.1 Attention and Misoptimization in Partial Equilibrium

We begin by describing the firms’ choices in partial equilibrium:

Proposition 1 (Firms’ Optimal Stochastic Choice Rules). The production of a type-); firm,

conditional on realized decision state z; = (0;, X, w), can be written as

x; =2 (%) + \/|7Tm(zz)| M) (12)

where x*(z;) is the unconstrained optimal action, |7m..(2;)| is the magnitude of curvature for
the firms’ profit function, M(z;) is the firm owner’s marginal utility, and v; is an idiosyn-

cratic, standard Normal random variable.
Proof. See Appendix A.1. n

Proposition 1 describes firms’ state-dependent strategies to control mistakes in closed
form. We are able to do so tractably for three reasons. First, entropy costs make the firm’s
problem linearly separable across state realizations z;;. This implies that firms’ optimal poli-
cies are independent of the prior distribution f. Second, the firms’ payoff functions are (up
to approximation) quadratic in the action conditional on each state. Third, under entropy
costs and quadratic payoffs, the optimal non-parametric action distribution is Gaussian with

the properties identified in Proposition 1.

The Profit-Curvature and Risk-Pricing Channels. Economically, Proposition 1 says
that firms center their action around the full-attention optimum z*(z;) but, due to costly
control, make an idiosyncratic misoptimization (i.e., the second, stochastic term of Equation
12). The variance of the misoptimization increases if the marginal cost of precision increases
(higher J\;), and decreases if either of two components of the marginal benefits of preci-
sion increases. In this way, two channels of incentives determine agents’ apparent bounded
rationality, or failure to perfectly optimize from an ex post perspective.

The first component of this marginal benefit is the state-dependent curvature of the firms’

dollar profit function, |7, (2;)|, which translates small misoptimizations into their dollar cost
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near the optimal production level. How |m,,(z;)| moves as a function of the state depends
on the demand curves that firms face. In particular, this curvature term is high if revenues
are very concave in quantities sold, which occurs when demand curves are steep (i.e., prices
are very sensitive to quantities) and/or become steeper as higher quantities are sold.* We
will refer to the effect of these incentives on misoptimization as the profit-curvature channel.

The second component of this marginal benefit is the firm owner’s marginal utility, M (z;).
This translates dollar losses into utility losses, which can be directly compared to the utility
cost of cognition. As every firm is owned by the representative household in our model,
the relevant marginal utility can be written only as a function of output X (i.e., aggregate
consumption). When this household is risk-averse, this marginal utility is a decreasing
function of output. Thus, the representative household is “hungrier” for any firm’s dollar
profits, in utility terms, when the aggregate economy is doing poorly; equivalently, the
household places a higher valuation on the same cash flows. Because of this, they are less
tolerant of misoptimizations when output is low. We will refer to the effect of these incentives

on misoptimization as the risk-pricing channel.

What Drives Misoptimization? The previous argument used only the structure of the
cost functional and the assumption of a “Neoclassical firm” owned by a representative house-
hold. We can use the specific structure of our model to re-state the comparative statics in the
discussion above in terms of firms’ productivity 6; and aggregate output X, after imposing
the stochastic discount factor, demand curves, and cost curves that our model implies. In

particular, the curvature terms of interest can be written as
1Tz (2:)] = vr(e, x, X, 0) - 9;1_5XX(1+6)_1 M(z)=X"" (13)

where v (€, x, X, w) > 0 (see derivations in Appendix A.7). Profit curvature is higher when
quantities sold are lower and the firm operates in the steeper segment of its demand curve.
This occurs when marginal costs are high, contributing a term (w/6;)'*¢ oc XX0+)g-17¢ or
aggregate output and its associated aggregate demand externality are low, contributing a
term X! Marginal utility is high when aggregate consumption is low, and the coefficient
of relative risk aversion, =, controls the elasticity of marginal utility to aggregate output.
We next observe also that the variance of production conditional on the realized decision
state, or E[(x;—2*(2;))? | 2], is a summary statistic for both misoptimization and “attention”
measured by realized cognitive costs, which are decreasing in this variance. We can combine

this observation with our microfoundations for the profit-curvature and risk-pricing channels

8Because of assumed constant returns to scale, total costs are linear in quantities sold. Otherwise, more
convex costs (e.g., from more decreasing returns to scale) would also contribute to higher profit curvature.
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to describe how firms’ “mistakes” depend on the economic state.

Corollary 1 (Comparative Statics for Mistakes). Consider a type-X\; firm in state z; =
(0;, X,w(X)). The extent of misoptimization, E[(z;—x*(z;))? | 2], increases in 0;. Moreover,

E[(z; — x*(2;))? | 2] strictly increases in X if and only if v > x(1 +¢€) — 1.
Proof. Immediate from combining Proposition 1 with Equation 13. O

The (absolute) curvature of the profit function always increases in marginal costs, and
therefore decreases in ;. The monotonicity of curvature in aggregate output depends jointly
on the cyclicality of wages, which contributes a term with exponent x(1 + €); the aggregate
demand externality, which contributes a term with exponent —1; and marginal utility, which
contributes an exponent —v. In particular, an economy with sufficiently cyclical wages would
have misoptimization decrease in aggregate output due to the profit-curvature channel, while
an economy with sufficient risk aversion or sufficiently cyclical marginal utility would have
misoptimization increase in aggregate output due to the risk-pricing channel. We will discuss
the interpretation of this parameter condition “horse race” in the context of our general-

equilibrium result in the next subsection.

3.2 Attention and Misoptimization Cycles in Equilibrium

We now translate the partial equilibrium behavior of the firm into general equilibrium.
We first provide conditions under which equilibrium analysis is well-posed and output is a

uniquely determined, monotone function of the underlying productivity state:

Proposition 2 (Existence, Uniqueness, and Monotonicity). If ye <1 and v > x + 1, there
exists a unique equilibrium. In this equilibrium, output depends on the productivity distribu-
tion G only through the sufficient statistic 0(G) € © (Equation 5) and can be expressed via a
function X : © — R that is strictly positive and strictly increasing in that sufficient statistic.

Proof. See Appendix A.2. m

To establish these properties, we derive a representation of equilibrium as a fixed point
for aggregate output X as a function of the aggregate sufficient statistic é(G) The condi-
tion ye < 1 ensures that firms’ production plans are on average an increasing function of
aggregate output, by bounding wage pressure relative to the aggregate demand externality.
The condition v > x + 1 bounds the variance of actions around this optimum and ensures
that complementarity is well-behaved.

The latter condition v > y +1 is both conservative in the model, as it ensures uniqueness

and monotonicity for any possible distribution of A;, and highly plausible in practice. The
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elasticity of detrended real wages to GDP in US data since 1987 is 0.095, and micro-level
studies find similarly severe wage rigidity (Solon et al., 1994; Grigsby et al., 2021).° Moreover,
to be consistent with the restrictions xye < 1 (upward-sloping best responses) and € > 1
(substitutable goods), x cannot exceed one. The corresponding conditions v > 1.095 or
~v > 2 are likely both slack by an order of magnitude, given evidence in financial economics
about the high cyclicality of the stochastic discount factor (e.g., Hansen and Jagannathan,
1991). As v governs only the properties of the stochastic discount factor in our model, this
is the relevant evidence for determining its appropriate value.

We now give conditions under which the economy exhibits aggregate misoptimization
and attention cycles. We say that firms “misoptimize less” in a state if, averaging over
idiosyncratic states (6;, A;), they have a lower expected mean-squared error around the ez
post optimal action z*(z;). We say that all firms “pay more attention” in a state if, averaging
over idiosyncratic states (6;, \;), they pay a greater attention cost conditional on that state

being realized. Formally:

Definition 2 (Aggregate Misoptimization and Attention). Fix an equilibrium law of motion
X : 0 = R. Firms’ aggregate misoptimization is their average sales-weighted mean-squared-

error around the ex post optimal action, or

q*(Zi)JU*(zi) .TZ—JI*(ZZ) 2
Eg[Q*(zi)ﬁ*(zi)]( z*(2) >] )

m(G) = EGGi,Ai,xi

where z;(0) = (0;, X(0),w(X(0))), p*(- | z:(0); \;) is the uniquely optimal plan of a type-\;
firm contingent on realized state z;, ¢*(z;) is the optimal frictionless price, and the expectation
is taken over 0; ~ G, \; ~ L, and x; ~ p*(- | z;(0); \;). Firms’ aggregate attention is their

average realized cognitive cost
a(G) = Eg, xa, [Ni logp™(x: | 2:(0); \i)] (15)

We now show that, under the same assumptions as Proposition 2, the model features

counter-cyclical attention and pro-cyclical misoptimization:

Proposition 3 (Attention Cycles). Assume xe < 1 andy > x+1 and consider productivity
distributions G and G'. If 0(G) > O(G'), then aggregate output X and aggregate misopti-
mization m are larger under G. If additionally G —rosp G', then aggregate attention a is

lower under G.

9This calculation uses quarterly-frequency, seasonally-adjusted data on real GDP and median, CPI-
adjusted wages of all full-time employed wage and salary workers. Both series are linearly detrended.
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Proof. See Appendix A.3. O

Economically, Proposition 3 says that any calibration of the model that is consistent with
existing evidence about wage rigidity and the stochastic discount factor predicts that firms
should pay more attention to their decisions and make smaller misoptimizations, conditional

on fundamentals, in downturns.

3.3 Misoptimization, Output, and Productivity

Having provided conditions for attention and misoptimization cycles, we now study the
effects of these phenomena on output and labor productivity. Despite unrestricted het-
erogeneity in the cross-sectional distributions of microeconomic productivity and attention
costs, there are scalar sufficient statistics in equilibrium for each distribution. As described
earlier, the cross-sectional distribution of productivity is summarized by the sufficient statis-
tic 6(G). We therefore, without loss of generality, write 6, = 6(G,) for the remainder of
the analysis. The cross-sectional distribution of attention costs is summarized by the mean
A:=EL[\N].

We define log X (log #) as a mapping from the log productivity sufficient statistic to log
output in the economy, holding fixed all other parameters. The following result describes
output in log units as the sum of that which would be obtained absent inattention and an

attention wedge log W (log 0):

Proposition 4 (Equilibrium Output Characterization). Equilibrium output follows:
log X (log ) = Xo + x " log 0 + log W (log 0) (16)

where 6 = é(G) is a sufficient statistic for the productivity distribution, Xo is a constant,
and log W (log0) < 0, with equality if and only if A = 0. When xe < 1, v > x + 1, and
A > 0, the wedge has the following properties:

1 dlog W
: o\

Olog W

dlogb

< 0, or the wedge widens with the average cost of attention.

< 0, or the wedge widens as the state increases.
Proof. See Appendix A.4. n

Absent inattention, output is log-linear in aggregate productivity. With inattention and
under our stated conditions from Propositions 2 and 3, output is depressed by the presence
of mistakes. The magnitude of this force increases in the extent of cognitive costs A and in

aggregate productivity #. Both results have a partial-equilibrium and general-equilibrium
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component. In partial equilibrium, both increasing A and increasing ¢ make firms play more
dispersed actions, as shown in Proposition 1, and this dispersion has a cost to output when
the aggregate production function is concave. In general equilibrium, this logic is preserved.

To better understand this wedge, we can re-cast it in terms of labor productivity:

Corollary 2 (The Productivity Wedge). Equilibrium labor productivity A := % follows:
log A(log 0) = log 6 + xelog W (log ) (17)

Proof. See Appendix A.5. m

The productivity wedge representation allows for three useful parallels between our pa-
per’s mechanism and classic arguments in the literature. First, our mechanism is like an
attentional, intensive margin version of the “cleansing” effect studied by Caballero and
Hammour (1994): conditional on a given firm operating, it is more focused on making pre-
cise choices in recessions, and this on average reduces the wedge and raises aggregate labor
productivity. Second, our model accommodates a non-monotone relationship between ag-
gregate labor productivity and aggregate output, due to the competing forces of increased
productivity and increased misallocation. This is consistent with the unstable and often
negative cyclicality found in US data (e.g., Gali and Van Rens, 2021). Third, the mechanism
whereby dispersion in firm-level value marginal products depresses aggregate productivity
is shared with the literature on misallocation pioneered by Hsieh and Klenow (2009) and
Restuccia and Rogerson (2008).'° What is new is our prediction about the cyclicality of this
force, driven by changing incentives for (in)attention, and the implications of that cyclicality

for business cycles.

3.4 Shock Propagation and Volatility

Firms’ endogenous inattention shapes the response of aggregate output to shocks. To see
this, note that the elasticity of output to the productivity state is
0log X (log 6 0log W (log 6
g(g):X_1+ g W(log ) (18)
0log 0logf
that is, the sum of the frictionless economy’s response to shocks (x ') and the response of the
attention wedge to shocks. The latter term is negative in the case studied by Proposition

4, so the economy is less responsive to shocks than the full attention benchmark. This

0David et al. (2016), Ma et al. (2020), and Barrero (2022) link misallocation to cognitive and informational
frictions in steady state and study the implications for productivity.
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dampened response is a familiar prediction in the literature with cognitively constrained
agents (e.g., Sims, 1998, 2003; Gabaix, 2014). Here, the result arises not from individual-
level underreaction but instead from the interaction of individual mistakes with concave
aggregation.

We next study how the responsiveness of the attention wedge to shocks depends on
the state—that is, we characterize the second derivative of the attention wedge. Under
our maintained assumptions, the attention wedge is concave in the state and, as a result,

productivity shocks propagate asymmetrically.

Corollary 3 (Asymmetric Propagation). If ye < 1 and v > x + 1, then the attention wedge

15 globally concave, or

0? log W (log 6
0log 02
Therefore:
1. Output is more sensitive to shocks when productivity is low: %&;g@) decreases in 0.
2. Propagation is asymmetrically larger for negative productivity shocks: for any 6y and
A >0,

log X (log 6y) — log X (log 0y — A) > log X (log 6y + A) — log X (log 6y) (20)

Proof. See Appendix A.6. n

Intuitively, when productivity is very low, firms make very few misoptimizations and the
model behaves like the standard RBC model. As productivity increases, firms make more
imprecise choices and the pass-through of productivity to output becomes dampened. As a
direct consequence, shocks pass more fully into output when productivity is already low or
when the shocks reduce productivity. A final implication, which we will explore more fully
when we specialize the law of motion for productivity in our quantitative analysis in Section
6, is endogenous stochastic volatility. In particular, if log 6, follows a persistent stochastic
process with constant (state-independent) conditional volatility, then log output will have
higher conditional volatility in low-output, low-productivity states, because the pass-through

of shocks is higher in those states.

3.5 Discussion and Extensions

Decision Costs in Dollars. Motivated by the nature of cognitive costs, we denominated

the cost of precise planning in utility units. An alternative choice is to specify these costs

7

in units of final output or “dollars.” To be precise, consider an alternative model in which
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planning in cognitive state z;; requires making expenditures in that state which are propor-
tional to the (negative) expected entropy of the action distribution. In this case, the firm’s

flow profits as a function of production z;, in state z;, are

_ 1 1 w-
(a:X _ —t) = [ btz ogto(e ] 20) da (21)
X

where the second term captures planning expenditures. The firm’s choice problem under

dollar costs is therefore (cf. Equation 9, under cognitive costs):

rzl»le%;{/z M(zit)<LW($,Zit)p(I | Zit) dl;_\)\i /Xp(ﬁ | zit) log(p( | zit)) dxj)f(zit | Zip-1) dzit

Vv TV
Expected profits in z;¢ Expected costs in z;¢

(22)
where, crucially, the stochastic discount factor modifies both the dollar profits and the plan-
ning cost paid in each state z. Therefore, the risk pricing channel is not operative: high
marginal utility equally affects the benefits and costs of attention. Because the firm’s stochas-
tic choice problem is state separable, this scenario therefore generates the same firm behavior
(and downstream macroeconomic outcomes) as a case of our original model in which the risk-
pricing channel is eliminated entirely, or firm owners are risk neutral (7 = 0). That is, even
though the firm’s owners are risk averse, this force cancels out on the cost and benefit sides
of their attention decisions.

In this case with only the profit-curvature channel, if output is increasing in produc-
tivity, then the model cannot feature pro-cyclical misoptimizations by firms (see Equation
66 with v = 0). Moreover, our empirical analysis will support a strong role for the risk-
pricing channel. First, at the microeconomic level, we will find that the sensitivity of dollar
profits to mistakes increases only slightly during bad macroeconomic states, while the sen-
sitivity of stock returns, which take into account risk pricing, increases greatly in the same
states (Section 5.3). Second, at the macroeconomic level, we will find strong procyclicality
of misoptimization variance and, to rationalize this fact, a strong risk-pricing channel is

necessary.

Other Models of Inattention. Our model of costly control has three principal advan-
tages for our analysis over alternative models of incentives-driven inattention, such as costly
information acquisition (Caplin and Dean, 2015), the version of that model with mutual-
information costs (Sims, 2003), or sparsity (Gabaix, 2014). First, our model admits an ana-
lytical solution for the optimal policy (Proposition 1), despite the model’s state-dependence.

In particular, no comparable results exist in the literature on rational inattention with mu-
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tual information costs.!' Second, our model allows for tractable and well-posed analysis of
equilibrium and its comparative statics (Propositions 2, 3, and 4). Third, our model allows
for rich, state-dependent, and stochastic mistakes. This will prove a more realistic predic-
tion in our setting than, for example, the mutual information model’s prediction of sparse
actions (Matéjka, 2016; Jung et al., 2019; Stevens, 2020) or the sparsity model’s prediction
of deterministic mistakes.

One limitation of our model is that it does not generate individual-level underreaction
to shocks. Moreover, it is of independent interest to know how robust our macroeconomic
conclusions are to the exact form of inattention that we assume. Motivated by this, we study
how incentives from the profit-curvature and risk-pricing channels affect firms’ propensity
for stochastic mistakes in an alternative model with mutual-information costs (Appendix
C.2). In this model, the concavity of benefits also affects firms’ propensity to underreact,
due to endogenous anchoring toward prior beliefs; this, in turn, complicates the relationship
between incentives and the variance of stochastic mistakes. However, we nonetheless provide
sufficient conditions under which the comparative statics of firms’ mistakes are analogous
to those in Corollary 1 and consistent with our subsequent empirical findings. We note also
that equilibrium aggregation in this variant is more challenging, precluding a straightforward
extension of our results on equilibrium attention cycles or business-cycle asymmetries even

conditional on obtaining the same firm-level comparative statics.

Relaxing Functional Form Assumptions. Within the class of control-cost models, our
results can be generalized beyond the specific functional forms that are considered here
for tractability. In Flynn and Sastry (2023), we show generalized versions of Propositions
1, 2, and 3 under a larger class of state-separable costs of stochastic choice, payoff func-
tions, and aggregators. Under different cost functionals, we retain the core intuition that
higher objective function curvature leads to more concentration of actions around the ez
post optimum, but lose the exact structure of a Gaussian mixture distribution and the exact
mapping to the conditional variance of actions (which we will later exploit when mapping
to measurement). Under more general payoff functions and aggregators, we retain the core
intuition that state-dependent attention affects output by inducing misallocation, but lose

the closed-form characterization of output dynamics.

Labor Wedge Shocks. Fluctuations can also arise in our model from shocks to w, which
can be interpreted as labor wedge shocks. Inspection of Proposition 1 reveals that w is
equivalent to an aggregate shifter of firms’ revenue productivity. Propositions 2 and 3 provide

conditions for output to be monotone decreasing in w and for counter-cyclical attention and

HUEven when approximated as a state-dependent quadratic function of the action, our objective is not
linear-quadratic in the sense studied by Sims (2010), Mackowiak et al. (2018), or Afrouzi and Yang (2021).
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pro-cyclical misoptimization in an economy with stochastic productivity and labor wedges.

! replacing 6. Thus, our core conclusions about

Proposition 4 holds as written, with fw~
attention cycles and their effects on business cycles hold in a model with both supply and

demand shocks.

Multiple Inputs and Classical Labor Supply. In Appendix B, we extend the model
to allow for intermediate inputs, separate capital owners and laborers, and market-clearing
wages rather than a wage rule. The first two features will be useful in mapping the model
to the data in Section 5, while the third enables a more Neoclassical micro-foundation. We
show under general conditions how the main results derived in this section, regarding the
cyclicality of attention and misoptimization and the effects on output, continue to hold
so long as the extent of the cognitive friction is not too large. Together, these extensions

demonstrate the stability of our main model insights to a richer macroeconomic environment.

3.6 Microeconomic and Macroeconomic Predictions

We now distill our findings into six testable microeconomic and macroeconomic predictions.
These will motivate our measurement strategy and empirical analysis.

The first is that firms make costly misoptimizations:
Prediction 1. Firms make misoptimizations (under- and over-production relative to the ex
post optimal level) that reduce profits.
This prediction is a consequence of costly cognition (Proposition 1). It is inconsistent with
models in which deviations from optimal choices arise from wedges in the sense of Chari
et al. (2007) or Restuccia and Rogerson (2008), as under-production would be associated
with lost profits but over-production would be associated with increased profits. Thus, this
prediction directly tests our misoptimization-based interpretation of the data.

The second prediction concerns how misoptimizations move over the cycle:
Prediction 2. Firms make larger misoptimizations in booms and smaller misoptimizations
i downturns.
This arises from firms’ counter-cyclical incentives to rein in mistakes, given assumptions on
risk aversion, wage rigidity, and substitutability that we argued are natural (Proposition 3).
A similar prediction does not obtain under alternative, non-cognitive theories of stochastic
wedges—for example, the natural prediction with financial frictions is that their intensity
and cross-firm heterogeneity increase, rather than decrease, in downturns. We will revisit
this comparison to other models in the empirical analysis.

The third prediction identifies the mechanism underlying attention cycles:
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Prediction 3. Firms’ risk-adjusted payoffs are more sensitive to misoptimizations in down-
turns than in booms.
In our costly attention model, firms rein in misoptimizations exactly when it is most valuable
to do so. This microeconomic prediction lies at the core of our model’s mechanism for
endogenous, pro-cyclical misoptimization.

The fourth prediction zeros in on the mechanisms driving Prediction 3:
Prediction 4. Firm profits, in dollars, may be more or less sensitive to misoptimizations
i downturns versus booms.
Prediction 3 signs the total effect of the risk-pricing and profit-curvature channels while Pre-
diction 4 says that the profit-curvature channel in isolation has an ambiguous sign. There-
fore, when we confront the model with data on both financial valuation and profitability, we
can distinguish the relative strength of these mechanisms.

The fifth prediction concerns the cyclicality of aggregate attention:
Prediction 5. Firms pay more attention to decisions in downturns and less in booms.
This prediction, like Prediction 2, derives from Proposition 3. But, since cognitive effort
is by definition unobserved, it is more challenging to directly test than its equivalent for
misoptimization. In the next section, we will introduce a method to proxy for firms’ attention
using textual analysis.

The final prediction regards the relationship between misoptimization and attention:
Prediction 6. Firms that pay more attention make smaller misoptimizations.
This prediction allows us to microeconomically validate the decision-relevance of measured

attention and to further validate the attention interpretation of measured misoptimization.

4 Measuring Misoptimization and Attention

Toward testing the model’s microeconomic and macroeconomic predictions, we introduce
new empirical measures of firms’ “misoptimizations” and “attention.” Our model provides
a structural method by which we can recover firms’ misoptimizations. Econometrically, this
requires only a standard estimation of firms’ productivity and policy functions. We proxy
for attention, which is unobservable, by constructing a text-based measure: firms’ discussion

of macroeconomic topics in regulatory filings.

4.1 Measuring Misoptimizations

Data. Our dataset for public firms’ production and input choices is Compustat Annual

Fundamentals. We use information on sales, employment, variable input expenses, and
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capital measured via net and gross values of property, plant, and equipment (PPE). We
organize firms into 44 industries, which are defined at the NAICS 2-digit level, except for
Manufacturing (31-33) and Information (51), which we split into the 3-digit level. We drop
financial firms and utilities due to their markedly different production functions.

In our main analysis, we use a sample period from 1986 to 2017.'> We apply standard
filters to remove firms that are based outside the US, are insufficiently large, or are likely to
have been involved in a merger or acquisition. This yields a final sample of 68,875 firm-year

observations, or about 2,200 per year. Appendix D.1 describes the full procedure.

From Theory to Estimation. We start by translating our characterization of firms’

optimal stochastic choice (Proposition 1) into an estimable structural relationship. Letting

o (i, Xy, wy) = \/ o X:\w TR denote the firms’ optimally chosen volatility of mistakes
and v, denote idiosyncratic, unit variance, and zero-mean firm trembles, we observe that

Proposition 1 implies (up to constants):

0. X
log Ly = log L* (03, Xy, wy) + log (1 + M it)

v

a* (0, Xe, wy)
o (0i, Xy, wy)

= (e—1)logh;; — el log X; +log \ L+ X w0 ¥

(€ — 1) log 0 — elogw; + log X; + Og( +x*(0itaXt7wt)vt

o (0, X¢, wy) v

—

;’L’*(‘gitatht) .,

Mgt

(23)

~ (e — 1)log 0 — elogw; + log X; +

where the first line uses Proposition 1 (expressed in terms of labor choice, and in logs); the

*(0i,X¢,wt)
Ot

approximates log(1 + ) ~ z for small z and defines the residual m;. In Appendix D.3, we

second line uses the expression for L*(0;, X, wy) = in our model; and the third
show that this policy function is also obtained in a generalization of our baseline model that
features multiple flexible inputs. In words, Equation 23 says that misoptimizations can be
measured as residual variation in firms’ choices conditional on productivity, factor prices,
and demand. This is the basic blueprint for our measurement strategy.

In practice, to guard against the potential for misspecification of this relationship, we

estimate a more flexible model of the following form
log Lyt = n; + Xj(),e + Blog O + my (24)

where j(i) is the industry of firm 4, § is an unrestricted coeflicient, 7; and x;(;) are respec-

tively fixed effects at the firm- and industry-by-time levels, and m;; follows an AR(1) process

12To probe robustness, we also show results on the entire Compustat sample since 1950.
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Mg = PMyp1 + (\/ 1— p2> Uy (25)

where p € (0, 1) is the persistence and uy; is a zero-mean innovation with variance 52 (6;;, Xy, wy).
If 5%(0;, Xy, w;) is sufficiently persistent, then it is approximately the variance of my. In the
Appendix, we formally describe how the more general model nests two economically impor-
tant features from which we abstracted in the theoretical analysis for simplicity. The first
is time-varying differences in demand and factor prices across industries and time-invariant
differences across firms, respectively captured in the industry-by-time and firm fixed effects
of Equation 24 (Appendix D.3). The second is persistent mistakes, which can arise in a

variant model which accommodates cognitive inertia (Appendix C.1).

Estimation Procedure. To empirically estimate our model, we proceed to estimate pro-
ductivity and firm policy functions using standard techniques. First, we estimate produc-
tivity using a cost-shares approach, as in Foster et al. (2001), Bloom et al. (2018), and Ilut
et al. (2018). We describe the full details in Appendix D and summarize the main points
below. We define productivity log ;; as the residual of an industry-specific, constant-returns-

to-scale, Cobb-Douglas production function over labor L;;, materials M;;, and capital K;:

log zy = log 0 + ap j) log Li + ang jay log My + aug iy log Ky (26)

where oy ;i) + anje) + ok o) = 1.2 We measure labor expenditures as the product of
reported employees and a sector-specific wage calculated from the US County Business Pat-
terns; materials expenditures as the sum of variable costs and administrative expenses net
of depreciation and labor expenditures; and the capital stock as the initial gross level of
plant, property, and equipment plus net investment. We use industry-specific ratios of labor
and materials expenditures to total sales to estimate the revenue elasticities of labor and
materials, and translate these into output elasticities given an assumption for the elasticity
of demand of € = 4. We measure the output elasticity of capital as 1 — ay ;i) — aar i), using
constant returns to scale. We combine these estimates with our production functions and
demand curves, and partial out industry-by-time fixed effects to capture factor price and
demand variation, to recover an estimate for firm-level productivity log6;;. Note that log 6;;
could blend both firm-level productivity and demand shocks, as observed by Foster et al.
(2008) for any context without access to separate data on both prices and quantities. But

since both types of shocks behave identically in our mapping from theory to data, this poses

13The Cobb-Douglas assumption is a convenient and common step to enable production function estimation
via input-cost shares (e.g., Foster et al., 2001, 2008; Bloom et al., 2018). Moreover, a number of studies
including Basu and Fernald (1997) and Foster et al. (2008) argue that constant returns to scale in physical
terms is a reasonable approximation for large, US-based firms.
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no issue for the interpretation of our estimated policy functions or misoptimizations.

Next, we estimate firm policy functions as in Ilut et al. (2018) or Decker et al. (2020).
We first estimate Equation 24 via ordinary least squares (OLS) and obtain a preliminary
estimate 7Y, of the residual. We next estimate the AR(1) process for m}, to obtain an
estimate p of the residual persistence (in our main procedure, 0.70). We next estimate via

OLS the “quasi-differenced” equation for labor choice:'*
log Lis — plog Liy—1 = mi + Xj(iys + Solog bix + Brlog 0,1 + vie (27)

with residual v;; = my; — pm;—1. When p = p, vy = <\/1 — p2) u;:. We therefore obtain an

% Below, we refer to 4, as our main empirical proxy for firms’
—p

misoptimization, after correcting for persistence.

estimate of u; as Uy =

We finally define aggregate “Misoptimization Dispersion” as an estimate of the cross-
sectional variance of misoptimizations with weights s}, proportional to firms’ predicted sales

based on fundamentals:'®

* N2
ZieIt Sit - Uy

ZiEIt S;kt

This is the direct empirical analog of our theoretical definition of misoptimization dispersion.

MisoptimizationDispersion, = (28)

Robustness to Alternative Methods. Of course, this procedure can only be interpreted
as recovering mistakes given the model that we have written. Any additional unmodeled,
idiosyncratic firm-level wedges & la Restuccia and Rogerson (2008) would also be captured
as a mistake.! Later, Prediction 1 will allow us to distinguish idiosyncratic wedges from
misoptimizations: residuals from wedges should have a uniformly positive effect on firms’
profitability and stock returns. By contrast, residuals from misoptimization should have a
hump-shaped effect on firm performance.

This notwithstanding, to explicitly account for other misspecifications, we employ several
alternative strategies. These strategies alter the policy function to account for adjustment

costs, financial frictions, non-log-linear terms (Ilut et al., 2018), and time-varying coefficients

4Table A5 contains our estimates of Equation 27 and the AR(1) process for m;; under the baseline
procedure outlined in this section, along with several alternative choices used in robustness checks. In all
estimations, we drop the top and bottom 1% tails of the TFP distribution to limit the effects of outliers.
Results are quantitatively similar without this trimming.

15Tn particular, the weights are the exponentiated fitted values exp(B log élt) from the following regression
equation: log Sales;;y = (log 0,1 + N + Xj(),¢ T €it-

16Time-varying wedges at the industry or aggregate level would be absorbed in our model’s fixed effects,
and firm-level correlated distortions that are driven by productivity (Restuccia and Rogerson, 2008) would
be included in our productivity estimates. Thus, neither would affect our estimated misoptimizations.
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(Decker et al., 2020); and alter the calculation of TFP to account for time-varying coefficients
or to use the structural method of Olley and Pakes (1996). We discuss these alternative

methods in more detail in Section 5.2.

4.2 Measuring (Macroeconomic) Attention

We now describe our strategy for measuring a proxy for firms’ attention. There are two key
challenges to this. First, attention, unlike misoptimization, has no direct theoretical analog
in observable firm choices. We instead use data on how firms describe their decisions in
words and treat these as a window into the contingencies for which firms plan. Second, our
model predicts that attention toward all factors increases in downturns. But, for the purpose
of measurement, it is necessary to focus on factors that are commonly faced to some extent

by all firms. We will therefore focus on measuring attention to macroeconomic conditions.

Data. Our main data source is the full text of the quarterly 10-Q and annual 10-K reports
submitted by all US public firms to the Securities and Exchange Commission (SEC). We
use data from 1995 to 2017 in our main analysis.!” Our total sample consists of 459,013

individual documents, or about 5,000 per quarter, which we index by their date of filing.

Methodology. A difficulty for identifying macroeconomic attention is to differentiate
characteristic language of macroeconomics from firms’ standard financial vocabulary (e.g.,
“credit” and “costs”). To address this, we apply a simple natural language processing tech-
nique that identifies specific documents as “attentive to the macroeconomy” if their word
choice is both different from the standard word choice in regulatory filings and similar to
the word choice of macroeconomics references. Following the method introduced by Has-
san et al. (2019) to study firm discussion of political risks, we use introductory college-level
textbooks as those references: Macroeconomics and Principles of Macroeconomics by N.
Gregory Mankiw and Macroeconomics: Principles and Policy by William J. Baumol and
Alan S. Blinder.'® This choice balances our considerations of keeping the relevant macroeco-
nomic vocabulary mostly non-technical (e.g., “unemployment” instead of “tightness”), but
still specific (e.g., “inflation” instead of “price”).

To operationalize this method, we first define tf(w);; as the term frequency for a word w
in the filing of firm ¢ at time ¢, measured as the proportion of total English-language words;
and df(w) as the document frequency of a given word w among all observed regulatory filings,

measured as a proportion of total documents that use the word at least once. We define the

1"The relevant digitized documents are hosted by the Securities and Exchange Commission’s EDGAR
(Electronic Data Gathering, Analysis, and Retrieval), which began operation in 1994. We choose 1995 as a
starting point at which a nearly comprehensive sample of firms’ reports is available in the system.

18We use electronic copies of the 7th, 3rd, and 12th editions of these books, respectively.
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“term frequency inverse document frequency,” or tf-idf, as:

HAdf(w)s = tH(w)s - log (L) (29)

df(w)
The log functional form is a heuristic in natural language processing for scaling the relative
importance of each term. It is bounded below by 0 when a word appears in all documents and
smoothly penalizes words that appear in more documents and are therefore less indicative of
the topic of interest. For each word that appears in the 10-Q and 10-K corpus, we calculate
the tf-idf using term frequencies in each of the three textbooks and (inverse) document fre-
quencies among regulatory filings. We rank the top 200 words by this metric in each textbook
and take the intersection among the three books to obtain a final set of 89 words.'? Figure
A4 prints these words in alphabetical order, and plots their time-series frequency. Many
of the words relate to common macro indicators (“unemployment”, “inflation”); some to the
topic of economics itself (“macroeconomics”, “economist”); and some to policy (“Fed,” “mul-
tiplier”). There are also “false positive” words that are related to pedagogy, like “question”

2

and “equation.” To allow the method to be fully devoid of direct researcher manipulation,
we do not remove such terms from the main analysis, and then verify ez post that these terms
do not drive our main conclusions. We then use our set of macroeconomic words, denoted
by Wy, to calculate our firm-by-time measures of attention as the sum of the (idf-weighted)

macroeconomic word frequencies:

MacroAttention;; = Z tf-idf(w) (30)

wEWN

We generate an aggregate measure MacroAttention; by averaging MacroAttention;; across

firms. In our aggregate results, we remove seasonal trends as quarter-of-the-year means.

5 Testing the Model’s Predictions

We now test the model’s six main predictions (Predictions 1-6) and report six corresponding
findings. Together, these findings are consistent with our macroeconomic predictions and

proposed microeconomic mechanism of incentives-driven attention.

19Taking the intersection helps guard against the idiosyncratic language of certain books. For instance, in
Principles of Macroeconomics by N. Gregory Mankiw, a parable about supply and demand for “ice cream”
is used often enough to make “ice” and “cream” high tf-idf words in our procedure.
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Figure 1: The Negative Relationship Between Misoptimization and Firm Performance
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Notes: Both panels are binned scatterplots. The outcome variables are log stock returns (Panel A) and
profitability (Panel B). Dots represent means of the corresponding outcome conditional on ventiles of the
r-axis variable, 1;;, and industry-by-time fixed effects. Error bars are 95% confidence intervals based on
the method of Cattaneo et al. (2019), with standard errors clustered by firm. The construction of 4 is
described in Section 4.1.

5.1 Fact 1: Mistakes Reduce Returns and Profitability

We first test that our measured “misoptimizations” are, as predicted by the theory, bad
for firm performance (Prediction 1). We proxy for firm performance with two measures.
The first is firms’ log stock returns, R;. The second is firms’ “profitability” m;, or this
year’s earnings before interest and taxes (EBIT) divided by last year’s total variable costs.?’
We examine the non-parametric binned scatter relationship of each of these measures with
measured misoptimization (residuals) ;, net of industry-by-time fixed effects x;).:-

Misoptimizations in both directions (i.e., under- or over-hiring labor) hurt firm perfor-
mance, measured in each way (Figure 1). This “hump-shaped” result is consistent with our
interpretation of residuals as misoptimizations. It is inconsistent with the interpretation of
residuals as wedges, which would predict a positive, monotone relationship, or pure noise,
which would predict a flat relationship. In Table A1, we show that the result of a negative
relationship between % and { Ry, m;;} is highly statistically significant and robust to includ-
ing different levels of fixed effects and/or controlling for productivity growth. In Figure A1,
we verify that the distribution of mistakes itself is symmetric around zero.

The negative effects of misoptimizations on firm performance are also persistent. To mea-
sure the dynamic relationship between misoptimization and performance, we estimate pro-

jection regressions of productivity growth, profitability, and returns on 4%, net of industry-

20Variable costs, by our definition, are cost of goods sold (COGS) plus administrative expenses (XSGA)
net of depreciation (DP). Normalization by lagged costs, rather than current costs, limits mechanical de-
nominator bias related to the current period’s mistakes. Results are similar when normalizing by total sales
or costs in the current or previous period.
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Figure 2: Misoptimization Dispersion is Pro-Cyclical

(A) vs. Unemployment (B) vs. Detrended log S&P
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Notes: The top two panels plot Misoptimization Dispersion (blue line, left axis) along with, respectively,
unemployment and the linearly detrended S&P 500 price (black dashed lines, right axis). The bottom two
panels are scatterplots of Misoptimization Dispersion versus the corresponding macroeconomic aggregate.
The black solid line is the linear regression fit. The standard errors are HAC robust based on a Bartlett
kernel with a three-year bandwidth.

by-time fixed effects:
Xipen = Bxp U2+ Xjiye + €in (31)

for X; 41 € {Alog éi,Hk, Tit+ks Rirvr ) and k € {0,1,2}. We find no evidence of a quantita-
tively large effect on current and future TFP growth (Table A2). We also find evidence of
persistent negative effects on profitability and stock returns. These dynamic results rule out
the possibility that the observed negative effect of 42 operates through a channel related to
productivity, or through dynamic trade-offs between poor performance today and improved

future performance (driven, for instance, by restructuring).

5.2 Fact 2: Misoptimizations Rise in Booms, Fall in Downturns

We now study the behavior of aggregate misoptimizations in the data (Prediction 2). Figure
2 plots aggregate Misoptimization Dispersion against the unemployment rate and detrended
end-of-year S&P 500 price. Misoptimization Dispersion rises when the real economy and
financial markets are doing well (e.g., the late 1990s), falls during recessionary or financial
crisis periods (e.g., 1990, 2001, and 2008), and is approximately as persistent as the overall
business cycle.

We benchmark the strength of this relationship with the business cycle by estimating a
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Figure 3: Robustness of Pro-Cyclical Misoptimization to Alternative Strategies
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Notes: In each panel, the blue line is the corresponding version of Misoptimization Dispersion, the black
dashed line is the unemployment rate, and p is their correlation. Panel (A) is the baseline measure. Panel
(B) is the measure that accounts for adjustment costs via lagged labor in the policy function. Panel (C)
is the measure that accounts for financial frictions via leverage and its interaction with productivity in the
policy function. Panel (D) allows for a non-linear (quadratic) policy function. Panel (E) allows for time-
variation in the policy function. Panel (F) allows for time-variation in the production function. Panel (G)
uses productivity estimates from the method of Olley and Pakes (1996). Panel (H) reports the inter-quartile
range of mistakes rather than their dispersion. Panel (I) replicates our main procedure for the sample back
to 1950 and applies compositional adjustment.

linear regression of Misoptimization Dispersion on each macroeconomic variable:
MisoptimizationDispersion, = o+ 8z - Z; + € (32)

for Z; € {Unemployment,/100,log SPDetrend;}, over our 31 annual observations. We es-
timate a slope of -0.846 (SE: 0.334, p = 0.02) with respect to unemployment and 0.064
(SE: 0.017, p = 0.001) with respect to the detrended S&P 500. The respective correlations
are -0.503 and 0.688. The regression on unemployment implies that a five-percentage-point
swing in unemployment is associated with an increase in Misoptimization Dispersion of 0.042
squared log units, or 53% of its sample mean value.

The most important threat to our interpretation of Fact 2 is that any unmodeled deter-

)

minants of firm choices might be spuriously identified as “mistakes,” and the extent of these

misspecifications may vary in magnitude over the business cycle. To investigate this pos-
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sibility, we revisit Fact 2 under various alternative constructions for “mistakes” introduced
in Section 4.1. Our findings, summarized in Figure 3, convey that Fact 2 emerges under a
number of different empirical approaches.

We first account for frictional adjustment dynamics by estimating a policy function that
controls for lagged labor choice. The residuals from this equation have negligible autocor-
relation (AR(1) coefficient 0.015, as reported in Table A5). Therefore, in this variant, it is
inessential to model mistakes as persistent. This implies misoptimizations that are smaller
in magnitude, but have nearly the same responsiveness to the business cycle as our baseline
measure (Panel B). The inability of adjustment dynamics to explain Fact 2 is consistent
with our finding that misoptimizations had persistent negative effects on firm performance,
instead of the mean-reverting effects which would obtain if firms endured poor performance
today to reduce costly adjustments in the future (e.g., by hoarding labor). We next account
for financial frictions by augmenting the policy function with leverage and its interaction
with TFP. This measure behaves almost identically to our baseline (Panel C). This is consis-
tent with the hypothesis that financial frictions and their heterogeneous incidence escalate
in downturns, which would if anything bias against our finding of higher mistakes in booms.

We find similar time-series patterns when we estimate policy functions with a quadratic
term in log productivity (D) and time-varying coefficients (E). We also find similar patterns
when we estimate the production function with time-varying coefficients (F) and the method
of Olley and Pakes (1996) (G). It is also inessential to focus on the variance as our measure
of dispersion; our results are qualitatively similar using the inter-quartile range (H).

To test our prediction over a longer period, we extend our time series using histori-
cal Compustat data since 1950.2! This allows us to assess how our prediction for cyclical
misoptimization generalizes beyond the key business cycle episodes in our main sample (the
Dot-Com Boom, the Early 2000s Recession, the Mid 2000s Boom, the Great Recession, and
the post-Great Recession Recovery). In so doing, we also account for firm fixed effects in 4%
to adjust for the changing composition of the sample, which Davis et al. (2006) and Brown
and Kapadia (2007) argue is important when studying patterns of volatility over long hori-
zons in Compustat data. Notwithstanding significant changes in the macroeconomy over this
long time period, misoptimization is similarly pro-cyclical over this longer horizon (Panel I
of Figure 3 and Figure A2). Replicating the regressions against the unemployment rate and
detrended S&P 500 price, we obtain coefficients of -0.380 (SE: 0.138) and 0.037 (SE: 0.010).

Finally, while most of the tests above focus on defining misoptimizations under more

stringent criteria (i.e., with more flexible policy or production functions), we can also ex-

210ne minor difference in the calculation is that, due to lack of sectoral wage data, we calculate TFP with
two factors, materials (inclusive of labor) and capital.
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Table 1: Markets Punish Misoptimization Harder in Low-Return States

Outcome: log Stock Return, R;;

(1) (2) (3) (4)

ﬁ,?t -0.264 -0.260 -0.0961  -0.0862
(0.0246) (0.0236) (0.0342) (0.0335)
02 x Ry 0.376 0.384 0.446 0.445
(0.122) (0.127) (0.173) (0.171)
Sector x Time FE Yes Yes Yes Yes
Firm FE No No Yes Yes
Controls No Yes No Yes
N 42026 42026 41650 41650
R? 0.239 0.262 0.385 0.403

Notes: This table reports estimates of Equation 33. The outcome, R;, is the log stock return and @2, is the
squared firm-level misoptimization residual, constructed using the methods described in Section 4.1. Ry is
the log return of the S&P 500. Standard errors are double-clustered at the firm and year level.

plore what happens if we relaxr assumptions that we argued were necessary in the baseline.
In Figure A3, we consider less stringent constructions that (i) use all variable input expen-
ditures, in dollars (rather than labor inputs in quantity units); (ii) simply residualize labor
choices on fixed effects, rather than constructed TFP; (iii) use lagged TFP, observable to
the firm when it makes its decisions, in place of current TFP in the policy function estima-
tion; and (iv) use the “first-stage” residuals mY,, neglecting their autocorrelation. In each
case, the alternative constructions of Misoptimization Dispersion correlate negatively with

unemployment, although some of these results are less precise than our baseline.

5.3 Fact 3: Returns Respond More to Misoptimizations During

Downturns

We have shown that firms make smaller misoptimizations in downturns. We now investigate
the extent to which this is explained by the incentives implied by our model: that firms have
higher financial costs of misoptimization in downturns (Prediction 3).

To do this, we test whether misoptimizations have a state-dependent effect on stock
returns. Specifically, we regress a firm’s log stock return R; on the firm’s squared misopti-

mization interacted with the log aggregate (S&P 500) stock return R;:%?

Rit = B . IAL?t + ¢ : (121215 X Rt) + Xj(i),t + F/Xit + €t (33)

22In Table A4, we replicate the analysis using our (first-stage) estimates of the mistake “level” r;; and
find qualitatively similar results.
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Figure 4: Time-Varying Effects of Misoptimization on Stock Returns

0.2 1

%)
E 00 A I R R A U I .
2
& .
< —0.2 1 ® Estimates
o
B S&P < 5%
9 —0.4 A
b
@ -0.6

-0.8 -

T T T T T T
1990 1995 2000 2005 2010 2015
Year

Notes: This figure reports estimates of Equation 34, which models time-varying effects of misoptimization
on stock returns in a non-parametric way. Each dot is an estimate of 3,. Error bars are 95% confidence
intervals, based on standard errors that are clustered at the firm level. The orange shaded regions are periods
in which the S&P 500 return is less than 5%.

Sector-by-time fixed effects partial out industry trends. The vector of control variables X
can include firm fixed effects and the growth rate of firm-level TFP, to partial out other im-
portant determinants of returns. The hypothesis that the market punishes misoptimization
more severely in times of distress, or low Ry, is captured by ¢ > 0. In the expanded model
of Appendix B, we motivate the regression equation and the prediction ¢ > 0, with equality
only if investors are risk-neutral (there is no risk-pricing channel) and profit sensitivity to
mistakes is state-independent (there is no profit-curvature channel).

We find that ¢ > 0: misoptimization is priced more severely in states of low aggregate
returns (Table 1).?* Our estimates in column 3, in particular, suggest that mistakes have a
zero price if the S&P return is 24%, close to its value in the late 1990s, the height of the
dot com bubble. By contrast, in the trough of 2008 (R; = —0.52), the model implies that
pricing is 6.4 times more severe than in the “usual” states of R; =~ 0.10.

To better convey the time-variation in marginal effects that underlies this result, we also
estimate the following regression which allows for a year-specific coefficient on 4%, instead of

imposing a parametric interaction with aggregate returns:
Ry = Z By - - Tt = y] + Xy + € (34)
Yy

Our estimates, shown in Figure 4, illustrate that misoptimizations harm returns the most in
years of relatively poor stock returns—for example, 2001, 2008, or 2015.

The most significant threat to our interpretation of these results is that the timing of

Z3Similar results are obtained using mistake “levels” (columns 1-2 of Table A4).
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the financial cycle correlates with other variables that independently affect the sensitivity of
stock returns to firm performance. In Table A3, we show that our core finding is unaffected
by controlling for a number of such factors and their interactions with 4%. We control for
time-varying firm-level conditions in the form of lagged stock returns and leverage, suggesting
that our main finding does not merely pick up the known “leverage effect” that distressed
firms have more volatile stock returns. We use stronger, nonparametric methods to control
for time-invariant factors across firms, by saturating the regression with interactions between

@2 and industry or firm fixed effects. The last, most conservative specification, which fully
2
ity

of mistakes over the financial cycle than our baseline model does.

absorbs firm-specific coefficients on 43, suggests if anything larger variation in the pricing

5.4 Fact 4: The State-Dependent Effects of Misoptimization are
Driven by the Pricing of Profits and Not Profits Themselves

In our model, Fact 3 implies that at least one of the risk-pricing or profit-curvature channels
drives changes in the cost of mistakes. To differentiate these explanations, we now explore
the extent to which profitability is more sensitive to mistakes during downturns.

To this end, we define profitability m;;, as before, as this year’s EBIT divided by the
last year’s total variable costs. We study the state-dependent effects of misoptimizations on

profitability in the following regression that mirrors our previous analysis of stock returns:
Tt = Br - Uy + G - (05, X Ry) + Xy + Vi + €at (35)

We treat ¢, as a gauge of the strength of the profit-curvature channel.

We find a positive, small, and statistically insignificant ¢, (column 1 of Table 2). Thus,
misoptimizations have an almost constant effect on firms’ dollar profits. This suggests that
the mechanism for our earlier finding of state-dependent market punishment (Fact 3) relates
primarily to the market’s greater reaction to fixed profit effects of misoptimizations.

We next estimate a sequence of models that explore the joint effects of misoptimizations
and profitability on stock returns. We first regress firm stock returns on 4% and m;; conditional
on firm and sector-by-time fixed effects. Conditional on profitability, misoptimizations have
a severely attenuated effect on stock returns that is statistically indistinguishable from zero
(column 2 of Table 2). This is consistent with the model interpretation that misoptimizations
matter for prices by reducing current profits, and not through any other channel.

We next explore whether profitability, more generally, has a larger effect on returns
during downturns. This allows us to test whether the market values firm performance more

strongly in low-return environments. Crucially, this tests our microeconomic mechanism
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Table 2: Misoptimization, Profits, and Pricing

Profitability, m; log Stock Return, R;

(1) (2) (3) (4)

OLS OLS OLS 1AY
ﬁft -0.121 -0.0162
(0.0217) (0.0304)
ﬁ?t X Ry 0.123
(0.0980)
it 0.402 0.423 0.627
(0.0283) (0.0336) (0.277)
T X Ry -0.309 -1.616
(0.167)  (0.622)
Sector x Time FE Yes Yes Yes Yes
Firm FE Yes Yes Yes Yes
N 51515 41325 41325 41325
R? 0.663 0.402 0.402 0.010
F-stat 18.34

Notes: In column 1, the outcome 7;; is firm-level profitability, defined as contemporaneous EBIT divided by
lagged variable costs. In columns 2-4, the outcome R;; is the log stock return. @2, is the squared firm-level
misoptimization residual, constructed using the methods described in Section 4.1. R; is the log return of
the S&P 500. Column 4 reports results from an instrumental variable regression (two-stage least squares)
in which (4%, 4% x R;) are the instruments. Standard errors are double-clustered at the year and firm level.

without relying on our structural estimation of misoptimization. Our estimating equation
is the mirror of Equation 33 with profitability in place of misoptimizations. We find that
returns respond more to profitability when aggregate returns are low (column 3 of Table 2),
consistent with our earlier findings and interpretation.

To quantify the pathway from misoptimizations to profitability to stock returns, we es-
timate an instrumental variables (IV) model of cyclical market responses. Specifically, we
use 42, and its interaction with the market return as instruments for profitability and its
interaction with the market return, to isolate the state-dependent pricing of profitability
fluctuations that arise from mistakes. Our IV estimates suggest a greater state-dependence
of the market response to misoptimization compared to the market response to other deter-
minants of profits (column 4 of Table 2). We interpret this result, along with the others in
this subsection, as empirical validation of the model’s microeconomic mechanism for state-

dependent misoptimization.

35



Figure 5: Macro Attention is Counter-Cyclical
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Notes: The top two panels plot log Macro Attention (blue line, left axis) along with, respectively, unem-
ployment and the linearly detrended S&P 500 price (black dashed lines, right axis). The bottom two panels
are scatterplots of log Macro Attention versus the corresponding macroeconomic aggregate. The black solid
line is the linear regression fit. The standard errors are HAC robust based on a Bartlett kernel with a
twelve-quarter bandwidth.

5.5 Fact 5: Macro Attention Rises in Downturns

We now test our predictions for measured attention. We find that macroeconomic attention,
by our textual measure, persistently rises when the macroeconomy and financial market are
distressed (Figure 5). To quantify the variable’s cyclicality, we estimate the linear regression
of log Macro Attention on unemployment and the detrended S&P 500, akin to Equation 32.
Our coefficient estimates are 1.512 (SE: 0.502) for unemployment and -0.104 (SE: 0.035) for
the S&P. The raw correlations with the unemployment rate and detrended stock price are,
respectively, 0.402 and -0.495.

Our interpretation of this fact is that firms’ cognitive effort to adapt their decisions to the
state of the economy rises in downturns. This is consistent with Prediction 5, which more
generally states that firms’ attention toward all variables that matter for their decisions—
both microeconomic and macroeconomic—rises in downturns. As discussed in Section 4.2,
the feasible test in our data requires measuring the cyclicality of attention toward factors
that are commonly faced by all firms (i.e., macroeconomic developments), whereas an ideal,
but ultimately infeasible, test would also check whether attention to microeconomic factors
rises in downturns.

To build confidence that this result is not driven by specific words used in our construction

of Macro Attention, Figure A4 plots the time-series behavior of each component word. 58
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of the 89 words have a positive correlation with unemployment (Figure A5).

An additional prediction is that attention is more cyclical in industries with more cyclical
productivity due to an intensified profit-curvature channel, but is still cyclical in acyclical
industries due to the risk-pricing channel. To study this, we compute “output cyclicality”
in each of our industries as the correlation between sectoral GDP growth, calculated using
quarterly BEA data since 2005 linked to our sectors, and aggregate nominal GDP growth.
In Figure A6, we plot in the cross-section of industries the relationship between this output
cyclicality and the coefficient of sector-level Macro Attention on the US unemployment rate.
Consistent with our interpretation, we find that the extent of counter-cyclicality increases
with the industry’s output cyclicality, but acyclical industries still have counter-cyclical
attention. This finding contrasts with the prediction of an alternative model in which the
cyclicality in macroeconomic attention is purely driven by firms’ exposure to macroeconomic
shocks—under this alternative model, only sufficiently cyclical sectors would exhibit cyclical
Macro Attention.

5.6 Fact 6: Macro Attention Predicts Smaller Misoptimizations

We next investigate the firm-level relationship between misoptimization and attention. We
estimate the following regression of 42, the squared misoptimization, on the log of firm-level

macro attention:
i3, = B, - log MacroAttention;, + Xt + T X + € (36)

Absorbed effects at the sector-by-time level partial out all trends, including the cyclical
patterns studied earlier. Additional controls X;; can include individual fixed effects, to
isolate variation at the firm level; and log stock returns and TFP growth, to help further
isolate variation in attention unrelated to firm-level fundamentals.

We find that £, < 0: higher macroeconomic attention corresponds with smaller misop-
timization (Table 3). The main specification in column (1) finds a strongly statistically
significant effect (p ~ 0.003). The more controlled specifications in columns (2) to (4) es-
timate negative, similarly sized effects, but with less precision. We interpret this result as
consistent with Prediction 6, which states that firms more attentive to economic conditions
make smaller misoptimizations. This is despite the limitation that our textual approach mea-
sures attention only toward a subset of the factors relevant for firms (i.e., macroeconomic
factors), whereas our outcome variable would pick up mistakes driven by either firm-level
or aggregate shocks. The finding is consistent, instead, with the hypothesis that observed

attention to macroeconomic variables and unobserved attention to microeconomic variables
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Table 3: Macro-Attentive Firms Make Smaller Misoptimizations

(1) (2) (3) (4)

log MacroAttention,; -0.00960  -0.00593 -0.00614 -0.00574
(0.00327) (0.00333) (0.00403) (0.00407)
Sector x Time FE Yes Yes Yes Yes
Firm FE No No Yes Yes
TFP and Return Controls No Yes No Yes
N 28709 24781 28309 24320
R? 0.054 0.068 0.383 0.384

Notes: This table reports estimates of Equation 36. 4 is the squared firm-level misoptimization residual,
constructed using the methods described in Section 4.1. log MacroAttention;; is the measure of firm-level
macroeconomic attention. Standard errors are clustered at the firm level.

move together, as our theory would suggest.

Fact 6 also pushes against an important alternative interpretation of our time-series
finding: that managers use the macroeconomy as a scapegoat for poor performance, engaging
in a form of “attribution bias.” If this were the only reason that firms mentioned the
macroeconomy in their filings, one might expect supposedly macro-attentive firms to be
making more unprofitable mistakes, contrary to the evidence in Table 3. Nonetheless, we
cannot entirely rule out that our measured Macro Attention at least partially reflects this

phenomenon.

5.7 Discussion and Relationship with the Literature

Dispersion in Fundamentals Versus Misoptimizations. Bloom et al. (2018), using
micro-data on the manufacturing sector, estimate that the variance in total factor produc-
tivity rises in recessions or periods of negative growth.?* Our analysis, by contrast, studies
variance in input choices conditional on productivity.

To demonstrate the empirical consistency of these sets of findings, we follow Bloom et al.
(2018) and estimate a first-order autoregressive model for TFP with firm and sector-by-time
fixed effects:

log 0it = Vi + Xj(i)e + polog i1 + €t (37)

We estimate “TFP Innovation Variance” as the weighted average, E[s},é2]/E[s},]. This mea-

sure has a correlation of 0.38 with the equivalent from Bloom et al. (2018) over a common

24Kehrig (2015) reports that dispersion in levels of TFPR, or the marginal value product of all inputs
under a Cobb-Douglas assumption, is counter-cyclical. In Appendix E, we study how this object, as well as
the related calculation for the value marginal product of labor, behaves in our data.
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sample period.? Like Bloom et al. (2018), we find that TFP variance is significantly higher
in recessions. The measure spikes markedly in the Early 2000s Recession and the Great
Recession, as well as in the 1990s boom (Figure AT7).

To summarize, in our data, misoptimizations are larger in booms, while TFP is less
volatile. Thus, counter-cyclical TFP volatility is fully consistent with our hypothesis and

finding that firms optimize more precisely conditional on productivity in downturns.

Forecast Errors and Backcast Errors. Our model makes no specific prediction about
the accuracy of firm-level forecasts over the business cycle. To illustrate this, consider a
firm’s expectation in period t of its production in period t + k, for £ > 0, conditional on the
observed history of the decision state z;; (firm-level TFP, aggregate output, and aggregate
wages). Writing E;;[-] as a shorthand for a firm’s expectation conditional on this history and

applying Proposition 1, we can decompose the variance of firms’ forecast errors as:

E [(zi0k — Ea [1004])°] = B [ (@h0(Gien) = Ba [1500))°] + Eloi(zi0)?]  (38)
SN _ —

Misoptimization Variance

-

Forecast Error Variance .
v Fundamental Variance

The first term is the forecast error variance pertaining to the optimal level of production,
T}, wWhich itself depends on unknown firm-level productivity, aggregate output, and ag-
gregate wages. The second term is the forecast error variance arising from firms’ future
misoptimization, which has state-dependent volatility o;(2; ¢+ ).

Our Fact 2 showed that Misoptimization Variance is high in booms and low in downturns.
The finding of both prior work in the literature (Bloom et al., 2018) and our own reconstruc-
tion of these findings above is that Fundamental Variance is high in downturns and low in
booms. Because of these countervailing forces, our main hypotheses about misoptimizations

cannot be tested by evaluating the cyclicality of forecast errors.?6

6 Quantifying the Consequences of Attention Cycles

The previous section verified the model’s microeconomic and macroeconomic predictions for
misoptimization and attention, which govern the model’s implications for output and produc-
tivity dynamics. In this section, we quantify the macroeconomic consequences of attention
cycles by calibrating the model. We find that attention cycles generate: asymmetrically

large amplification of negative shocks; greater amplification of shocks when output is low;

25The common sample for comparing our measure with the one in Bloom et al. (2018) is 1987-2010. The
measure from Bloom et al. (2018) that we study is the variance (square of standard deviation) of TFP
innovations on the sample of establishments that are in the Bloom et al. (2018) data for 25 years.

26See Charoenwong et al. (2021) and Chiang (2023) for an analysis of cyclical forecast error variance.

39



and endogenously higher volatility when output is low. We show that these findings account

for a significant portion of observed business-cycle asymmetries.

6.1 Calibration

In our calibration, as in our theoretical results of Section 3, the aggregate state variable
0 = (Eq,[05 ') =T is a one-dimensional sufficient statistic for the productivity distribution.
We assume that log 6, follows a zero-mean, Gaussian AR(1) process, or log 0; = pglog 0, 1+
where v; ~TP N(0,02). Note that, in this formulation, the shocks v; may reflect changes
to any moment of the productivity distribution that induce changes in the aggregate 6,
such as a standard shock to average productivity or an “uncertainty shock” to productivity
dispersion as studied by Bloom et al. (2018).

We calibrate four parameters to standard values (see Table 4).2” The first is the elasticity
of substitution between products. We set ¢ = 4, which implies an optimal average markup
of = = 3. This is conservative relative to estimates by De Loecker et al. (2020) (1.60)
and slightly larger than the estimate by Edmond et al. (2018) (1.25). The elasticity of
substitution controls the translation of misoptimization into output and productivity, with
a lower value translating a fixed misoptimization dispersion into a larger penalty for output
and productivity. We next set the persistence of the productivity shock, at the quarterly
frequency, to a standard value of py = 0.95. To match the elasticity of real wages to output
(x), we only need information on the time-series relationship between real wages and output.
We match directly an OLS regression of linearly detrended real wages on linearly detrended
GDP, at the quarterly frequency from 1986-2017.2® Our estimate of 0.094 lines up with
recent evidence on the weak cyclicality of wages (Gali and Gambetti, 2019). To calibrate
the shock variance o3, we match the variance of quarterly real GDP growth over our sample
period.

The key properties of inattention and misallocation are controlled by the remaining two
moments: the time-series average of Misoptimization Dispersion and the (negative) slope of
Misoptimization Dispersion in unemployment. Intuitively, these moments describe the level
of misoptimization and the extent of its cyclicality. These forces are respectively governed
by A, the average entropy cost scaling (itself a sufficient statistic for the entire cross-sectional

distribution of )\;), and -, the coefficient of relative risk aversion. Panels A and B of Figure A9

2"The constants @ and X in the wage rule scale overall production in equilibrium, but are otherwise
irrelevant (see Proposition 1). We set w and X to match the wage and output prevailing in a frictionless
market economy with Greenwood et al. (1988) preferences over labor and leisure and elasticity of labor
supply ¢ = 1, evaluated at state logf = 0.

280ur real wage series is the median weekly real earnings for wage and salary workers over the age of 16,
as reported by the US BLS.
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Table 4: Parameters for Calibration

Fixed € Elasticity of substitution 4

Parameters | pyg  Persistence of productivity 0.95

x  Elasticity of real wages to output 0.094

Free A Average weight on entropy penalty 0.420

Parameters | ~ Coefficient of relative risk aversion 11.6
o3 Variance of the productivity innovation 4.74 x 1077

By Slope of Misopt. Dispersion on —W 0.846

Matched | 63, Average level of Misopt. Dispersion 0.080

Moments | x Regression of real wages on output 0.094

02 Variance of quarterly output growth 0.337

Notes: “Fixed Parameters” are externally set. “Free Parameters” are chosen to fit the “Matched Moments,”
which are calculated from the data and matched exactly by the model.

visualize this argument by showing how, as we vary v and A, we affect the targeted moments:
higher v makes misoptimizations smaller but more sensitive to the business cycle, and higher
A increases the size of misoptimizations. Both parameters, together, affect the scope of
business cycle asymmetries, which we proxy in Panel C of Figure A9 by the 9% log X /dlog 6>
(recall Corollary 3): asymmetries are stronger under high risk aversion and high costs of
attention. We will treat the extent of these asymmetries as a non-targeted prediction, which
we compare to outside economic evidence below.

Our calibration of v = 11.6 is conservative relative to the modern asset-pricing literature
that estimates, in variations of the consumption capital asset pricing model (CCAPM), v of
about 15-20 with statistically “unfiltered” measures of consumption (Savov, 2011) or long-
run variation in consumption growth (Parker and Julliard, 2005). Our finding of v > 0
suggests that the risk-pricing channel is necessary to explain misoptimization dynamics and
rules out the nested model in which control costs are denominated in dollar (rather than
utility) units. Our calibration of A is best interpreted by observing that the median firm

loses 3% of its profits to inattention, versus a benchmark with zero costs (A = 0).

6.2 Quantitative Results

Output, Productivity, and the Attention Wedge. Panels A, B, and C of Figure 6
respectively show log output, the log attention wedge (as defined in Proposition 4), and log
labor productivity in the calibrated model. In each case, we compare to the predictions of
an otherwise identical “pure RBC model” with full attentiveness, or A = 0, plotted as a
dashed line. As implied by Proposition 4 and Corollary 2, inattention reduces output and

productivity relative to the fully attentive counterfactual, and this effect grows in higher
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Figure 6: The Macroeconomic Effects of Attention Cycles
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Notes: This figure reports the macroeconomic predictions of the calibrated model. Panels A, B, and C
respectively plot log output, the log attention wedge (Proposition 4), and log labor productivity as a function
of the state. Panels D and E respectively plot the first and second derivatives of the mapping from log
productivity to log output (as shown in Panel A). Panel F plots the conditional volatility (standard deviation)
of output growth. In each graph, the solid line (“AC”) is the calibrated model and the dashed line is a
counterfactual model with A =0 (“RBC”) and all other parameters held fixed.

productivity states. In the mean state, the attention wedge reduces output by 2.6% relative to
the fully attentive counterfactual, labor productivity by xe x 2.6% = 1.0%, and employment
by (1 — xe) x 2.6% = 1.6%.

To highlight the importance of studying misoptimization incentives in general equilib-
rium, we calculate also a “partial equilibrium” attention wedge based on firms’ inattentive
best-responses to the counterfactual RBC dynamics (Figure A10). In the mean state, the
“partial equilibrium” attention wedge is 1.3% in terms of output, implying that general-
equilibrium interactions account for 1/2 of the losses from inattention.

The attention wedge, as predicted by Corollary 3, is concave. This contributes toward
state-dependent propagation of productivity shocks, which we will explore in due course.
A quantitative result that hinges on the extent of this concavity is that labor productivity
is non-monotone in microeconomic productivity 6 (rightmost panel) and hence also in ag-

gregate output. This property results from the dueling forces of increased microeconomic
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productivity and increased misallocation from reduced attention.

State-Dependence, Asymmetry, and Stochastic Volatility. In our calibration, both
the sensitivity of log output to productivity shocks and the conditional standard deviation of
output growth are higher in low-productivity, low-output states (Panels D and F of Figure
6). This is despite the lack of asymmetry, heteroskedasticity, or stochastic volatility in the
driving shocks. This arises because the attention wedge, and therefore aggregate output, is
concave (in logarithms) in productivity (Panel E).

One way to benchmark the extent of asymmetry and state-dependence in shock re-
sponses is to consider an “impulse response” thought experiment of a fixed size. Let logé
be the fundamental shock that induces a 3% change in output from steady state, or solves
log X (log#) — log X (0) = 0.03. We compare the effect of this “Positive” shock to the effect
of a “Negative” shock from logfy = 0 to logf; = —log é, and a “Double Dip” shock from
log Oy = — logé to log#, = —2-log 0. The negative shock has a 7% larger effect on log output
than the positive shock, and the double dip shock has a 14% larger effect on log output than
the positive shock. The same results for the response of log employment are 5% and 9%,
respectively. Empirically, [lut et al. (2018) estimate that US industries have on average a
20% larger response to negative aggregate productivity shocks than to positive shocks.?” In
these units, our model explains 25% of empirically realistic asymmetry in shock response.

To benchmark the extent of stochastic volatility, we observe that a transition from the
90th-percentile to the 10th-percentile productivity state reduces output by 4.7% and in-
creases the conditional standard deviation of output growth by 10.9%. The peak-to-trough
fall of output during the Great Recession (e.g., from early 2007 to early 2009) is comparable
to this level change. Empirically, Jurado et al. (2015) estimate that the forward-looking
volatility of industrial production growth at the three-month horizon increased by 57% dur-

ing this episode.?* Our model can explain about 19% of this movement.

Parameter Robustness and Counterfactual Scenarios. In Appendix F, we provide
additional results from our numerical exercise. We first explore the robustness of our main
findings to different external calibrations of wage rigidity x and substitutability € (see Figure
A11) and to introducing classical labor markets using the preferences of Greenwood et al.
(1988) (see Figure A12). In particular, the last has no quantitatively significant effect on
our results provided that we calibrate to realistically acyclical wages.

We also study the effects of attention cycles under counterfactual scenarios. In our theory,
the nature of business cycle asymmetries is endogenous to structural forces that control firms’

state-dependent incentives for attention. We find that attention cycles generate greater

29This calculation is based on comparing the “data” estimates in columns 6 and 7 of Table 9.
30We compare the 3-month “macro uncertainty index” from April 2007 to October 2008.
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asymmetries in regimes with smaller markups, greater wage rigidity, and higher attention
costs. Thus, our mechanism may interact with rising market power, the flattening wage

Phillips curve, and fluctuations in macroeconomic uncertainty (see Figure A13).

7 Conclusion

This paper studies how attention cycles arise as the consequence of business cycles through
their effects on incentives and how attention cycles, in turn, affect business cycle dynamics.
Theoretically, we introduce a Neoclassical business cycle model with flexible, state-dependent
stochastic choice. We show how firms’ choice of state-specific attention is shaped by the in-
centives embodied in the state-dependent cost of making mistakes. Due to firms’ ownership
by risk-averse households, the incentives to pay attention and to avoid mistakes are highest
when aggregate consumption is low (a risk-pricing channel). Attention rises in downturns
and falls in booms, leading to asymmetric propagation of macroeconomic shocks. Empiri-
cally, we introduce strategies to measure choice misoptimization, which has an exact analog
in the model, and attention toward the macroeconomy, which is a more suggestive proxy
for attention. Using these measures, we verify the model’s macroeconomic hypotheses that
attention rises and misoptimization falls in downturns. We also verify the model’s microe-
conomic predictions that misoptimization harms firm valuations more severely in downturns
and that attention coincides with lower misoptimization in the cross-section. Calibrating
the model to match our evidence on cyclical misoptimization, we uncover a quantitatively

important role for attention cycles in driving business-cycle asymmetries.
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Online Appendix
for “Attention Cycles” by Flynn and Sastry

A  Omitted Proofs

A.1 Proof of Proposition 1

Proof. Consider a firm of type \;, with a payoff v : X x Z — R and prior density = € A(Z).
The firm’s stochastic choice problem can be written as

m%{// u(z, 2)p(x|z)dem(z)dz — A // z)logp(z|z) de w(z) dz (39)
pe

We can formulate this problem as constrained optimization for choosing p(z|z) pointwise,
with constraints embodying non-negativity and the restriction that conditional distributions
integrate to one. We can then write a Lagrangian for this problem, giving these constraints
multipliers x(z, z) and ~(z), respectively:

L({p(e]2), w(z, )}, 3(2) / / u(e, 2)p(alz) dam(z) dz

—)\i//p(x]z)logp(x\z)dxﬁ(z)dz
// (s 2)p(a] ) da (z) dz
+/27(z) (/Xp(:c]z) dx—l) () dz

The Lagrangian is concave in the collection {p(x | z)}, since the expected utility term and
the two constraint terms are linear in these variables, and the control-cost term is convex
in these variables. Taking the first-order condition of the Lagrangian with respect to p(z|z)
yields the necessary first-order condition

u(z, z) = Ai(log p(x|z) +1) + w(x, 2) +7(2) = 0 (41)

Re-arranging this expression and applying the normalization that the density integrates to
one, we get the solution

exp()\;lu(x, z))
[yexp(A u(2, 2)) da
This solution is invariant to the prior distribution 7(z), and hence can be indexed solely by

the ex post realized state z. )
To solve our firm’s problem, we replace v in the above with IT and z with z;. Performing

plz]z) = (42)



this substitution, and ignoring the normalizing constant, we get

p(x]z;) o< exp <_%> -

Taking X = R, it is then immediate that p(x|z;) is a Gaussian density with mean x*(z;)
and variance \;|I1,,(z;)|7'. Observing that |Tl,.(2;)| = |7ze(2:)|M(2;), we can re-write the
variance as \;(|m.(2:)|M(2;))~. Finally, we observe that the stochasticity in each firm’s
action conditional on z; is independent from z; and/or any other firm’s action. Thus:

\
v =a"(z) 4y —————— v, v; ~ Normal(0, 1) (44)
\/|7Tm(21)|M<ZZ)

]

A.2 Proof of Proposition 2

Proof. Throughout this proof, with some abuse of notation, we write 6 = é(G) (Equation
5) as the scalar summary of the productivity distribution. Our argument below makes,
and then verifies, the conjecture that this is a scalar sufficient statistic for the productivity
distribution in the definition of equilibrium output.

To prove existence, we first study the problem of a single firm ¢ who is best replying to
the conjecture that the law of motion of the aggregate is X : © — R. In particular, they
believe that output is given by X (0) in each state 6.

As established by Proposition 1, the firm’s best-response is invariant to the firm’s prior
state z;;—1 and described by the following random variable conditional on each realization
of zy:

A

As derived in Appendix A.7.1, the mean and variance scalings are the following, after sub-
stituting in the equilibrium conjecture X; = X (6;):

Ty = 2" (2i) + “ Vit v;r ~ Normal(0, 1) (45)

‘T*(zzt> = U:C(G, X5 ’(I), X) ' X(Qt)l_xeeft

_ 46
|H:cx(zzt)| = UH(€7 X wa X) : X<0t>_1_7+X(1+6)0i_tl_E ( )

for constants v,, vy > 0 given by:

Vp =€ (e — 1) w XX

_ 47
v o= (€ — 1)’€e€’1w1+6X’X(1+6) (47)

Conditional on the realization of any state 6, aggregate output must solve the fixed point
equation defined by combining the aggregate-good production function (11) and the firms’
best responses. Applying the law of iterated expectations, we can re-write the aggregate-good



production function as

X =X = ke (@ () B (05— 2 (20)) 1 64, 6] | 0] (48)
where

9)~ (19)

We now specialize the expressions above using the structure of the best response in
Equations 45, 46, and 47. We first compute X* as

X* = <]E9i 2" (z)' ¢

X* =y, Xxepe (50)

where 0 is the transformation defined in Equation 5. We next calculate the second, “variance”
term. We start with the “misoptimization variance”

A
Ex [(m0 — 2%(2))°] = =X HrxUtaglte (51)
(%1
and then calculate the full term
A

U1V

(X*) By, |(@" () B, [ = 27 (20))7])] = 2= X070 (52)

where we simplify and apply the definition of é(G) from Equation 5.
Substituting in Equations 50 and 52, we derive that equilibrium output solves:

A

2ev v

X(0) = v, X (0) 6 —

X(6)x6 (53)

Toward proving existence and uniqueness of an equilibrium with strictly positive output,
define:
9(X,0) = ag X X0 — a1 XX0 (54)

A
2evv1]

where ag = v, > 0 and a; = > (0. We now compute this function’s derivatives in X:

gX(X, 0) = ao(l _ XE)X*XEHG —a (,Y _ X)Xfyfxfle

55
gXX(X, 9) = —CLO(I — XE)XeX_XE_lee _ al(’Y _ X)('V — - 1)X7—X—29 ( )

If 1 —xe>0and v > 1+, then
lim gx(X,0) = +00 Jim gx(X,0) = —o0 (56)

Moreover, if v > x + 1 we have that gxx(X,60) < 0 on (0,00). Thus, when v > x + 1 and
xe < 1, g(X, 0) crosses X from above and there exists a unique, positive fixed point for each
0. Tterated for all states # € O, this reasoning shows the existence of a unique, positive
equilibrium mapping X : © — R,.

We now show monotonicity of the fixed point. To this end, we implicitly differentiate the



fixed point condition:

dX(Q) _ —X€ENE y—x—1 dX(O)
& [%(1 xe) X (0)*0 ar(y —x)X(0) 9} a0 (57)
+ [aoeX () X0 — a1 X (6)"7]
Yielding:
dX(6) apeX (0)17xg=t — gy X (0)7x
= (58)
de 1 —[ag(1 — xe) X (0)=x0c — ay(y — x) X (0)—x16]
Multiplying both sides by a factor of %:
dlog X (6) ape X (0)17x0¢ — a,; X (0)77X0
= (59)
dlogd  X(0) — [ao(1 — xe) X (0)' X0 — a1 (7 — x) X (0)~x0)]
We first show that the numerator is positive
apeX () X0° — a1 X (0)7 X0 = ag(e — 1) X (0)X6° + X (0) (60)

>0

The first equality substitutes in the original fixed-point equation. The second follows from
observing that € > 1, ap > 0, X(0) > 0, and 6 > 0. To show dld%)g(ég) > 0 it now suffices to

show that the denominator is positive, which follows from ye <1 and v > x +1 > x:

X(0) = apX (0)X6° — a, X (8)X0

> ap (1 — x€) X(6) 70" — a1 (v — x) X(0)0 (61)
N—— ——
xe<l1 Fy—x>1
This shows that dld%)g(é}e) > 0 and implies that X () is an increasing function. O

A.3 Proof of Proposition 3

Proof. We start by proving the monotonicity of misoptimization. Using the result of Propo-
sition 1, and the substitution of (x*(2;), |II,+(2;)|) as in the proof of Proposition 2, we show
that the average “misoptimization variance” of actions conditional on (z;, ;) is

q*(zi)x*(z;) zi — 2% (%) 2 .
Ei[q*@)w*(a)]( 7 (=) > | “W]

e—1 Ni — e)pnl+te

B (62)
fe—1 U%X<9)2(17X6)9i26
Ai

vnv?2

m(zi, )\Z', 9) = Evi

X(@)v—l-&-x(s—l)el—e

where v, v, > 0 are defined in Equation 47 and where we use the definition of 6 = é(G)
Using the law of iterated expectations, we can write with some abuse of notation m(f) =



Eo, x, [m(z:, \i, 0)]. Assessing this outer expectation, we derive

m() = — X (g)-ThieDgi—c (63)

2

From this, we have that:

dlog m(6) dlog X (0)

ey = (=T xte— ) — (e 1) (64
By re-arranging Equation 59, we obtain that:
dlog X(6) _ e+ (e —1)a0X(0)7x1 (65)
dlog 6 xe+ (v — 1+ x(e—1))a0X(0)—x-1
and so we obtain that:
dlogm(f) ey - 1) iy .

dlogf — ye+ (v — 14 x(e —1))a,0X(0)—x-1

as required.

We next prove the second statement about the monotonicity of attention. The entropy
of a Gaussian random variable with variance o is proportional, up to scaling and constants,
to log(c?). We therefore derive, up to scaling and constants,

a(G) = (=1 =7+ x(1 +¢€))log X(0) — (1 + €)Ey,[log ;] (67)

This is monotone decreasing in X if v > x(1 + €) — 1, which is implied by our conditions
xe < 1 and v > x +1. It is monotone decreasing in G if Ey, [log #;] increases in G. The latter
claim is true because y +— logy is an increasing function. Finally, X is monotone in the
FOSD ordering as G Zrosp G’ = 6(G) > 6(G'). Therefore, a(G) is monotone decreasing
in GG in the sense of FOSD. This proves the second part of the statement.

O

A.4 Proof of Proposition 4

Proof. We first derive output in the fully attentive A = 0 limit, which we define by some
mapping X, : © — R. Recall the fixed-point equation for output from Proposition 2:

X(0) = apX (0)' X6 — a; X (0)" %0 (68)
When A = 0, we have that a; = 0. Thus,
Xo(0) = apXo(0) x6° (69)

Or simply:
Xo(60) = a) O (70)



We now define the proportional wedge between equilibrium output and output without
the attention friction as: (6 (0
W(;\) = (6) = (6) (71)

L g
ag Ox

Via this definition, we re-write output in the form claimed in the Proposition.

log X (log ) = Xy + x " log 8 + log W (log 6) (72)

where X := é log ay.

We next prove that the wedge is positive. To prove this and other properties, we write a
fixed-point equation for W (6). Combining the definition of the wedge with Equation 68, we
obtain S

W(0) = W(0)' ™ — ay(Nag * W(O) 0% (73)
Based on identical arguments to those in the proof of Proposition 2, the wedge is positive
and unique under the exact same conditions that X (6) is positive and unique: ye < 1 and
v > x + 1. Moreover, W () crosses the 45-degree line from above. To show that W (6) < 1,
it then suffices to show that the right-hand-side of the fixed point equation is less than unity
when evaluated at W (6) = 1. As aj,a9 > 0, this is immediate. Thus logW(6) < 0, as
claimed. Moreover, given that % > (, it is immediate to show %—If < 0.

Toward the final claim, we show that log W (#) is monotone decreasing in . First, we
implicitly differentiate the fixed point condition:

dw 1=x=1 v=1 | dW
=W (O —aray (= WO 0T | -
dé dé (74)
lililﬁ/—-l o aa=x=1
—ajag X ——W(0)77X0 x
X
or: .
r=x== o y=x=1
aw —ayag X 7TIVV(G)7 X0 x (75)
y—x—1 _1
Y [ @O g oW
which we can rewrite, after multiplying by %, as
dlogW —ayay * AYTAW(Q)%X@% (76)

dlogd W) — [(1 W)X — ayag * (y X)W(G)”‘Xé’wxl]

By positivity of a; and ay and the assumption that v > x + 1, the numerator of this
expression is negative. To show that the wedge is monotone decreasing, we need to show



that the denominator is positive. To this end, we see that:

y=x—1

W(0) = W(0)' X — aya, * W(O) 05
y=x—1
> (1L X W) gy (y— ) W(B) 0 (77)
—— ——
xe<l1 y>x+1
This completes the proof. O

A.5 Proof of Corollary 2

Proof. The labor demand of any given firm i is given by L; = 9—1 Total labor demand in the
economy is then given by:

L:/ Lidi (78)
[0,1]

Using Proposition 1, the definition of 2*(z;) in the proof of Proposition 2, and the equilibrium
law of motion X (#), we write the production of each firm as

2= 2 (2) + B = 0 X(0) X0 + 5 (79)

where v; is the misoptimization scaled by its endogenous standard deviation. Plugging this
into the expression for L, we derive

1
L= v, X(0) X / 05t di (80)
0

Simplifying and applying a law of large numbers, we write this as

L, = L(6) = v, X (0)' X6 (81)

where we define, as in the main text, § := (Eq, [6;~" | 6] ) <
Combining the definition log A(@) log X (6 ) log L(0 ) with Equation 81, we derive

log A(6) = —log v, + xelog X (6) — (e — 1) log 6 (82)
Using our representation of aggregate output from Proposition 4, we obtain:
log A(0) = (xeXo — logv,) + log 0 + xelog W (0) (83)

where W (-) inherits all of the properties proved in Proposition 4. We finally observe that
Xy = loi%, as defined in the proof of Proposition 4, so yeXy — logv, = 0. This completes
the proof. n



A.6 Proof of Corollary 3

As derived in the proof of Proposition 4, the attention wedge in state 6 solves the fixed-point

equation
—x—1

W(0) = W(0)' ™ — ay(Nag X W(O)X0'% (84)
where ag,a; > 0. Dividing both sides by W (6)'~X¢ and re-arranging yields

y—=x—1

1 € R B ’YTil =
W(0)X + a;(N)a, > W (@)~ x1-9-1g 1 (85)

We next re-write this function in terms of t = log 6 and w : R — R, defined by w(log 6) =
log W (6). This transformation is valid under the argument that W (¢) > 0 for all § € ©, as

shown in the proof of Proposition 4 under the maintained conditions ye < 1 and v > x + 1.
y—x—1
We also, for convenience, define A(\) = a1(N)a, * > 0.

eXxew(t) 4 A(A)G(V*X(PE)*DW(tH%It -1 (86)
Differentiating both sides yields

y—1 -1
yew' (£)eX@® 4 A(N) VXUt 57 ((7 —x(1—¢€) =1 (t) + T "y ) =0 (87)

Differentiating again and collecting terms yields

w”(t) (XeeXew(t) + A()\)e(“/—x(l—e)—l)w(t)-i-%_lt(7 . X(l . 6) . 1)) + (w/(t>)2(X€)2€Xew(t)+

1—e)—1 -1 -1 ’ (88)
A(N)e Xz DO+ ((v —x(1—e) = 1)/'(t) + T) =0

And therefore,

2 2 xew(t) (r=x(1—e)—Dw(t)+ 15t _ _ ) — a=1 2
(W (£)2(xe)2ex ) + A(Ne (7= (1 =) = D'ty + 12)

() = — =
yeexew(t) 4 A()\)e(v—x(l—e)—l)w(t)Jr771t(,y —x(1—¢) —1)

(89)
The numerator is strictly positive given that A(A) > 0 and w'(t) < 0 (the latter of which is
established, under the maintained conditions, by Proposition 4). A sufficient condition for
the denominator to be positive is that v — x(1 —€) —1 > 0 or v > 1+ x — x¢, which follows
from the maintained assumption v > 1 + y since € > 0. Therefore,

_ DPlogW

We now prove the two remaining statements. The first is immediate after observing that

802 11;’;9"2" = 63213)(?0)2( . The second is immediate by the strict log-concavity of the attention wedge

in log-productivity.




A.7 Additional Calculations

A.7.1 Quadratic Approximation of Risk-Adjusted Profits

Using the expressions for dollar profits and marginal utility in Equation 8, we can write
firms’ risk-adjusted profits as the following:

M(x, z) = X7 (acl_iX1 — xg> (91)

where, as throughout, we define the decision state vector z; = (6;, X, w). The optimal action
in the absence of stochastic choice solves the first-order condition

1 1 1 w
1) ext == 9
( ) : (92)

which can be re-arranged to define

o () = (1 . %)X (99) h (93)

We now approximate the firm’s profit function to second order in x around z*(z;):

M(x, z;) = W(x*(2:), z1) + M (2)(x — 2 (%)) + %Hm(zl)(aﬁ —2*(%))* + O3(z) (04)
= 1I(z, z) + O*(z)

where I1,(2;) := IL,(2, 2;) o=+ (z) and [y(2;) = Hop(, 2)|z=2+(z,). By the first-order condi-
tion, I1,(z;) = 0. Thus, our approximation reduces to the quadratic utility function in the
Linear-Quadratic equilibrium:

(2, zi) = (2" (2:), 2:) + %Hm(zi)(ﬂi — (%)) (95)

It remains to characterize the intercept and curvature. We first derive the intercept:

Mz (), 2) = X~ (X (9%)1—6) ({1 B ﬂf(l—i) B {1 - %1 )
— X (X (%)1_6> e (e—1)7"

We now characterize the curvature, which is the product of marginal utility with the curva-
ture of the dollar-profit function:

(96)

We calculate, using the form of the profit function from Equation 8, the dollar profit func-



tion’s second derivative:3!

Taa (27 (21), X) = —% (1 - 1) (z%(z)) e X«

L [ TSI A

1+e
= te—1)X! (Og)

We substitute in the wage rule, Equation 3, to derive
Wmm(zi) = _/UT('(EJ X X; U_)) ' eiilieXX(lJre)il (99>
as in Equation 13, where the constant is

ve(e,x, X, @) = (e — 1) tptte X X049 > (100)

A.7.2 Quadratic Approximation of Final-Goods Technology

We now consider the second-order approximation of the aggregator, which is re-printed below

X({#i}iep) = (/01 o di) - (101)

Technically speaking, we take a quadratic approximation of a discretized version of this
aggregator, and then take the limit of this approximation. First, we suppose that there
are K x K’ x K" discrete firms. Define the firm-level state for any firm kk'k"” as wyppr =
(Ok, A\, vir) with corresponding production level z(wgrg). Define the CES aggregator in
this economy as:

K K’ K" e—1
Swntloneed) = (3 563 g6 3 sl 102

k'"=1

Second, we take a quadratic approximation of this function around the firm-level optimal
production points zyxr = x*(0k):

K
Xgrgr = Z 7 k,Zl ” k//Zle; wkk’k” - (Qk))
1 K K’ K” K"
+ ?Z Z Z Z = Z = Z (W) — 2" (0k)) (@ (Wippr) — 27(0F))
k=1 /=1 =1 k=1 k=1 k=1

(103)

31Because marginal costs are constant, this curvature arises purely from the curvature of the revenue
function.

10



where:

K e—1

* 1 * 1-1
X = (?Ziﬁ (0r) > (104)

and: ) .
Dy = (X )" (k) (105)

and:

P KRR 007 ()
(X*)Wl( “(0k)) "< (2" (0F))~
We now take limits of this approximation in the following order. We first send K" —

00. Observe that, for fixed k,k’, we have that each k” firm has action distributed as
N(z*(0k),02,) (by Proposition 1). Thus, as K” — 0o, by the law of large numbers:

LXp) it (078 i kKR = R R 106)
if kk'k" # kE'E".

m\H‘i‘

K//

ZDk (W) — *(0))) =% 0 (107)

k'"=1

Thus, the second term in the quadratic expansion above is zero almost surely in the large
firm limit.

We can perform the same exercise for the third term in the quadratic expansion, which
we can write as:

? k=1
oL e (108)
Xpe1l 1 1
— }Z_/ = Z "(01) 7 (@) — 2" (0k)
k=1 k'=1 k'"=1

Fixing K and K’, and noting that the draws across k” are IID conditional on k and &/,
we have that (almost surely):

K
1 1 1 1
? E -— I*<9k)7g(l’(wkk/kw) — x*(ﬁk)) =50 as K" — o0 (109)

Hence, we have that:

a.s. 1 T "
Q — _if K’ = ™ o as K" — oo (110)

Defining o7 as the conditional variance of actions when the attention cost is one, we observe

11



by Proposition 1 that o7, = Apoi. Thus, taking the K’ — oo limit we have that:

2

11 &
Q- = . (111)
2¢ K P Qk 1+ (X5)~ e

Now taking the limit as K — oo, we can express this as:

ws 1 )\0'13
@Rk L*<0k>1+1<X*>—1] "

By applying the law of large numbers and the continuous mapping theorem we have that:

€

XE e Xt = (E[m*wk)l—%]) (113)

Combining all of the above, we have shown that under the second-order approximation, in
the limit, almost surely:

e emr ) fel ] e

Which we denote by the (somewhat imprecise, but standard) integral form over agents:

X = (/01 ot (2 dz’):l . 2% 01 (;i_féi;ill di (115)

B Extended Model

In this appendix, we formally develop the extension of the baseline model from Section 2 to
include multiple inputs and market-clearing wages. In the process, we will provide a micro-

foundation for the wage rule and motivate the stock return regression analysis in Section
5.3.

B.1 Set-up

Time is discrete, and indexed by t € N. There are three kinds of firms: perfectly competitive
materials firms who use labor to produce materials; intermediate goods producers who differ
in their productivity and who use labor and materials to produce a monopolistic variety
indexed by i € [0,1]; and final goods firms who produce consumption goods as a constant
elasticity of substitution aggregate of intermediate goods. There are two types of households:
capitalists who own the firms in the economy, do not work and have constant relative risk
aversion (CRRA) preferences over consumption; workers who supply labor, are hand-to-
mouth (consuming all of their labor income in each period), and have GHH preferences over
consumption and labor. Finally, as in our baseline model, the stochastic choice friction is

12



embedded in the production of intermediate goods: intermediate goods producers perfectly
cost-minimize but find it hard to produce the optimal amount.

Firms. Materials are produced by perfectly competitive firms with linear production tech-
nology in labor so that aggregate production of materials M, is given by:

My = 0L (116)

where 0M is the productivity of the materials sector and LM is its labor input.

Intermediate goods producers of variety ¢ are the monopoly producers of that variety.
They have firm-specific productivity 6;; and use materials m; and labor L; to produce
output z;; with Cobb-Douglas production technology:

Tip = O Liymy; ® (117)

where a € (0,1). To the extent that other intermediate goods (e.g. capital) exist and are
combined in a CRS Cobb-Douglas production function with labor, this is fully general.

The stochastic process of productivity is exactly as described in Section 2.2. There is
an aggregate productivity state 6, € O, which follows a first-order Markov process with
transition density given by h(6; | 6;_1). The cross-sectional productivity distribution is given
in state 6, by the mapping G : © — A(©), where we denote the productivity distribution in
any state 0; by Gy = G(6;) with corresponding density g;. We assume that the total order on
0, ranks distributions Gy by first-order stochastic dominance, or § > 6" implies G(0) ZZrosp
G(¢). Finally, materials productivity 6 is determined as an increasing function of the
overall productivity state 6.

Intermediate goods producers perfectly cost-minimize facing wages w, and intermediate
goods prices pM. That is, for a given production level x;, they always choose the cost-
minimizing input bundle. We define the firm-level decision state z; = (031, Xy, wy, pM, Ciiq) €
Z as the concatenation of all decision-relevant variables that the firm takes as given; unlike
in the baseline model, this definition includes the materials price and future capitalist con-
sumption Cy;; (described shortly). All firms believe that the vector z; follows a first-order
Markov process with transition densities described by f : 2 — A(Z), with f(2;|z;:—1) being
the density of z;; conditional on last period’s state being z; ;1. At time ¢, each firm ¢ knows
the sequence of previous {z;s}s<¢ but not the contemporaneous value z;.

Given this, firms have risk-adjusted profits given by II(z;, z;;). They then choose stochas-
tic choice rules to maximize expected profits net of control costs, as captured by the following
program which is identical to Equation 9 in the main model, with a different definition of
the decision state and profits function:

max / / (x, zi) p(x | zi) do f(zit | 2i2-1) dz — ¢ (Ds Niy 2ie—1, f) (118)
zJx

peP
Intermediate goods firms generate profits in units of consumption goods given by ;.
The firms store these consumption goods and pay them out as dividends d;; to their owners
in the following period, or d;;;1 = m;;. A unit supply of stock in the firm, which confers the

right to the dividend stream, is available at price Pj.
The outputs of intermediate goods firms are combined to produce consumption goods
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with a CES production technology. Thus, if the intermediate producers produce {z; }ic(o,1],
then the aggregate supply of consumption goods is:

Xy = X({@ittiep) = (/ Ty dz) (119)
[0,1]

Households. There are two types of households: capitalists and workers. Capitalists own
all firms in the economy and workers are hand-to-mouth. Capitalists have preferences over
streams of consumption {Cyy;};jen given by:

> Ol -1

U ({Cs}ien) = E Zﬁé—l J_ 5 (120)
5=0

where Bc € (0,1),7 > 0. The dynamic budget constraint of capitalists is given by:

Cy+ A +/

[0,1]

PuSier di < /

iy Sy di + (1 4 10) Ay + / PySy di (121)
0.1

[0,1]

where Sj; is their stock-holding in firm ¢ at time ¢ and A, is their bond-holding at time ¢.
Workers have preferences over streams of consumption and labor given by:

> LY
UV ({CY;, Liysdien) = o ) BHU (Cﬁj - 1;—%) (122)
7=0

where U’ > 0,U" < 0,9 > 0, B € [0,1). Workers are hand-to-mouth and they supply labor
L; at wage w;, meaning that they consume:

CY = w Ly (123)
Equilibrium. An equilibrium is a set of all endogenous variables:
{Liw, Mt,pi”,n, CtW7wt, {Ifit, Lig, g, i, dig, Py, Sit}ie[o,l}a Xy, Ly, Cy, At} (124)

such that all agents optimize as described above and markets clear given the exogenous
process {0, 0, {0:t}icjo.1 }ren. We will be interested, as in the main text, in linear-quadratic
equilibria where II is approximated around its optimal level and the CES aggregator is
approximated as described in Section 2.5.

B.2 Characterizing Equilibrium

We now reduce the description of equilibrium to a scalar fixed-point equation that can
equivalently be formulated in terms of total production or capitalist consumption. This
simplifies the analysis of the model and allows us to establish some equilibrium properties.

Production by Intermediate Goods Firms. Owing to CES aggregation, intermediate
1 1

goods firms face an iso-elastic demand curve, ¢; = X/ z,,°. They moreover perfectly cost-

14



minimize. As a result, given production level x;;, their unit input choices solve the following
program:
min w,Ly + pMmy  st. xy = 0y LSmi (125)

Lit,miy

-«

Taking the ratio of the two FOCs and rearranging, we obtain my; = ~—

ﬁlzw Thus, given
t
Zi, the optimal labor and materials choices are given by:

1 o l1—a pM l1—a 1 o —a pM —a
Ly = — Lt ; &= — ot ; 126
! eit (1—04) (wt) ity it eit l—« Wt it ( )

It follows that the cost of producing z;; is given by:

B (127)

wy Ly + piwmz’t = 0
it

where we define the unit marginal cost up to a constant ¢, > 0:

o - 1 « —Q « —Q
q = [(1 — a) : a] wi (p)' ™ = cawp (p")! (128)
We now turn to solving the firm’s stochastic choice problem. From the above, firm dollar
profits are given by:
1= G
Tt — Xte Hin € — e—.fﬁit (129)
it
Recall that this is paid out as a dividend at period ¢t + 1, dj;.1 = 7. Note moreover in
equilibrium by market clearing that A, = 0 and S;; = 1 for all ¢ € [0,1] and ¢ € N. Thus,

Ci1 = f[o,l] diprq di = f[0,1] mi di. The firm’s risk-adjusted profit is then given by:
Il = Cmi (130)

where the firm takes C;,; as given.
As in the main text, we define the optimal production level z*(z;) which solves:

¥ (zy) = arg max I(z; zi) (131)
xre

and II(z;) as the maximized objective. Now let IL,,(z;) denote the second derivative of the
profits function in z, evaluated at x*:

0211
M (2i) i = =—= 132
(z:t) 0x2 | .0, .. (132)
z*(2it);2it
The approximate objective of the intermediate goods firm is:
~ _ 1
(25 z5) := H(zi) + =Tlae(2i) (x — 2% (23))? (133)

2

Under this approximate objective, it follows by a slight algebraic variation of the arguments
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in Proposition 1 that optimal choices follow:

A;
xig~N|ahy, —
! < ! |Hazx,zt|)
. I 134
xit = (1 — g) thitqt ( )
|Hmc,it’ — (6 o 1)7666710;i:}:’lX;16iftl*qu+6

These expressions mirror those in the main model, with C;})} replacing X, " as the marginal
utility and ¢; replacing w; as the marginal cost.

Finding Materials Prices and Wages. Materials producers maximize their profits,
pMOM LM — w, LM, Thus, in equilibrium, it follows that pM = &%wt. The worker’s la-

bor supply condition is w; = Lf. Moreover, we know that aggregate labor is equal to the
sum of labor used to produce intermediates and materials:

1
[0,1] [0,1] 0:" Jio
where the second equality follows by market clearing for intermediates as f[o 1 mydi = My =

OMLM. We next substitute our expression of materials demand as a function of labor demand
for intermediate goods firms to simplify the labor supply condition further:

1 1 1-
L = / Ladi+ — [ mudi = / Lidi + — o L di
0,1] i Joa 0,1] 0:;" Jouy o pi

1 1—aw ) / | / ,
=14 = — L;di=— L;ds
( oM o pM [0,1] ' & Jo,1] '

where the final equality follows from the fact that the material input is priced at marginal
cost. We now write this in terms of prices and output choices by substituting in, from the

l1—a
. . .. . 11—« M
intermediate goods firm’s cost-minimization, L; = 0—2 (ﬁ) (%) ;. Thus:
1

1 -« M\ 11—« ;
Li=- (-2 Be / it i (137)
a\l—-a«a Wy 0] Oit

We can then use our earlier characterization of the solution to the intermediate goods pro-
ducers’ stochastic choice problem to compute:

Tit .. Tit Tit 1
—di=E|—|=E|E|—0s|| =E | —x]
/[0,1] Oz {Qz‘t} { [9#| tH {Qz‘t t}
1 1 ‘ —epe 1 ‘ —ene—
= E |:9—1t (1 — E) tht 91t:| = (1 — g) tht Ht 1

(136)

(138)
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1
where we use the definition 8 = (E@i [0t 6]) <=1, By combining the previous two equations,
we derive that total labor demand is given by:

1 o 11—« pM l1-«a 16
Ly =— o 1— =) Xuq 0! 139
) e

Substituting this into the workers’ intratemporal Euler equation, and using Equation 128 to
write the marginal cost in terms of materials prices and wages, we obtain:

1 1 1-a 1 l1-a 1 € M\ 1—a\ —
wy = — a — 1——) 6 e X, | w P
a\l—a«a 0, € wy
, (140)
L/ a 7% e N ey e
_a<1_a> (et ) 1—2 Qt Ca tht
Moreover, we can write the marginal cost for the firm as
@ = cawf (p)' " = G X} (141)
where we define coefficient y = ﬁ and intercept
1 1 1™ (e—1) ppr—(1—a)(1—x(e—1))
qo=c D (1-2) 0, (142)

Marginal costs, holding fixed productivity, increase in output due to upward-sloping labor
supply or convex disutility of effort. The intercept of this “cost rule” varies as a function of
productivity in the intermediate-goods and materials sectors. Observe that Equation 141 is
the “fully Neoclassical” analog to our wage rule Equation 3; indeed, when o = 1 or there is
no materials factor, it reduces to a wage rule

where w; = ¢|a=1. This verifies our claim in the main text that a wage rule (albeit with
an exogenously productivity-dependent slope) can be micro-founded in the simple model.
However, in a model with materials or o < 1, we obtain exactly the wage rule studied in
the main text (but for firms’ marginal costs, which are the relevant object to which wages
correspond in our baseline model) if 6™ = Htﬁ where 3 = % > (0, thereby canceling
out the direct effect of productivity on the intercept of the marginal-cost rule.

Finding Equilibrium Output. We have characterized all endogenous objects in period
t in terms of output X; and capitalists’ consumption Cy;1. It remains only to characterize
these variables.

To this end, we approximate as we have throughout:

X = < /O Lt ()t dz’)eel - % 01 (X(j;i_ —(zziil di (144)
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where the mean and variance are taken over the realizations of 8;;, conditional on the aggre-
gate state ;. Substituting in Equation 134, this provides one equation in terms of (X, Cyy1).
Consider first the computation of X;. Observe that we can write:

zh = 6, X, b5, (145)
where: N
b — (1——) o (146)
€

Substituting this into the expression for X;, we obtain:

e—1

X: _ <5t > ;Z (I—Xe)egfl): _ 6tXt17X€9§ (147)

Now consider the computation of the dispersion term. See that we can write:

. [ (i = ()"
()7 (=)'

=

E [x*(zit)flféE[(ﬂiit — x*(zit))Qyzit]]

(148)
1 1 )\
= (X)<E [2%(24) 1 "¢ }
(X0 [o ()
To simplify this, observe that we can write:
1 B e )
‘H 't| = Ct 1C;Y+1th X 4»1)91'115+ (149>
where:
G=(e—1)"€c"g™ (150)
SO we may express:
T — 2(2))? 1 1L (D) (1=x€) y1—ey “xl(e .
’ L)c(*)t—l(x*(z»))”l] B T e A PP
=G 10, Ol X0,
Putting all of the above together we have that:
vene A gl _
X, = 6, X} X0 — 3G 16,10 XN, (152)

The final equation we require comes from equating capitalists’ consumption with the
previous period’s profits, which is implied by market clearing in the securities market and
the fact that workers are hand-to-mouth. Thus:

Ct+1 = / Tt ds (153)
[0,1]
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Using our running approximation:

* 1 *
T = mu(xh,) + §7rm,u($it — x5)? (154)

we obtain:

Ct+1 = / ’/Titdl =K |:E [mt( ) + 277_1;33 n(l' )($zt it)Q ‘ ajit:| ‘ (5,5,9,5}
[0,1]

1 A A
=E [E |:7th( i) T 27Tm it(x ft)—“—[ | | ﬁt} | 5ta9t:| = E[mit(x3;) | 0, 0] — 5@11 (155)
xx,it

(e A
= (e~ D7 lgad; X = Do,

We can therefore solve for X; as a function of Cy ;:

Cop1 + 307, VTP
X, = 156
' ((E - 1) qltfstetE ! ( )

Plugging this into the scalar fixed point equation for output then boils down the equilibrium
of the model to a scalar fixed-point equation for the consumption of capitalists:

Ct+1 + %C;i—l X C’1t+1 + Ot—l—l e
— 1 - 515 1 0;
(€ —1)~1q0,0; (e = 1)~1qo:0;~

. (157)
_ _C 1510 Cr1 + %C;Y-&-l ey 0,
t t t+1 (E . 1)_1@&5159;71
We can further re-arrange this equation to obtain:
77 Cir1 +3C) e A
g_i ((6 1)—1; 51}171 =(e—=1)Cr1+ (e —2)5 Ct—l—l (158)
- 10:0;

and then we can again manipulate it to obtain:

) 5 Ot+1 € qt

To establish existence of equilibrium, all we require is that the above equation has a
solution. We will focus on when there exists an equilibrium with positive output, when it
is unique, and when it is monotone. In what follows, we assume that 6, € [0,0] C R, and
oM = 0™ (0,) for some positive, continuously differentiable and increasing function. We have
that:

Proposition 5. Suppose v > 1 and € > 2. There exists a unique equilibrium with positive

19



output. Moreover, equilibrium output and capitalist consumption are strictly increasing in
aggregate productivity 6.

Proof. We observe from the facts that v > 1 and € > 2 that the first term on the left-hand
side of Equation 159 is strictly positive and strictly increasing, and the second term is also
strictly positive and increasing. Moreover, as Cy,; — 0, the left-hand side converges to zero
and, as Cy.1 — oo, the left-hand side converges to infinity. Hence, as the right-hand side is
strictly positive, there exists a unique solution with Cy,; > 0 to Equation 159. Moreover, the
solution is monotone so long as the right-hand side is monotone, which is the case whenever
0,/q; is monotone. Moreover, this ratio satisfies:

0 —x(e— —a)(1—x(e—
Tt x etl x( l)etlu(l )(1—x(e—1)) (160)
qt

This is strictly increasing whenever 1 — x(e — 1) > 0. Moreover, we have that:

Ple—1) 149

l—x(e—1)=1— = >
x(e—1) 1T 1iel

0 (161)

It follows immediately that equilibrium output is also strictly increasing in 6. O]

B.3 Attention and Misoptimization Cycles in the Extended Model

Having shown that equilibrium output is monotone and increasing in the extended model, we
now provide conditions under which the analog of Proposition 3 that establishes monotonicity
of attention and mistakes holds in this setting:

Proposition 6. Suppose v > 1 and € > 2. In the unique equilibrium, aggregate misopti-
mization m(0) is strictly increasing in 0. Moreover, if E[log 0;|0] — log 0 is increasing, then
aggregate attention is strictly decreasing in 0.3

Proof. We have that:

m(f) =E

E%lq*(zi)2*(2:)|0

¢ (zi)" () (951 - 1’*(%))2 |9]

]
B (Zi)lx*(zi)IH] [ x*
s | -

&=

i)]E[(xi — 2 (z))? m,we} (162)

p
1
[q* (zi)z* (2:)]0]

We now use the fact that |m,,(z)| = S Z(é))

- , which allows us to write:

B 1 N
B (zi)a* (2)10) (e — 1)

32This is true if firm productivity is proportional to aggregate productivity, i.e., 0; = k;0 for r; > 0.

m(6) (163)
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We also have that 7} (z;) = £¢*(z;)z*(z;). Under the quadratic approximation for profits, we
have that:

Elmi(zi)]2i, Ai] = 77 (z) + §7rm(zz) o (20) = c — ECV (164)

As capitalist consumption equals past profits, we have that:

C— Ee[q*(zi)ex*(zi)le] a %C” (165)

It follows that:
€ \C (¢9)'Y’1

e—11+3COH)!
As C is a strictly increasing function and v > 1, it follows that aggregate misoptimization

is strictly increasing in 6.
We now turn to attention and we recall that a(6) = —3E[); log(2meo?)|6], where of =

m(0) =

(166)

1+e
E[(z; — x})?|2i, \;]. Moreover, up to constants, we have that o? oc C7X (%) . Hence, we
have that:

a() = cons. — % [vlog C(0) + log X (0) — (e + 1) log q(0) + (e + 1)E[log 0;|6]] (167)

As C and X are strictly increasing, it suffices to show that E[log 6;|0] —log ¢(#) is increasing.
From the second-order approximation for output, we have that:
X m(6)

=1- 168
X* 2¢ (168)

Moreover, by aggregating firms’ optimal outputs, we have that:

X = (1 _ %)X (g) (169)

Combining these equations, we have that:

g0) e—1 (1 - m(@)1 (170)

0 €

As m(0) is strictly increasing and m(f) < 25 < 2¢ (as € > 2), ¢(0)/0 is strictly decreasing.
Now we write:

E[log 6;10] — log q(0) = Ellog 6;|0] — log 6§ — log (@) (171)

The conclusion then follows immediately from the assumption that E[log6;|0] — logé is
increasing. O
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B.4 Macroeconomic Dynamics in the Extended Model

We can moreover derive an analogous representation of the impact of inattention on macroe-
conomic dynamics through an attention wedge that depresses output relative to the fully-
attentive benchmark. Formally:

Proposition 7. Output can be written in the following way:

1 ~
log X (log 0, \) = ; log 6 + log W (log 6, \) (172)

where 0 = 05¢ and log W (log6,0) =0 for all 0 € O.

Proof. The representation follows immediately by Equation 156. That the wedge is 0 when
A = 0 follows immediately from the same equations. O

This formula differs from Proposition 4 only in so far as 6 is replaced by 6 which captures
the effect of the inclusion of other factors of production and the endogenous labor supply
of agents. Note that this result does not establish any properties of the wedge in this
case, as the fixed point equation is challenging to manipulate. The nature of the wedge is
then a quantitative question. Similarly to the main text, a concave attention wedge implies
higher shock responsiveness in low states (so long as materials productivity moves log-linearly
with aggregate productivity), greater responsiveness to negative than positive shocks, and
volatility of output that is greater in low states.

B.5 Interpretation of the Stock Return Regressions

In Section 5.3, we showed that mistakes of the same size by firms lead to more adverse
impacts on stock returns when the aggregate stock market return is low. We interpreted
this as direct evidence in favor of our mechanism that risk-pricing is a key determinant of
attention cycles. The simple model of Section 2 is too stylized to formally map to this
regression. However, in the extended model developed in this section, we can motivate the
regression we run from the theory and show how the estimated regression coefficients map
to the risk-pricing channel in the theory.

First, from the Euler equation of capitalists, the equilibrium price of firm 7 at time ¢, Py,
solves:

U (Cy) Py = BBt (Cogr) (Preg1 + diggr)] (173)

where d;; 1 = m;. Thus we may write:

W (1) Py = B (m)mie + Boud () Ee[Pigi1] (174)

where m, = f[o i di. Tt follows that:

u' () u'(m;) ,
= e w'(m tfl)ﬂ—lt—i_ﬁ w (m_q )Et[PZtH] (175)
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A mistake m;; =z — 2, leads to profits (under our quadratic approximation) of:

i = T (x],) + §7Tmc,itm?t (176)

Thus, the firm’s stock price follows:

u'(me) 1 2 u'(m)
Py = Bo——— | mut(w3) + = Towiem; — =[P 1
¢ ﬂCU’(m_l) <7Tt(x2t) + 277 it Mt +/Bcu’(7rt_1) ¢[Pit+1] (177)
Thus: op . ) op )
it U\ it u' (7
am?t 2BCUI(7Tt—1)|ﬂ-$zﬂt| 877'2‘,5 CU,/(ﬂ't_l) ( 78)

To simplify this further, observe that an equally weighted portfolio of all intermediate goods
firms must satisfy the Euler equation, where P; is the price of this portfolio (the stock
market):
W(C) Py = Ey[Bot! (Cran ) (g1 + 7)) (179)
Or:
u'(my) P, 1

= T — 180
CU/(ﬂ't_l) ]Et[Pt+1] + Ty Rt ( )

which is the inverse expected aggregate return on equity between period ¢ and period ¢ + 1,
R;. Therefore:

Proposition 8. The equilibrium effect of mistakes on stock prices is given by:

oP, 1

m = —2—Rt‘7Tm,z‘t|

(181)

If a mistake is measured in terms of its impact in profit units, then one obtains the expression:

0P 1
= — 182
Oy Ry ( )

Proof. Given in the text above. m

When equity returns are high, mistakes should (all else equal) have a lower price impact.
Mapping this slightly more formally to our exact regression analysis: when we instrument
for profits with mistakes, we should obtain a negative and significant coefficient on the
interaction between profits and the aggregate stock market return, which we use as our
empirical proxy for the expected aggregate return on equity. This is exactly what we find.
The OLS regressions of returns on mistakes retain a similar structure but are intermediated
by the curvature of dollar profits across firms. These regression models therefore provide
a less sharp test of the risk-pricing channel, although empirically they produce entirely
consistent results.
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C Alternative Specifications of Stochastic Choice

In this section, we extend our basic class of cost functions to allow for persistent mistakes as
in the empirical analysis. In particular, we motivate the AR(1) structure of mistakes that
we uncovered in the data but abstracted from in the simple model. Further, we show how
the core logic of attention cycles carries over to settings with optimal signal processing under
mutual information costs.

C.1 Persistent Mistakes

The basic model we have developed, however, places no restrictions on the auto-correlation
of mistakes across time within a firm. In this section, we introduce a more general class of
cost functionals that allows us to place restrictions on the within-firm correlation of mistakes
across time and, in particular, to motivate the AR(1) formulation of mistakes that we use
in the empirical analysis.

We have so far considered state-separable cost functions ¢ : P x Z — R of the form:

(i) = / /X b(p(a]2)) dz f(zlz1) dz (183)

for some convex ¢ that we take to be ¢(y) = ylogy. To allow for persistent mistakes we
now allow the cost functional to depend on the previous period’s mistake v;_; and today’s
optimal action ¢ : P x Z xR — R:

e(p; 211, vp1) = /@ /X S(p(x]2): ver, 2t ) dz f(2]2 1) dz (184)

for ¢ convex in its first argument. In this formulation, the full non-parametric distribution
of mistakes now depends on the previous period’s mistake and today’s optimal action.
To derive the Gaussian AR(1) formulation of mistakes, we now suppose that:

O(y;m, o, x) = Aylogy + wy((x — 2) —m)? (185)
Concretely, this leads to the following cost functional:

C(p;ztlavtl):/e [)\/Xp(xlz)logp(w\@)dm (186)

+w/){((:v—x*(z))—vt1)2p(x\z) dz | f(z|z—1) dz

which penalizes sharply peaked distributions and those where average mistakes differ greatly
from the previous period’s mistake. We moreover suppose that firm risk-adjusted profits are
of their quadratic form:

(2, 2) :=T1(2) + = (2)(z — 2°(2))? (187)



and we suppose that firms solve the one-period problem:

max /e/x (z,2) p(x | 2)de f(2)z-1) dz — ¢ (p; 2e—1, vi—1) (188)

peP

Solving this problem yields the AR(1) structure for mistakes, with Gaussian innovations.

Proposition 9. The optimal stochastic choice pattern is given by r = x*(z) + v, where

anduwN(O A

v =pu_1 +u and p = p(2) G ) -

— w
5 Mea (2) 4w

Proof. We will denote z*(z) by 7, 3|IL.(2)| by 3, and v,—1 by m to simplify notation. We
observe that the FOC characterizing optimal stochastic choice is given by:

—Ble =) = A[L +logp(e|2)] —w(x —y —m)? + p(z) + A(w,2) =0 (189)

where (z) is the Lagrange multiplier on the constraint that p(z|z) integrates to unity and
k(z, z) is the Lagrange multiplier on the non-negativity constraint that p(z|z) > 0. We can
then observe that this has the solution:

T

Jx eXp(—B(:c’ - ﬁ)z) da’ (190)

p(z|z) =

where 3 = B% and ¥ = v+ ﬁi—wvt_l. It follows that:

ﬂz~N< “ A ) (191)

T Er LT Bt w)

Putting this in more explicit terms, and substituting for v and 3, we obtain the desired
representation. O

C.2 Rational Inattention

We now extend our results to the case of mutual information cost. As in the previous
subsection, for notational simplicity, we describe this alternative model under the assumption
that there is a common, scalar state variable 6, which represents each firm’s productivity.

We first introduce the class of posterior-separable cost functionals. Denti (2020) provides
this formulation as a representation theorem in stochastic choice space of the usual posterior-
based definition of Caplin and Dean (2013):

Definition 3 (Posterior-Separable Cost Functionals). A cost functional ¢ has a posterior-
separable representation if and only if there exists a convex and continuous ¢ such that:

(p) = /X H({p(z]0) }oco) dz (192)
where:
o o ({pe0)n)
{19 Yoco) = pl(a)o ({—}9@) (193)

p(x)
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whenever p(z) > 0 and ¢ = 0 otherwise.

Intuitively, such a cost functional considers the cost to the agent of arriving at any given
posterior and adds that up over the distribution of posteriors that are realized. Important
cost functionals such as the mutual information cost functional considered in the literature
on rational inattention are members of this class. Indeed, mutual information is the special
case of the above where ¢ returns the relative entropy with respect to the prior.

The mathematical structure of posterior-separable cost functionals does not admit the
same prior-independence property as state-separable cost functionals. As a result, we will
not be able to carry all of our results over to this setting. Nevertheless, as we will argue, the
key qualitative forces apply.

In the setting with state-separable choice in the single-agent context, we showed that
greater curvature of payoffs leads to more precise actions (Proposition 1). With posterior-
separable choice, the above result does not hold in general. This is because the prior also
influences the states in which the agent would like to learn precisely. In particular, even if
a state features high curvature, if it is unlikely to arise, the agent may not care to acquire
precise information in that state.

A particular case where this complication can be bypassed is when costs are given by
mutual information and all actions are exchangeable in the prior in the sense that all actions
are ex ante equally attractive (Matéjka and McKay, 2015). This may be a natural case to
consider if the firm is particularly uncertain, and therefore cannot distinguish ex ante be-
tween actions before they begin processing information. This yields a particularly revealing
structure to the optimal policy: the agent’s actions in state € are given by a normal distri-
bution centered on the objective optimum and with variance inversely proportional to the
curvature of their objective in that state — a normal mixture model.

Proposition 10. Suppose that u(z,0) = a(0) — B(0)(x — v(0))?* with 3(#) > 0 and costs
are posterior separable with relative entropy kernel A¢(-) for some X > 0. If all actions
are exchangeable in the prior, then in the limit as the support of the action set expands to
infinity, T — oo for T = —x = I, an optimal stochastic choice rule converges in distribution
33
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Proof. We first show that mutual information can be written in the claimed stochastic choice
form. These arguments follow closely Matéjka and McKay (2015) and Denti (2020). The
agent can design an arbitrary signal space S and choose a joint distribution between signals
and states g € A(S x ©). As in Sims (2003), the mutual information is the reduction in
entropy from having access to this signal relative to the prior:

B g(s,0)
_ /S/eg(s,e) log< IR d9> d6 ds (196)

33Formally, all actions are exchangeable in the prior at action support end-point & > 0 if:

/ S U Gk 1O) o S 7 RS (194)
Jx

exp{—=B(0)A~1 (T — 7(0))?}d 22
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We now argue that it is without loss to consider a choice over stochastic choice rules
p: © — A(X). Suppose z is an optimal action conditional on receiving any s € S,.
Suppose that there exist S, S C S, of positive measure such that g(f]s;) # g(6|ss) for
all s; € S! s, € S2. Now generate a new signal structure ¢’ such that 5 € S! U S? is sent
whenever any s € S! U S? was sent under g. Clearly, = is optimal conditional on receiving
5. Thus, expected payoffs under ¢’ are the same as those under g. Moreover, ¢’ is simply
a garbling of ¢ in the sense of Blackwell. Thus I(¢') < I(g) for the mutual information
I. Thus, there must be at most one posterior (realized with positive density) associated
with each action. As g(s,0) = g(s]|0)m(0), the choice of g(s,0) € A(S x ©) is a choice over
g(-]-) : © = A(S). Moreover, there is a unique posterior p(f|s) associated with each (non-
dominated) action which is determined exactly by ¢g(-|). Hence, the agent directly chooses
a mapping p(-|-) : © = A(X). The agent’s problem can then be directly re-written in the

claimed stochastic choice form for some c¢;:

pPeP

max// w(, 0) AP(x]0) dr(0) — Aey(P) (197)

Moreover, separating terms, one achieves the following representation of ¢;:

:/@/Xp(:l?W)lng(x\@) dxdw(&)—/}{p(x) log p(z) dz (198)

where:

plz) = / p(z]6) dn(6) (199)

The stochastic choice problem can now be expressed by the Lagrangian: (k(z,#) are multi-
pliers on the non-negativity constraints and 4(6) are the multipliers on the constraints that
all action distributions integrate to unity)

L({p(2]0), 5(2,0) }acxsco. (7(6) }oco) = / / u(x, 6)p(x]6) dz dr(6)
—/\< / p(z)logp(x dx+// ) logp(x|0)dxd7r(0)> (200)

// (z,0)p(z]0) dz dr (0) + /(9)<Lp(x|e)dm—1>dw(e)

Any time that p(z|f) > 0, taking the FOC pointwise with respect to p(z|¢) and rearranging
we have that: A/
p(a]9) = ) expluz, 0)/A} (201)
[y p(&) exp{u(z,0)/ A} di
Moreover, we can plug the above back into the general problem and take the FOC. Re-
arranging we have that for all x such that p(z) > 0:

[, o sty ) = 2
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Up to now we have applied standard techniques from Matéjka and McKay (2015) for any

fixed prior m and support X = [—2, Z]. We now use our utility function and exchangeability
assumption to derive our result. In particular, we take the utility function as:
u(z,0) = a(f) — B(0)(x —v(0))* (203)

and assume exchangeability in the prior such that all actions are ex ante equally attractive
in the limit:

RSO Oy
/erXp{ o E ot =g Veel-ddl i e Ry (204)

Under this condition, the unconditional action distribution has density pz(z) = 5= on
[—2,Z]. The conditional action distribution then becomes:
el — A=A e = 5(0)?) -
Ty exp{—BON 1z — (0))} di
The denominator of this expression can be computed:
VEAEED) 1 (2o
/ exp{—B(O)A\"!(xz —v(0))?} dz :/ =P { 5 = dz
o SRV BEIQ)
2
/ / 1 [x-— ’y(@)) (206)
exp{ —— dz
"250 \V 2”2/3(9 ? ( B
— QWW as T — o0
It follows that, in that & — oo limit:
2
1 1 [ x—~(0
p(z|0) — —exp | 5 % (207)
5(6) 26(6)

Thus, x|0 is a Gaussian random variable with mean () and variance O

26( )’

This result extends the known results on Gaussian optimality of stochastic choice with
mutual information (Sims, 2003) to a domain with a stochastic weight on the deviation from
optimality. For our purposes, the novel and interesting feature is that the variance of the
action distribution in any given state is inversely proportional to curvature. It follows that
if all actions are exchangeable in the prior when:

7(0) = 2" (X(6),6)
1 (208)
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where X (0) is the unique equilibrium level of aggregate production, then the model with
mutual information is exactly equivalent to the model with entropic state-separable cost that
we studied.?® All results from Section 3 then carry over directly.

D Measuring Productivity and Misoptimization

This appendix describes in full detail our data construction and empirical methodologies for
our firm-level analysis of misoptimization.

D.1 Sample Selection and Data Construction

We use data from Compustat Annual Fundamentals. We define production, in value terms,
as reported sales. Employment in Compustat is reported as the number of employees. To
calculate a wage bill, we multiply this by the average industry wage calculated from the
Census Bureau’s County Business Patterns dataset in the same year, as the sector’s total
national wage bill divided by the number of employees. From 1998 onward, we use the 2-
or 3-digit NAICS classification that is consistent with our main analysis. Prior to 1998,
and the introduction of NAICS codes in the CBP data, we use 2-digit SIC industries. For
materials expenditure, we measure the sum of reported variable costs (cogs) and sales and
administrative expense (xsga) net of depreciation (dp) and the aforementioned wage bill.
To measure the capital stock, we use a perpetual inventory method as in Ottonello and
Winberry (2020) starting with the first reported observation of gross value of plant, property,
and equipment and adding net investment or the differences in net value of plant, property,
and equipment.*’

We restrict the sample to firms based in the United States, reporting statistics in US
Dollars, and present in the “Industrial” dataset. Within this sample, we apply the following
additional filters:

1. Sales, material expenditures, and capital stock are strictly positive;

2. Employees exceed 10;

3. 2-digit NAICS is not 52 (Finance and Insurance) or 22 (Utilities);

4. Acquisitions as a proportion of assets (aqc over at) do not exceed 0.05.

The first two ensure that all companies meaningfully report all variables of interest for
our production function estimation; the second applies a stricter cut-off to eliminate firms
that are very small and lead to outlier estimates of productivity and choices. The third
filter eliminates firms in two industries that, respectively, may have highly non-standard
production technology and non-standard market structure. The fourth is a simple screening
device for large acquisitions which may spuriously show up as large innovations in firm
choices and/or productivity. We finally restrict attention to firms operating on a fiscal
calendar that ends in December, for more straightforward calculations of aggregate time

34We observe that this mapping is approximate, as 2* > 0, while this appendix has allowed for v < 0. In
practice, this occurs with low probability.

35Because of our later usage of fixed effects and lack of direct calculations using capital “expenditures”
evaluated at an imputed rental rate, it is inessential to deflate the value of the capital stock.
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trends. We categorize the data into 44 sectors. These are defined at the 2-digit NAICS level,
except for the Manufacturing (31-33) and Information (51) sectors, which we classify at the
3-digit level to achieve better balance of sector size.

D.2 Production Function and Productivity Estimation

Our primary method for estimating production functions, and thereby recovering total factor
productivity, is a cost share approach. In brief, we use cost shares for materials and labor to
back out production elasticities, and treat the elasticity of capital as the implied “residual”
given an assumed markup p > 1 (in our baseline, y = 4/3) and constant returns to scale. We
validate, in subsection D.3 of this Appendix and in particular Lemma 3, that this method
is consistent in sample up to an essentially negligible correction term, due to the underlying
logic that input choices are “right on average” even in the presence of mistakes. The exact
procedure is the following:

1. For all firms in industry j, calculate the estimated materials and labor shares:

> ijtiy=y 2 MaterialExpenditure;,

Sharey j» =
j D iviti)=g 2 Salesy (200)
D ijiy=g 2t WageBill,
ShareL’j/ = -
D i)y 2ot Salesy
2. If Sharey j» + Sharey < ', then set
OéM’j/ = Wu- ShareM,j/, OéL’j/ =W ShareL’j/, OéK,j/ =1- OéMJ/ — aL,j’ (210)

3. Otherwise, adjust shares to match the assumed returns to scale, or set

Shareyy j: Sharey, ;
Qar,j!

OZMJ‘/ = s OZKJ‘/ =0 (211)

Shareys j» + Sharey, ;' " Sharey s + Sharer

To translate our production function estimates into productivity, we first calculate a
“Sales Solow Residual” 6;; of the following form:

~ 1
log 0;; = log Sales;; — ; (&M,j(i) -log MatExp;; + az ;i) - log Emply, + ag ;i) - log CapStockit)
(212)

Because these variables are not in quantity units, we define our final estimate of TFP as
the residual of the previous from industry-by-time fixed effects. This procedure, under our
presumed model of industry-level variation in factor prices, identifies (log) TEFP rescaled by
p~ L. The rescaling is immaterial for our analysis.

As a robustness check, we also calculate TFP using the method of Olley and Pakes (1996),
applied separately to estimate the production function of each industry.*® The methodology

36In particular, we use the implementation by Yasar et al. (2008) of the opreg package in Stata. We use
log investment as the proxy variable and year dummies as additional controls. We throw out estimates that
imply capital elasticities that are negative or greater than 1, but do not otherwise enforce any returns to
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of Olley and Pakes (1996) aims, in particular, to correct the bias in standard least-squares
estimates that understates the output elasticity to capital. We are reassured by these es-
timates’ “upstream” and “downstream” similarity to our baseline estimates. To the first
point, Table A6 shows the results from regressing the two TFP measures on one another in
a common sample, including various levels of fixed effects. In each case, the slope is close to
one. To the second point, Panel G of Figure 3 shows that Fact 2 is quantitatively and qual-
itatively very similar under a measure of Misoptimization Dispersion built from the Olley
and Pakes (1996) estimates, compared to our baseline with cost-share TFP (Panel A).

D.3 Theory to Data: Micro-foundations

In this subsection, we outline the mapping from our model to our production function esti-
mation via cost shares and our log-linear estimating equations.

Firms face a CES demand curve, or logq; = v — %(log xy — log Xy) for some elas-
ticity € > 1 and aggregate output X,.*” Finally, firms face sector-specific input prices
(€j(),L.t> Qi) Mt> U5y, k) for the three inputs, respectively.

We model firm (mis-) optimization in the following way that is uniform across inputs.
Conditional on any chosen level of production, firms cost minimize over their input bundle
conditional on observed input prices. Let ¢; 7, denote the associated “Total” input cost
per unit of produced output, and z*(gy, X) denote the unconditionally profit-maximizing
level of production. Firms choose a production level which differs from this level by a
misoptimization Mmy;:

log z;s = log ™ (qi 14, X¢) + M (213)

And the dynamics of the misoptimization are described by an AR(1) process in which inno-
vations u;; are mean zero with variance th: Mip = PMp—1 + <\/1 — p2> Uit

First, we characterize the firm’s optimal production level z* as a function of total input
price (which itself will depend on productivity) and aggregate demand:

Lemma 1 (Optimal Output Choice). The firm’s optimal output choice is

1
log (0, qr, X)) = elog (1 — —) + evy; +log X — elog gr (214)
€
Proof. Immediate from the first-order conditions of the program

x*(0,qr, X) = arg max {x <e’”x_%X% — qT>} (215)

x

We next characterize the optimal choice of each input with positive input share:

scale normalization.
37Tt is straightforward, and consistent with our modeling approach, also to allow substitution within more
narrowly defined industries.
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Lemma 2 (Input Choice). For any input Z € {L, M, K},

log Ziy = 1; + Xj(i),z¢ + (€ — 1) log 0 + my; (216)
where )
n; = €y; + €log (1 - —) (217)
€
and

Xiii).ze = log az iy — 10g ),z + log Xy + (1 — €) Z az,j(i)(10g ¢j(i),z4 — log az i) (218)
Z

Proof. In the cost minimization step, for any planned output choice @), the firm solves

: OL,j(@) g g¥M,j(0) - YK,5 (i)
L min g Qi) 2,4 Lit s.b. 0Ly, M,V KL Y > Q) (219)
ity it s fhat ZG{L’M,K}

Standard first-order methods yield the solution, for each input,

log Z;; = log q; 1y +1og Q +log az iy — log g;), 2+ (220)

where the price index g; r¢, which is also the Lagrange multiplier on the constraint, is
log qir: = Z az,j(i)(10g ¢j(i),z: — 1og az juy) — log O (221)
z

The desired expression comes from substituting Equations 213 and 214 into the above. [J

This calculation validates our log-linear regression model in Equation 24. It also has the
same loading on the misoptimization m; and log productivity log 6;; for all inputs Z. Thus,
all separate inputs, as well as total production in physical units, inherit the “optimal choice
plus error” structure.

We finally describe and validate our method for recovering production function parame-
ters from a cost shares approach. The following result shows how cost shares are recovered
at the firm level, if all data were observed without noise:

Lemma 3 (Production Function Estimation). For any input Z € {L, M, K} and firm i,

1\ 7 Gz Zi i
iy = (1 _ _> @227 (_TZt) (229)

€ QitTit

Proof. This can be calculated directly using the results of Lemmas 1 and 2. We work
backwards starting from the result and substitute input demand from Equation 220 and
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calculate.

-1
i (i Z; i
) qi(:),2z,t4it exp (_m t)
qitTit €

)_1 exp (108" ¢t + log zy + log aZ,j(i)) exp (_mit>
exp (log i + log z4)

Q
<
)
bt
N
I
7 N
—_
|
A= |

(223)

:(1_

1\ m;
= (1 — E) exp <10g ¢im¢ — log gy + log Az — 6t>

€

where the third line cancels out x;; in the fraction. We take the demand curve logq;; =
Vi — %(log x;; — log X;) and observe that, using the expression for the unconstrained optimal
output in Equation 214 and the fact that logz;; = log x}, + my:

1 1 1
log g = i + - log X — - (6 log (1 — Z) + ey + log Xy — elog q; e + mit)

224
- (224)

1
= — log (1 — E) + lOg 4Tt —

We then substitute the above back into Equation 223 to get

1 -1 1 my; my;
Qj(i),z = (1 - Z> exp <log qi, Tt — (— log (1 - E) + log i — Tt) + log aj(i),z — et)

1 -t 1 my; m;
= (1 - Z> exp <(logqi,T,t —log i) + log (1 — E) +log a7 + ( Et B t)>

€

= Q(i),z (225)
225
as desired. ]

In words, this result says that the ratio of expenditures on input Z to total sales, mul-
tiplied by the markup and a correction factor related to the mistake, equals the production
elasticity. In principle, we could simultaneously estimate the production function and the
statistical properties of mistakes to correct for the fact that the term exp (—%) is not one
on average. In practice, our mistakes are zero mean by construction and have a variance of
about 0.08 in sample, so this correction is quantitatively negligible.

We finally show, in the theory, how the calculation of Equation 212, net of fixed effects,
recovers a re-scaling of TFP. In this subsection’s language, that calculation is

_ 1
log 0;; = log ;1 + log qir — " (Z oz (108 i),z + log Zit)) (226)
Z

Substituting in the demand curve log ¢; = v; — %(log zy — log X3)
logf; = (1 L 1 + 7+ L log X ! E (1 + log Z) (227)
0g by = — — | logx; i+ —1o —— az.ii(log g og Z;
g Uit c gLt T 7 E g At Z,5(1)\108 Gj(:),Z,t g Lit
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We next observe that p=1/(1— %) and that log#;; = log x;; — (ZZ @z ;@) log Zit). Thus,

~ 1 1 1
lOg Hit = ; lOg «9“ + i —+ E lOg Xt — ; (Z aZ,j(i) lOg Qj(i),Z,t) (228)
Z
Grouping terms into fixed effects, we obtain:
~ 1
IOg Hit = p log ‘9it =+ Tj(i),t + Yi (229)

where 7, = %log X, — %L (ZZ az i) log Qj(i),Z,t) is the industry-by-time fixed effect cap-
turing aggregate demand and factor prices, and ~; is the firm fixed effect from the demand
curve. Thus, net of fixed effects, we recover ilog ;.

E Dispersion in TFPR and Value Marginal Products

In this Appendix, we theoretically and empirically study the behavior of revenue-TFP
(TFPR) dispersion in our analysis. This analysis builds a bridge between our findings
and those of Kehrig (2015), who shows that cross-firm variance in revenue total-factor-
productivity, or the product of prices and physical productivity, is counter-cyclical for the
US durable manufacturing sector between 1972 and 2007.

Definitions and Theoretical Context. In our model, with a three-input production
function, log physical TFP is defined as

log 0;x = log xs — (aj(ay,mr log Miy + iy, i log Ky + avjs), . 1og Lit) (230)

where z;; is physical sales, in quantity units; (M, Ky, L;;) are materials, capital, and labor;
and (ovj(i),m, (i), x5 @(i),) are (industry-specific) weights on these inputs, which sum to one.
Prices are defined by the demand curves log p;; = %(log X; —log z;;) and revenue-based TFP
is therefore

log 0% = log 0, + log p;; = log Sales;, — (i), m 1og My 4 ovjs), i log Kt + iy, log L) (231)

where Sales;; = pyx;;. We can calculate exactly what TFPR is in our empirical model
with inattentive firms, introduced in Appendix D.3, by combining this definition with the
input-choice policy functions derived in Lemma 2:

Lemma 4. TFPR in our model is given by

- . 1
log 95 =% + 26 — Emit (232)

where 7; is a constant at the firm level and Z;q, 1s a constant that varies at the industry-
by-time level.

Thus, the only sources of within-industry variation in revenue-based TFP in our model
are the firm fixed effects and misoptimizations. This is another way of stating our theoretical
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result that misoptimizations matter for aggregate output and productivity via their effects
on “misallocation,” as TFPR measures the value marginal product of the (minimal cost)
input bundle. A simple corollary, under our assumption of cost minimization, is that the
value marginal product log 8% = log Sazl—eff, for any of the three inputs, can also be written as
log 67 = Yzi + Zj),z¢ — %mit with now input-specific fixed effects (firm-level and industry-
by-time level).

In our model, therefore, the presence of TFPR dispersion or value-marginal-product
dispersion indicates that there is non-zero misoptimization. The monotonicity of TFPR
or value-marginal-product dispersion over the business cycle, once we project out firm and
industry-by-time fixed effects, therefore provides an alternative test of the model’s prediction
of procyclical misoptimization dispersion.

TFPR Dispersion and VMPL Dispersion. We calculate log TFPR in our data by
first calculating

log éﬁ = log Sales;; — (OéMJ'(i) - log MatExp;; + ag i) - log Emply, + ag ;) - log CapStockZ-t)
(233)
where variable definitions follow the convention of Appendix D. We then remove industry-
by-time fixed effects and firm fixed effects to remove factor prices, as suggested by Lemma 4,

to generate the variable log éﬁ.‘?‘g We also calculate the log value marginal product of labor

(VMPL) by first calculating
log QNZ-Lt = log Sales;; — log L;; (234)

and removing industry-by-time and firm fixed effects to generate the final measure log éZLt

Figure A8 shows the cyclical behavior of TFPR dispersion, the variance of log éﬁ, and
VMPL dispersion, the variance of log éft In line with our earlier results, VMPL disper-
sion is markedly pro-cyclical with respect to both the unemployment rate and the price on
the S&P500. TFPR dispersion has no significant relationship with either unemployment
or the S&P500. Taken together, these exercises suggest that value-marginal-product-based
measures of misallocation give results consistent with our main finding of pro-cyclical misop-
timization.

F Additional Quantitative Results

In this Appendix, we discuss robustness of our numerical findings as well as how the macroe-
conomic implications of attention cycles change under counterfactual scenarios.

F.1 Sensitivity of Main Results

Parameter Choice. To probe robustness to our choice of elasticity of substitution ¢ and
the wage rule slope x, we re-calibrate the model for alternative choices. We summarize these
experiments by considering “high” and “low” deviations for each parameter, holding fixed

38Compare with Equation 212, which resembles Equation 233 but for deflating the input shares by the
markup. This is exactly the within-model adjustment for prices p;;.
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the others at baseline values, and present the proportional difference from the baseline in
three summary statistics introduced in Section 6.2: (i) the relative output effect of negative
and positive shocks, normalized in log# units such that a positive shock increases output
by 3%; (ii) the relative output effect of a “double dip” versus positive shock, holding fixed
the size of the shock to productivity as above; and (iii) the ratio of output-growth volatility
from the 10th to the 90th percentile of the output distribution.

We present our results in Figure A11. Lowering the elasticity of substitution or increasing
the implied average markups can have ambiguous effects because it simultaneously increases
the bite of a fixed level of misoptimization on misallocation, productivity, and output, while
decreasing the bite of the profit-curvature channel toward cyclical attention. We find nu-
merically that increasing markups or decreasing ¢, toward the level implied by De Loecker
et al. (2020), significantly increases the extent of our predicted asymmetries (/= 1.75x), while
decreasing markups or increasing €, toward the level implied by Edmond et al. (2018), de-
creases them. Increasing the slope of the wage rule dampens our predictions, due to its
dampening the economy’s Keynesian-cross feedback. Decreasing the slope increases the bite
of our predictions substantially by amplifying the same general-equilibrium effects.

Classical Labor Markets. For tractability, we assumed a wage rule rather than a micro-
founded labor supply curve. As an alternative, we use the preferences of Greenwood et al.
(1988) which replace Equation 1 with the following:

1=y
Lt+‘1+¢
[e's) <Ct+j _ J

| 1+
U({Crijy Livstjen) =B ) B T
=0

(235)

and remove the wage rule, Equation 3. These preferences generate a labor supply curve
wy = Lf , which closely resembles our reduced-form wage rule, but also takes seriously the
implications for risk-pricing by making marginal utility a function of hours worked. We
calibrate the parameter ¢ in the RBC model to replicate an elasticity of 0.094 between log
real wages and log real output (see Table 4). This is achieved when ¢ = %, where y = 0.094
is the calibration target.®’

Figure A12 shows our results, in the same format as Figure 6 under the baseline model.
We find comparable behavior of the attention wedge and losses from misoptimization and
inattention. For business-cycle asymmetries, results are quantitatively similar to our baseline
calibration. These results demonstrate that classical labor markets do not undermine our
main results in calibrations that are consistent with our calibrated wage rigidity.

F.2 Attention Cycles Under Counterfactual Scenarios

Because the main amplification mechanism in our model, the reallocation of attention, is
endogenous to economic conditions, we can use our framework to study how attention cycles
and all associated macro phenomena would behave under counterfactual conditions.

39To make it easy to compare the RBC and AC models, we fix ¢ in the calibration with inattention, rather
than recalibrate it to achieve the desired elasticity of real wages to output. Results under this alternative
calibration are essentially identical.
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The Rise of Markups, via Lower Substitutability. A large recent literature docu-
ments a secular increase in markups charged by US public firms over the last half century
(see, e.g., De Loecker et al., 2020; Edmond et al., 2018; Demirer, 2020). In our empirical
calibration, we targeted “modern” average markups as informed by this literature. Our
framework would interpret any trends in aggregate markups as arising from changes in the
elasticity of substitution € between products, which would need to have been higher in the
previous, low-markup era than it is today. In our model, a lower elasticity of substitution
or higher markup increases the output cost of a fixed amount of misoptimization dispersion,
as it intuitively makes each individual product more essential to the consumed good; and it
has a priori ambiguous effects on the extent of equilibrium attention cycles.

In our model, we run the following simple experiment. First, we adjust ¢ upward to
simulate a 15 percentage point decrease in the aggregate markup, to match the estimate of
Demirer (2020) for markups since the 1960s; and second, we adjust € downward to match a 15
percentage point increase. We find that lower markups correspond to more severe effects of
attention cycles on business cycles, as summarized by the asymmetry and state-dependence
of dynamics (second and third groups of bars of Figure A13).

More Rigid Real Wages. The relationship between wage inflation and real growth has
proved elusive in modern data, particularly since the financial crisis (see, e.g., Gali and
Gambetti, 2019). In our model, more rigid real wages corresponded to a steeper Keynesian
cross, and a steeper incentive toward high attention in low states of the world. For this
reason, we may expect that the growing disconnect between factor prices and real conditions
contributes toward the severity of our estimated macro effects.

In parallel to the previous experiment, we simulate both a “calibrated past” and “extrap-
olated future.” For the former, we plug in the estimate of Gali and Gambetti (2019) that
the wage Phillips curve has flattened by a factor of 1.9 over the last half century; for the
latter, we extrapolate the same multiplicative trend as additional flattening.*® We find, as
shown in panels four and five of Figure A13, stronger effects of attention cycles in the regime
with more rigid wages. This underscores the complementarity between attention cycles and
the steepness of the Keynesian cross, and suggests a novel pathway by which factor price
rigidity can influence patterns of macroeconomic volatility.

Elevated Uncertainty. Spikes in uncertainty around exceptional economic and political
events have large documented effects on financial markets and firm decisionmaking (Bloom,
2009). Moreover, large, disorienting shocks are often either a natural consequence of poor
economic performance (e.g., policy surprises during the 2007-2009 financial crisis) or its root
cause (e.g., the Covid-19 pandemic). For this reason it is natural to study how changes
in the “level of uncertainty,” formalized in our model as variation in the attention cost
A, might interact with our main business cycle predictions. Proposition 4 showed that
increases in uncertainty depress output in our model. These shocks also, according to the
results of Proposition 1, increase the sensitivity of dispersion to macroeconomic conditions
and hence, based on extrapolation of this partial-equilibrium logic, may amplify the extent
of misoptimization cycles. For this reason, we might predict that elevated uncertainty is also
complementary to the asymmetry and state-dependence generated at the macro level.

40Tn particular, we use the ratio of the 1964-2007 estimate and 2007-2017 estimate in Table 3A of Gali
and Gambetti (2019).
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We explore this relationship by solving for the model equilibrium under scenarios with
depressed and elevated attention costs, and numerically verify the predicted complementarity
(panels six and seven of Figure A13). Thus our theory predicts that business cycles caused
and /or amplified by background uncertainty-inducing events may induce sharper fluctuations
in aggregate volatility due to endogenous reallocation of attention.

G Supplemental Tables and Figures

Table A1l: Misoptimization and Firm Performance

Outcome: Returns R;; Outcome: Profitability m;;

(1) (2) (3) (4) (5) (6) (7) (8)

ﬂft -0.232 -0.227 -0.0589  -0.0491 -0.319 -0.320 -0.112 -0.111
(0.0212) (0.0212) (0.0241) (0.0241) (0.0178) (0.0177) (0.0132) (0.0126)

Sector x Time FE Yes Yes Yes Yes Yes Yes Yes Yes
Firm FE No No Yes Yes No No Yes Yes
TFP Control No Yes No Yes No Yes No Yes
N 42026 42026 41650 41650 51566 51566 51515 51515
R? 0.239 0.262 0.384 0.403 0.117 0.131 0.663 0.681

Notes: In columns 1-4, the outcome is the log stock return; in columns 5-8, the outcome is profitability,
defined as EBIT divided by lagged variable costs. 47 is the squared firm-level misoptimization residual,
constructed using the methods described in Section 4.1. In columns 2, 4, 6, and 8, we control for the first
difference in log TFP, Alog 0. Standard errors are clustered at the firm level.

Table A2: Dynamic Effects of Misoptimization

Outcome: TFP Growth A log éi,H_h Outcome: Returns R; ¢4 1 Outcome: Profitability m; ¢4,
1) (2) (3) (4) (5) (6) (7) (8) 9)
h=0 h=1 h=2 h=0 h=1 h=2 h=0 h=1 h=2
111% -0.00661 0.0165 -0.00615 -0.232 -0.248 -0.247 -0.319 -0.287 -0.263
(0.00772)  (0.00822) (0.00907) (0.0212)  (0.0245) (0.0263)  (0.0178)  (0.0178)  (0.0184)
Sector x Time FE Yes Yes Yes Yes Yes Yes Yes Yes Yes
N 50998 41130 32746 42026 35036 28424 51566 42471 34301
R2 0.235 0.249 0.267 0.239 0.242 0.249 0.117 0.123 0.126

Notes: Each column is the estimate of a separate projection regression. The outcomes are TFP growth
Alog éi,t+h (first three columns), log stock returns R; ;45 (second three columns), and profitability 7; 44
(last three columns). @2, is the squared firm-level misoptimization residual, constructed using the methods
described in Section 4.1. Standard errors are clustered at the firm level.
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Table A3: Markets Punish Misoptimizations Harder in Low States, Additional Controls

Outcome: log Stock Return, R;

(1) (2) (3) (4) (5) (6)

02 x Ry 0376  0.345 0373  0.317 0336  0.492
(0.142) (0.136) (0.140) (0.163) (0.140) (0.230)
Sector x Time FE Yes Yes Yes Yes Yes Yes
Direct Effect of @2, Yes Yes Yes Yes Yes Yes
log TFP x Interaction No Yes No No No No
Leverage x Interaction No No Yes No No No
Lag Return x Interaction No No No Yes No No
Industry FE x Interaction No No No No Yes No
Firm FE x Interaction No No No No No Yes
N 42026 42026 41872 35186 42026 41650
R? 0.239  0.262  0.247  0.240  0.241 0.495

Notes:  Column 1 reports the baseline estimate. Columns 2-6 add additional control variables and their
interaction with 42: the level of log firm TFP, logf;; leverage, Lev;; the previous year’s stock return,
R;;1; an industry fixed effect x;(;); and a firm fixed effect ;. Standard errors clustered at the firm level.

Table A4: The Effects of Misoptimization in Levels

Returns R; Profitability Sq. Mistakes 1
(1) (2) (3) (4) (5) (6)
2, -0.0417  -0.0512 -0.0212 -0.0252
(0.0134) (0.0150) (0.00911) (0.00986)
mgt x R, 0.106 0.0432
(0.0708) (0.0403)
log MacroAttny, -0.0120 -0.0210
(0.00636) (0.00774)
Sector x Time FE Yes Yes Yes Yes Yes Yes
Firm FE Yes Yes Yes Yes No Yes
N 44512 44512 58252 58252 35000 34321
R? 0.383 0.383 0.655 0.655 0.053 0.489

Notes: m;; is the firm-level misoptimization. These specifications replicate results in Tables 1, 2, 3, and Al
with m;; in place of 4;;. Standard errors are clustered at the firm level.
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Table A5: Policy Function Estimation

Panel A: Persistence of Misoptimization

Outcome: m},

Baseline Adj. Cost Leverage Quadratic

md,_, 0.696 0.0153 0.696 0.682
(0.00837)  (0.0106)  (0.00840)  (0.00893)

N 53838 45806 53473 53838

R? 0.499  0.000236  0.499 0.473

Panel B: Policy Functions
Outcome: log L;; — plog L; ;1

log 0 0.421 0.384 0.420 0.466
(0.0150)  (0.0170)  (0.0157)  (0.0164)
log 041 0.0329  -0.0910  -0.0264  0.00531
(0.0113)  (0.0133)  (0.0118)  (0.0124)
log L1 0.810
(0.0118)
log Li ;o -0.0400
(0.00906)
Levi -0.0287
(0.0155)
LeVLt_l -0.0767
(0.0140)
log 6 x Lev, 0.00182
(0.0114)
log 0;4_1 X Leviy_1 -0.0375
(0.0108)
(log 0y ) 0.0449
(0.00709)
(log 0; ;1) 0.0324
(0.00537)
N 52449 44536 52078 52449
R2 0.896 0.990 0.896 0.904

Notes: The four columns correspond to four of our policy-function estimation methods, as described in the
main text. The coefficient on m?’t% in panel A corresponds in the model to parameter p. Standard errors
are clustered at the firm level.
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Table A6: Comparison of TFP Measures

Outcome: Cost-Share log TFP
(1) (2) (3)
Olley and Pakes log TFP  0.892 0.919 1.008
(0.0232) (0.0139)  (0.0131)

Sector x Time FE No No Yes
Firm FE No Yes Yes
N 29263 28565 28564
R? 0.280 0.926 0.950

Notes: “Cost-Share log TFP” is our baseline measure of log 0;; used in the main analysis. “Olley and Pakes
log TFP” is the alternative measure based on the method of Olley and Pakes (1996). Standard errors are
clustered at the firm level.
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Figure A1: The Distribution of Misoptimizations

-1.0 -0.5

0.0 0.5
Firm-Level Misoptimization: u;

Notes: This figure shows the distribution, across firms 7 and time periods t, of misoptimizations ;;, as
defined in Equation 25. The distribution is truncated at the 1% tails. The solid black line is a Gaussian
kernel density estimate.

Figure A2: Misoptimization Dispersion is Pro-Cyclical in the Long Sample
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Notes: This Figure replicates Figure 2 using our long-sample (1950-2018) calculation of Misoptimization
Dispersion, described in Section 5.2. The top two panels plot Misoptimization Dispersion (blue line, left
axis) along with, respectively, unemployment and the linearly detrended S&P 500 price (black dashed lines,
right axis). Because of the composition adjustment, the metric can be negative. The bottom two panels
are scatterplots of Misoptimization Dispersion versus each macroeconomic aggregate. The black solid line is
the linear regression fit. The standard errors are HAC robust based on a Bartlett kernel with a three-year

bandwidth.
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Figure A3: Relationship of Misoptimization Dispersion Under Less Stringent Constructions

(A) All Variable Inputs (B) No TFP (FE Only) (C) Predetermined TFP (D) No Persistence Correction
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Notes: This figure shows the cyclicality of various constructions of Misoptimization Dispersion that relax key
steps of the construction described in Section 4.1. In Panel A, we compute misoptimizations for total variable
cost expenditures (total labor plus materials expenditure) in dollar terms. In Panel B, we compute policy
functions without any explicit control for TFP—that is, the only controls are firm and industry-by-time
fixed effects. In Panel C, we compute policy functions where lagged TFP (predetermined, and observable
to the firm) takes the place of contemporaneous TFP. In Panel D, we calculate dispersion in the first-stage

0 which do not account for autocorrelation.

residuals m;),
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Figure A4: Frequency over Time of Each Word in MacroAttention (Part II)
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Figure A5: Correlations with Unemployment by Word

Count of words

-02 0.0 0.2 0.4 0.6
Correlation of Term Frequency with Unemployment

Notes: This figure shows a histogram of the correlations of each individual word in the Macro Attention
index (see Figure A4) with the unemployment rate.

Figure A6: Industry-Specific Cyclicality of Macro Attention

Regression Coef.: MacroAttn;:
on Unemployment;

-0.25 0.00 0.25 0.50 0.75 1.00
Correlation: Sector & Aggregate Output

Notes: The horizontal axis is the correlation of sectoral and aggregate nominal GDP growth. The vertical
axis is the regression coefficient of log sectoral macro attention, net of quarterly fixed effects, on the US
unemployment rate. The dots are sized based on total sales in Compustat in 2015. The blue solid line is a
cross-industry linear regression line.
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Figure A7: Relationship of TFP Innovation Variance with Macro Variables
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Notes: “TFP Innovations” are the residuals from an AR(1) model for log;; with firm and sector-by-time
fixed effects, as described in Section 5.7 of the main text. We calculate their variance, consistent with our
main calculations of Misoptimization Dispersion, using optimal-sales weights.

Figure A8: The Cyclical Behavior of TFPR and VMPL Dispersion

(A) vs. Unemployment (B) vs. Detrended log S&P (A) vs. Unemployment (B) vs. Detrended log S&P

0.10 4
0.5 0.20 1 B
[ 0.08

0.08 4 - 0.08 -

0.15 1

0069 Fo.o6 ] oo I 0.06

VMPL Dispersion

TFPR Dispersion

1
0.04 4 \ e [TA% 0.10 1 \ E
T T T - 0.04 T T - =05 T T T - 0.04 T T T -0.5
1990 2000 2010 1990 2000 2010 1990 2000 2010 1990 2000 2010
Year Year Year Year
0.10 A q
5 .... ° [ Y ) L4 Bz:-0.017 s 020 '.. Bz:-1.34 | Bz 0.082 ° [ ] L4
%0084 @ o0 |l e .. SE: 0.012 2 SE: 0,559 SE: 0.019
@
& e 2 % 0.15 - e ©® - ”® o F ]
& 0.06 ® ° 1 e () a
2
& [ ] 3 Bz 0.147 (Y A L'y T 10 4 o O e
& 0.04 A ! B = [y
. — SR : — B : .
0.04 0.06 0.08 -0.50 -0.25 0.00 0.25 0.50 0.04 0.06 0.08 -0.50 -0.25 0.00 0.25 0.50
Unemployment Detrended log S&P Unemployment Detrended log S&P

(a) TFPR Dispersion (b) VMPL Dispersion

Notes: Each half of this Figure replicates Figure 2 using our measures of TFPR Dispersion (left) and VMPL
Dispersion (right). Variable construction is defined in Appendix E. Because of the composition adjustment,
the variance metrics can be negative. The standard errors for the linear fits are HAC robust based on a

Bartlett kernel with a three-year bandwidth.
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Figure A9: Sensitivity of Model Predictions to Parameters
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Notes: This Figure reports the sensitivity of model predictions to parameters. In each Panel, the vertical axis
varies risk aversion . The horizontal axis varies a reparametrized version of the attention cost parameter,
log A\g = log A+ (v —~*) log X, where v* = 11.6 is the calibrated value of risk aversion and X is consumption
under the RBC model (A = 0) at the median productivity state; this normalizes attention costs by the
marginal utility in the median state. All panels hold fixed other model parameters. Panel A shows, as a
function of parameters, the mean level of Misoptimization Dispersion (a calibration target). Panel B shows
the slope of Misoptimization Dispersion on unemployment, interpreted in the model as —log L (a calibration
target). Panel C shows the curvature of log X (log #), averaged over the state space (a non-targeted moment).
The “X” marks denote the calibrated parameter values.

Figure A10: The Attention Wedge and Its Derivatives
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Notes: The panels respectively show the level, first derivative, and second derivative of the log attention
wedge in the log state. The “Partial Equilibrium” thought experiment, plotted in each figure as a dotted

line, is for firms to best-reply to the output and wages of the counterfactual RBC equilibrium.
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Figure A11: Robustness of Numerical Results to Parameter Choices
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Notes: We re-calibrate the model under each indicated parameter choice. The outcomes and their interpre-

tation are described in Appendix F.1.

Figure A12: Output, Wedge, and Labor Productivity with GHH Preferences
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Figure A13: Predictions in Counterfactual Scenarios
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Notes: The scenarios are described in the appendix. The outcomes are the same as in Figure Al1l, and are
described in Appendix F.1.
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