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Abstract

We characterize equilibria in a canonical class of economies with endogenous production
networks, showing that log-prices equal a min-max over networks of a primitive affine
function of log-productivities. This formula captures how resilience and fragility interact:
the “min” reflects resilience from substituting suppliers, while the “max” reflects fragility
from complementarity-induced rigidity. Applying these results, we generalize Hulten’s
theorem, finding that local Domar weights are generally insufficient to describe prop-
agation of even small shocks. Moreover, we characterize how microeconomic volatility
affects GDP, finding that smooth changes in Domar weights overstate its adverse effects
by omitting option value from switching suppliers.
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1 Introduction

Modern production is characterized by the presence of complex supply chains. What deter-
mines their structure? How does the production network react to economic shocks? What are
the resulting aggregate implications of changes in microeconomic productivity and its volatil-
ity? Currently, there are two broad perspectives on the economic implications of networked
production. On the one hand, there is the view that rigid supply chains involved in networked
production make the economy fragile (see e.g., Elliott, Golub, and Leduc, 2022; Acemoglu and
Tahbaz-Salehi, 2025). On the other hand, there is a competing view that the ability to change
suppliers (see e.g., Dew-Becker, 2023; Kopytov, Mishra, Nimark, and Taschereau-Dumouchel,
2024) may make the economy resilient or anti-fragile (Taleb, 2013).

Answering these questions requires modeling the determinants of the production network,
going beyond what can be captured by classic production network models with Cobb-Douglas
technology (Long Jr and Plosser, 1983; Acemoglu, Carvalho, Ozdaglar, and Tahbaz-Salehi,
2012; Carvalho and Tahbaz-Salehi, 2019) or log-linearizations of more general models (Hulten,
1978; Liu, 2019). However, this presents a well-recognized theoretical challenge: the fixed point
system characterizing equilibrium ceases to be (log-)linear. As a result, there is no known
general solution for equilibrium prices, output, and the production network.

To overcome this challenge, the literature has proceeded in three directions, each yielding
valuable insights: (i) specializing to specific production technologies or studying specific prop-
erties of equilibrium (Oberfield, 2018; Acemoglu and Azar, 2020; Elliott et al., 2022; Kopytov
et al., 2024), (ii) considering higher-order approximations (Baqaee and Farhi, 2019; Carvalho,
Nirei, Saito, and Tahbaz-Salehi, 2021), or (iii) studying the asymptotic effects of shocks (Dew-
Becker, 2023). Thus, while our understanding of endogenous production networks has advanced
enormously, we lack a general theory that is valid outside of important but special cases (cf.
(i) or for shocks that are neither very small (¢f. (ii)) nor very large (cf. (iii)).

In this paper, we leverage tools from decision theory (see e.g., Maccheroni, Marinacci, and
Rustichini, 2006; Cerreia-Vioglio, Corrao, and Lanzani, 2026) to study the robust properties of
the canonical static single-factor production network model (as in Acemoglu et al., 2012; Car-
valho and Tahbaz-Salehi, 2019). That is, we characterize the global properties of equilibrium
prices and the production network structure, while allowing for rich technological possibilities
and endogenous supply relationships at the microeconomic level. We maintain the core as-
sumption at the heart of input-output analysis (Leontief, 1941): production is constant returns
to scale (CRS). We otherwise make no parametric assumptions on technology.

Our main result provides a complete characterization of equilibrium prices and output in
this family of production network models. As part of this characterization, we provide globally

valid and primitive formulae for equilibrium prices and output that hold for any such economy.



We exploit these formulae to understand conditions on technology at the microeconomic level
such that resilience and/or fragility (by various definitions) emerge as endogenous macroeco-
nomic properties. In so doing, we also derive a number of new results in producer theory
that may be of independent interest. We further apply the results to provide a generalization
of Hulten’s (1978) theorem compatible with non-differentiable production technologies—which
we show arise naturally from endogeneity of the production network. Importantly, this result
demonstrates that local Domar weights can be uninformative for the propagation of even small
shocks. Thus, in contrast to the standard interpretation of Hulten (1978), the technology and
network structure of the economy can matter, even locally. Moreover, we characterize the ef-
fects of microeconomic volatility on average output, finding generally non-monotone effects and
that local changes in Domar weights necessarily overstate the adverse consequences of increased

risk as they omit a form of option value that results from switching suppliers.

Model. The model follows the canonical static single-factor production network setting (see
Carvalho and Tahbaz-Salehi, 2019, for a review). There are many sectors, each perfectly com-
petitive, that use as inputs the outputs of other sectors and a single primary factor, which is
inelastically supplied. We allow for an arbitrary CRS production function. Thus, our analysis
nests: (i) the Cobb-Douglas benchmark (Acemoglu et al., 2012), (ii) nested constant elasticity
of substitution (CES) technology (Baqaee and Farhi, 2019; Dew-Becker, 2023), (iii) hetero-
geneous CES technology (Hanoch, 1971; Chodorow-Reich, Gabaix, and Viviano, 2026), (iv)
Cobb-Douglas production technology with endogenous supplier choice at the extensive and
intensive margins (Acemoglu and Azar, 2020; Kopytov et al., 2024), (v) Leontief production
technology with and without endogenous supplier choice (Acemoglu and Tahbaz-Salehi, 2025),
and (vi) task-based production functions (Acemoglu and Restrepo, 2018).

Main Characterization Results. We characterize all mappings from productivity to prices
that are possible in production network economies in terms of simple functional properties. This
“anything goes” result shows that equilibrium prices need, absent knowledge of the economy’s
microeconomic technology, satisfy only weak properties. However, for any given technology, our
result provides a globally valid formula describing equilibrium: the equilibrium log-price vector
is the “min-max” over pairs of input-output networks of the Leontief inverse of the maximizing
network applied to the vector of log-productivities plus an explicit wedge that depends on
technology. That is, equilibrium prices are always the “min-max” of what prices would be in
Cobb-Douglas economies with a certain productivity distortion. This result forms the basis of
our subsequent applications, in which we: (i) unpack the economic interpretation of the “min-

)

max” structure in terms of the competing forces of resilience and fragility, (ii) characterize the
propagation of microeconomic productivity shocks into aggregate prices and output, and (iii)

characterize the effects of changing microeconomic volatility on economic activity.



To derive the main characterization, we first express the fixed-point equation for equilibrium
prices that holds in such economies in terms of log-prices. In this system of equations, each
sector’s log-price is linear in its log-productivity and the log of its unit cost function. Next, we
show that any unit cost function that arises from a CRS production function also results from
a seemingly more specific endogenous Leontief production function. Using this observation, we
show that the log-cost function is a “min-max” over pairs of vectors of input weights of an
affine function of log-prices. Finally, we show that the operations of finding the fixed point and
computing the “min-max” commute. This allows us to obtain the primitive formula because, if

we ignore the “min-max,” then the fixed point system is linear and can be solved analytically.

Resilience vs. Fragility. We then apply this general representation to understand when
the economy is resilient (fragile): defined as the property that it benefits (suffers) from more
dispersed microeconomic productivity shocks. We also relate the results to alternative notions
of fragility and resilience, including: the ability to abate extreme shocks, large shocks being
proportionately worse than small shocks, and technology being (in)elastic. The general repre-
sentation makes clear that neither property should generally be expected globally: the “min”
will serve to induce concavity (resilience) and the “max” will lead to convexity (fragility). Thus,
prices will often be “S-shaped,” i.e., concave in some regions and convex in others.

This notwithstanding, many standard specifications of production functions ensure that the
economy is globally resilient or fragile. We show that this occurs when each sector’s log-cost
function is a concave or convex function of log-prices, respectively. As a concrete example, a
CES production function with elasticity of substitution larger (smaller) than one has a globally
concave (convex) log-cost function. In such cases, the specification of technology necessarily
rules out qualitative phenomena: increases in productivity volatility are always either good or
bad on average. For this reason, second-order approximations rule out “S-shaped” responses.

To understand when assumptions on technology can rule out these qualitative phenomena,
we characterize the property that a log-cost function is globally concave or convex in terms of
corresponding production functions. We show that any concave log-cost function arises from
an endogenous Cobb-Douglas production function (as employed by, e.g., Acemoglu and Azar,
2020; Kopytov et al., 2024). This shows that endogenous Cobb-Douglas technology is both
more general and more restrictive than it may appear: it captures any resilient technology, but
only resilient technology. Moreover, we show that any convex log-cost function arises from a
particular form of task-based production (see e.g., Acemoglu and Restrepo, 2018) where a set

of tasks, each of which has Cobb-Douglas technology, must be completed.

A Generalized Hulten’s (1978) Theorem. We next apply our representation to derive
the effects of small shocks to productivity on equilibrium prices and output. We show that

equilibrium prices are always directionally differentiable, but not necessarily Gateaux differ-



entiable, i.e., the derivative depends on the current productivity as well as on the direction
of shock considered. The failure of Gateaux differentiability is economically important be-
cause it corresponds to the presence of technology switching: if a sector is ever indifferent at
equilibrium prices between producing using different input mixes, then different directions of
shocks will lead to different input mixes and different shock propagation. While such indif-
ferences are non-generic (i.e., they hold on a zero measure set of productivities), ignoring the
non-differentiabilities they induce can lead to inaccurate quantitative guidance, as we show in
simple examples. Intuitively, when such a switch happens, the correct coefficients in any order
of Taylor expansion jump and the previously accurate approximation suddenly fails.

We use this formula for the derivative of prices to obtain a corresponding formula for the
derivative of GDP, providing a generalization of Hulten’s theorem: the effect on GDP is the
mazximum over the set of Domar weights (the vector of sales shares of nominal GDP across
sectors) that may prevail at equilibrium of the inner product of these Domar weights and the
log-productivity shocks. The presence of the maximum generalizes Hulten’s theorem beyond
the differentiable case and allows economically for the presence of technology switching. The
result implies that observed Domar weights do not serve as sufficient statistics for describing
the first-order effects of productivity shocks on output in general. This provides nuance to
the typical interpretation of Hulten’s theorem as implying that, for small shocks, input-output

structure can be ignored. Instead, one must know which alternative technologies are available.

The Macroeconomic Effects of Microeconomic Volatility. Finally, we apply the results
to study the effects of changes in volatility of microeconomic productivity on average GDP,
which we call the local resilience of the economy. We provide a general formula for local resilience
as the sum of two terms: the average derivative of the Domar weights in productivity—which
may be positive or negative—and a term reflecting the average jump in Domar weights from
technology switching—which is always positive. The first term reflects an exact version of the
Baqaee and Farhi (2019) logic: derivatives of Domar weights describe the second-order effects
of productivity shocks. The second term reveals an additional force: when technology switches
can occur, there is a form of option value in the economy, which always pushes toward resilience.
Moreover, the presence of this term underscores the importance of technology switching; even

if these switches are rare, that does not mean that they can be neglected.

Outline. The rest of the paper proceeds as follows. Section 2 provides a simple example to
illustrate challenges in understanding the global properties of models with endogenous produc-
tion networks. Section 3 introduces the model. Section 4 provides the main characterization
results. Section 5 studies when economic outcomes feature resilience or fragility. Section 6
characterizes the local effects of shocks, generalizing Hulten’s (1978) Theorem. Section 7 char-

acterizes the effects of changes in microeconomic volatility on GDP. Section 8 concludes.



Figure 1: Illustrating the Potential Network Configurations

w=w w=w

Notes: The left network corresponds to D using U intensively (w = w). The right network corresponds to D

using D intensively (w = @). The thickness of arrows denotes the strength of the connection and the direction
denotes input usage.

2 Endogenous Networks: A Motivating Example

We begin with a simple example to motivate the importance of a general approach to the study
of endogenous production networks. Suppose that there are two sectors in the economy, an
upstream sector U and a downstream sector D. The upstream sector uses labor and upstream

inputs to produce output:

Yo =22vQ Qi (1)

where Zp; is the productivity of sector U, Qu, is the input of labor, and Qyy is sector U’s
usage of goods produced in sector U. The downstream sector uses labor, upstream inputs,
and downstream inputs to produce output and can do so using one of two different production
technologies indexed by w € {w,w} C (0,1):

YE = 22pQ3,, (min { Yop Yoy }) ’ 2)

w 1l—w

where Zp is the productivity of sector D, ()p is the input of labor, Qp p is D’s usage of goods
produced downstream, and ()p is D’s usage of upstream inputs. Intuitively, upstream and
downstream goods are always perfect complements in the production of downstream goods, but
the downstream sector can choose between two distinct production technologies. We illustrate
the potential network configurations that can arise in Figure 1.

To close the model, we assume that labor has an aggregate supply of one and has a price

that we normalize to one. Finally, a representative household has preferences:

U =203CE (3)



Figure 2: Technology Switching Can Lead to the Failure of Local Methods, Even Locally

Approximation error per unit log-productivity shock
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Notes: This figure plots the absolute error from approximating In GDP per unit of upstream log-productivity,
for first- (orange), second- (green), and third-order (red) Taylor approximations to In GDP in In Zy around the
point In Zyy = 0 from the right. Parameters: w = 0.2, w = 0.8, In Zp = 0.

where C; is final consumption from sector i € {D,U}. It is simple to show that the consumer’s

log-utility in competitive equilibrium (which we will call In GDP) is:

1 1 1H<C_U+\/¢_02+4(1—£)Z—§>,ZDSZU7
ImGDP=—-In2+InZy+InZp — = = (4)
2 2 | (@ + @ +40 - D)%) . Zp > Zu.

We now make two observations that will motivate our general approach. First, In GDP is
not a differentiable function of productivity. In particular, because the downstream sector’s
technology—and hence the production network—switches at points Zp = Z;, standard ap-
proaches based on first-, second-, or higher-order Taylor expansions can give inaccurate answers,
even locally. We illustrate this phenomenon in Figure 2, where the proportional approxima-
tion error is discontinuous under such approximations: it is zero for small positive shocks but
circa 30% for small negative ones. For this reason, our general theory directly addresses these
technological switches in economies with endogenous production networks.

Second, local approaches can obscure the presence of qualitatively interesting and potentially
important economic phenomena that can arise with endogenous production networks. One of
the most important motivations in the modern production network literature is understanding
how microeconomic volatility in any given sector may affect average GDP. By definition, first-
order methods imply that microeconomic volatility has no effect on output, while to second-
order the effect must be unambiguously positive or negative. To illustrate what this can obscure,
Figure 3 plots the effects of increasing microeconomic volatility on average output. The global

solution reveals an S-shaped response in which initial increases in variance lower expected



Figure 3: Endogenous Resilience and Fragility to Volatility
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Notes: This figure plots expected In GDP when In Zy; = k4x (each with probability 0.5) against Var[ln Z] = x?
under the global solution (blue) and under first-, second-, and third-order Taylor approximations around the
point In Zyy = k. Parameters: w = 0.2, w=0.8, InZp =0, kK = 0.5.

output, intermediate levels of variance increase aggregate output, and high levels of variance
decrease output again. Intuitively, at low levels of variance, the economy mostly operates
one Leontief technology downstream, and so variance in input prices is harmful. However,
at intermediate levels of variance, the downstream sector can switch across technologies and
the option value of switching technologies makes variance beneficial. Ultimately though, when
variance becomes very large, the fact that they always operate a Leontief technology (even if
they can choose the best one) makes variance lower average output. In this way, the ultimate

resilience or fragility of the macroeconomy to changes in volatility is an endogenous property.

3 Model

We consider a canonical production network model (see Acemoglu et al., 2012; Carvalho and
Tahbaz-Salehi, 2019; Baqaee and Farhi, 2019; Acemoglu and Azar, 2020; Dew-Becker, 2023).

3.1 Primitives

Sectors. FEach sector i € [n] = {1,...,n} produces output according to a production function

F;: R’ffl — R, that combines a primary input Qi and intermediate inputs Q; = (Qi;)7—;:
Fy(Qio, Qi) = Z:Gi(Quo, Qi) (5)

where Z; € R, is productivity and G; : R — R, is the underlying production technology.



The goal of our analysis is to study the robust properties of equilibrium outcomes in pro-
duction networks, i.e., those properties that obtain without functional form restrictions on the
nature of technology. Thus, we impose minimal regularity assumptions and the core economic

assumption from input-output analysis (Leontief, 1941): constant returns-to-scale (CRS).

Assumption 1. For all sectors i € [n|, the production function Gi R’frl — R, s positive
homogeneous, non-decreasing, continuous, and such that the optimal expenditure share on the

primary factor is bounded away from zero.*

In order to simplify exposition for the main text, we express production technologies as:

T R ©)

where G; : R} — R satisfies all but the last of the requirements of Assumption 1 and g €
(0,1). We show in Lemma 14 in Appendix E that any economy with production technologies
satisfying Assumption 1 can be ezactly represented by technologies of this seemingly more
restrictive form. Moreover, so that Z; has an unambiguous meaning, we normalize G; such that
maxg,ea Gi(Q;) = 1, where A = {w e R% : Z?:l w; = 1}. We call such a G; regular.

Thus, the key object that determines the network of input-output relationships is the inter-
mediate input production function G;. The current literature has considered various assump-
tions on G;, as we shortly detail through a number of examples. In particular, our formulation
allows us to nest models in which the technologies, suppliers, and substitution elasticities of

sectors are chosen endogenously.

Households. As the focus of our analysis is on the production network, we follow Acemoglu
et al. (2012), Dew-Becker (2023), and Kopytov et al. (2024) in specifying household preferences
and labor supply. This is justified because, as is well known and we will shortly see, demand
has no role in determining equilibrium prices. Instead, demand matters only for computing
GDP given prices. A representative household inelastically supplies a unit of primary factor

and consumes a bundle of goods C' € R’} with a Cobb-Douglas utility function:

U(C) = 11 (g—)g vC € R? (7)

where each & > 0 captures the importance of good ¢ for the final consumer and )" & = 1.

Normalizing the wage in the economy to one and denoting the price of good i as P;, the

!Continuity is equivalent to assuming that each G; is only upper semicontinuous since we restrict to in-
termediate production functions that are positive homogeneous (see, e.g., Moore, 1999, Proposition 5.95).
Second, our definition of the property that the expenditure share on the primary factor is bounded away
from zero is that the production function of sector i can be written for some 3 € (0,1) as éi(QO,Q) =

maxe(o,00 (Qo — €)/(1 — B)) P (G (¢,Q) /B)B, where G; satisfies the other criteria of Assumption 1.

8



household faces the standard budget constraint )., C;P; < 1. In general, so long as U is

positive homogeneous, our results characterizing GDP extend.?

3.2 Equilibrium

A competitive equilibrium is defined by requiring that sectors minimize costs and make zero

profits, all markets clear, and households maximize utility.?

Definition 1. A competitive equilibrium is a vector of prices, P* € R, a matriz of unitary

input quantities Q* € RT(”H)

vector C* € R} such that:

, a vector of production levels Y* € R, and a final consumption

(@i, Q7)€ argmin Y QuP;+Qun st FiQu,Q)>1  Vieln]. 8)

(Qio,Qi)eR}™ 51

P = Z Q5P+ Q Vi € [n]. (9)
j=1
YYVrQu=1, > Y'Q,+C;=Y Vjen]. (10)
i=1 i=1
C* € argmaxU(C)  s.t. ZClPZ* < 1. (11)
Cern —

We call a solution to Equation 9 an equilibrium price vector.

3.3 Preliminaries: The Log-Cost Operator and Equilibrium Prices

We begin by reducing the determination of equilibrium prices to the solution of a non-linear

fixed point equation. To do this, we define the cost function of sector i € [n] as:
Ki(P)= min > QP st. Gi(Q)>1. (12)
1
We now transform this cost function to yield the log-cost of the sector as a function of log-prices:

Ti(p) = In(K;(exp(p))) Vp€R™ (13)

We define the cost operator K : R}, — R?  and the log-cost operator 7' : R" — R" as

the operators whose i-th components are, respectively, K; and T;. By defining the inverse

2This is because we can treat U as a production function and apply Proposition 1 below (see Footnote 5).
3These requirements are equivalent to profit maximization in the more standard definition of competitive
equilibrium, with the standard caveat that a sector’s price may be indeterminate if it does not produce.



log-productivity of sector i € [n] as x; = ———1InZ;, the following Lemma characterizes the
g-p y -5 g

equilibrium log-price vectors, that is, p = In(P) where P is part of a competitive equilibrium.

Lemma 1. A vector p € R" is an equilibrium log-price vector at x € R"™ if and only if:
pi = (1= B)zi + BLi(p) Vi € [n]. (14)

Moreover, there ezists a unique solution to this fixed-point equation that we denote by p* = Il(z).
The first part follows immediately from the fact that P is an equilibrium price vector if
and only if P, = Z; 'K;(P)? for all sectors i € [n] (see Lemma 8) and taking logarithms.
Uniqueness follows from the fact that the operator defining the log-price fixed point equation
is a contraction.® With this, IT(x) represents the unique vector of equilibrium log-prices at a
given vector of (inverse) log-productivity shocks = € R™.
We denote the equilibrium aggregate log-output at such a vector of log-prices by

CeR™

YT(z) =maxInU(C) s.t. ZC’i exp(Il;(z)) < 1. (15)

It is standard to show that:®

T(z) = - Z &illi(). (16)

While equilibrium prices and aggregate output are unique, there is not necessarily a unique

input-output network. We characterize this stronger uniqueness property in Proposition 6.

3.4 Example Economies
We conclude this section by introducing four classes of example economies that fall within our
general framework and to which we will often turn to exemplify our general results.

Example 1 (Constant Elasticity of Substitution). A standard specification of production in

which the input-output network depends on equilibrium prices is the CES structure:

Iq

Gi (Qi) = (Z%ZQU;) Z (17)
j=1

for some vector of weights a; € A and elasticity of substitution o; € R,. As is well-known,

o; = 0 corresponds to the Leontief production function G;(Q;) = minj.a,;>0 {&}, 0; = 00

4As T is monotone and translation invariant (see Proposition 1), Blackwell’s sufficient conditions imply that
the fixed point operator is a contraction.

SWith more general preferences, the GDP formula would instead be a non-linear aggregate of prices. Under
positive homogeneity of U, Proposition 1 can be applied directly to provide a general formula for GDP.

10



corresponds to the perfect substitutes production function G;(Q;) = > jiaiy>0 Qij, and 0; = 1
corresponds to a Cobb-Douglas production function G4(Q;) = [[;_, (Qij/ai;)*. For CES

technology, the log-cost function is given in general by:

Ti(p) = In (Z agjexp ((1 — 0:')2%’)) : (18)

Existing work has characterized the second-order local implications of shocks with nested CES
(Baqaee and Farhi, 2019) and the asymptotic effects with large shocks (Dew-Becker, 2023). A

Example 2 (Endogenous Cobb-Douglas). Recent work that studies endogenous production
networks has considered models in which each sector i € [n] chooses its Cobb-Douglas input

shares to economize on costs at the opportunity cost of perhaps suffering reduced productivity:

CA(@Q) = mas Ao [] (%) (19)

a; €C; Qs
i % J=1 ]

for some upper semicontinuous and log-concave productivity shifter A; : C; — [0, 1] where
C; € A is nonempty, compact, and convex, and max,,ec, Ai(a;) = 1. We interpret A;(o;)
as the productivity of the sector when it operates using some feasible input shares «; € Ci.
The closer A;(«;) is to 1, the cheaper it is (in terms of lost productivity) for sector i to use

technology «;. The technologies a; ¢ C; are the infeasible ones for sector . In this case:

Ti(p) = ineucl {Za”p] +In <A (al))} (20)

Influential papers in the literature have studied particular cases of this class. Acemoglu and
Azar (2020) consider as a leading application a specification in which productivity depends only
on the identity of the suppliers chosen by each sector, but their input shares are fixed. Kopytov
et al. (2024) study a specification in which A;(c;) is smooth and strictly log-concave. A

Example 3 (Task-Based Production). Recent work that studies the substitutability of different
factors of production has studied task-based models in which output is produced by completing
a set of different tasks and each task has its own production function (see e.g., Acemoglu
and Restrepo, 2018). Inspired by this, we consider an economy in which the set of tasks for
sector ¢ is a nonempty, compact, and convex set C; C A. Output is only produced if each
task in this set is completed. That is, each sector has a Leontief production function over
tasks. The output of each task is itself given by a Cobb-Douglas production function with
weights a; € C; and a productivity shifter A; : C; — [1,00] with min,,co, A;(e;) = 1 and

C; = c{a; € A Aj(a;) < oo} that is lower semicontinuous and entropy log-convex, i.e.,

11



w; — In A;(w;) — Z?Zl w;; Inw;; is convex. Thus, the production function is given by:
. - Qij \ ¥
Gi(Q;) = min A;(ar) [T (2] - (21)

That is, the sector must acquire a vector of inputs @); that produces a unit of all the tasks
in C;. With this, the tasks such that A;(«;) is high are those for which the constraint is less
binding, while the tasks such that A;(q;) is close to one are bottlenecks. In this case, the

log-cost operator is given by that of Equation 20, with the min replaced by a max. A

Example 4 (Endogenous CES). Our general framework allows us to study a new class of CES

economies in which input weights and elasticities are both chosen endogenously:

94

Gi(Q;) = max, . Ai(ay, 0y) (Z O‘ff@ﬁ) (22)
304 le

a; EA,O’Z'G[
where 7; € R, indexes the maximum possible degree of substitution and an upper-semicontinuous

A; o A x Ry — [0,1] such that maxa,ca s,c0,5: Ai(s,0:) = 1 represents the productivity of

producing using different input weights and substitution elasticities. In this case:

. 1 3 S
T;(p) = aieAI,I;?El[Oﬁi} {1 Y In (; aijexp((1 — Oz‘)pj>> +1In (Az‘(%‘, Ui)) }

A natural sub-class of the endogenous CES family emerges if we assume that sector i € [n] is

endowed with some initial input weights a? and elasticity of substitution ¢? and it can suffer

an “adjustment cost” in productivity-equivalent units that is given by:
Ai(ai, 05) = exp (= D(al|oy)) — d(os]|07)) (23)

= . . =2 = . .
where D : A x A — R, is a divergence between «; and o) and d : R, — R, is a divergence
between o; and ¢?. This specification captures the intuitive idea that if a sector tries to produce

using a technology that is different from where it started, then there is an adjustment cost. A

4 A Characterization of Equilibrium Prices and Output

In this section, we characterize the robust properties of equilibrium prices and output in terms of
primitive production technologies. A key step in proving this result is showing that an arbitrary
economy can be represented as one in which each sector chooses among Leontief technologies

with different input weights and productivities (as in Koopmans, 1951).
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4.1 A Min-Max Characterization of Log-Cost Functions

We begin our analysis by characterizing log-cost functions. To do this, we define some standard
functional properties. A function 7; : R" — R is translation invariant if T;(p + he) = T;(p) + h
for all p € R” and h € R where e = (1,...,1), normalized if T;(0) = 0, and monotone if
T;(p') > Ti(p) for all p’ > p. Similarly, an operator from R™ to itself satisfies any of the
aforementioned properties if each of its component functions satisfies it. We also define the

relative entropy R : A x A — R,

> i wjln (:ﬁ—j) if w<w,

00 otherwise,

R (w|[w) =

where w < @ means that w is absolutely continuous with respect to w.° We have that:

Proposition 1. Fix T; : R — R. The following are equivalent:

(i) There exists a reqular production function G; that induces T; as the log-cost function.

(ii) T; is translation invariant, normalized, and Kr, := exp oT; o In is quasiconcave.

Moreover, T; is monotone and G; and T; are related through:

7,(p) = minmax {ijpj ~ R(wl@) +1n (@)} (25)

The translation invariance property of T follows from constant returns-to-scale, while the
requirement that K is quasiconcave ensures that T is consistent with a valid cost minimiza-
tion problem. We derive the representation of 7' by first showing that the cost function K

corresponding to any production function G can always be written as:

"W, P
K;(P) = min Z]_l it

WEA Gz (U~)> <26)

More evocatively, we observe that this is the same cost function as the one that would obtain if

the production function were given by the following endogenous Leontief production function:

GH(Q) = max {Gi(w) _in @}

WEA n]:; >0 TI)J'

That is, it is as if any production function corresponds to choosing a Leontief technology

with input weights @ € A and corresponding endogenous productivity G;(w). Intuitively, the

6We adopt the convention that, for all w,w € A such that G;(@) = 0, we have In (Giu’))) — R(w||w) = oo.
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Figure 4: Illustration of the Log-Cost Formula from Proposition 1

(a) Maximum over w € A (b) Minimum over @ € A
@ = (0.8,0.2) @ = (0.8,0.2)
o] == @=(02,08) oy == @=(02,08)
13 = Lower envelope: T;(p1,0)
- Upper envelope over 7 <
u% L affine log costs 7 & 1
Z \ / E‘i
-/ +
% Z |7}
Q - 8
[3) 0 - 0 — ==
o IR, o o0 I —
« 9
| —
1 14 Lower envelope over
upper envelopes
-3 -2 -1 0 1 2 3 -3 -2 -1 0 1 2 3

p1 (p2 =0)

Notes: Panel (a) of this figure plots the Leontief log cost function for two fixed Leontief weights w as the dashed
orange and green lines, with the pale green and orange lines corresponding to affine log cost functions that
support the upper envelope as w € A is maximized and dots denoting the points of tangency. Panel (b) plots
the same orange and green lines from panel (a) and shows the log cost function as a function of p; (evaluated
at po = 0) for a sector that can choose between two specific Leontief technologies (as in Section 2).

resulting technology arises from the trade-off between choosing cheap inputs and selecting an
input mix at which productivity is high.

In turn, this endogenous Leontief representation can be directly connected with the models
of endogenous production technologies recently analyzed in the literature (Acemoglu and Azar,
2020; Kopytov et al., 2024). These papers consider production functions that can be obtained
as upper envelopes over technologies of smooth production functions, usually Cobb-Douglas,
with technology-dependent productivity shifters. This result shows that there is no loss of
generality in making this assumption, so long as the base production technology is Leontief.”

To understand the final formula for T}, we rewrite Equation 26 by taking logarithms:

wWEA

Ti(p) = min< In Zu?j exp(p;) | +1n (qum) (27)

j=1
and then leveraging the Donsker-Varadhan formula to express the first term as:
In 2 @ exp(p;) | = max 2 w;p; — R(uw||@) (28)
Jj= Jj=

which then directly yields Equation 25. The economic interpretation of this formula is that

"This may be reminiscent of Houthakker (1955), who shows that aggregation of Leontief technologies with
fixed inputs and heterogeneous input-specific productivity can yield an aggregate Cobb-Douglas technology. We
emphasize that our result is microeconomic, rather than arising from aggregating heterogeneous technologies.
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the Leontief technology with weights w is the worst possible Cobb-Douglas technology with
a productivity gain that depends on the relative entropy between the chosen Cobb-Douglas
weights w and the Leontief weights w.

The key mathematical upshot of this representation is that 7; is the min-max of an affine
function of log-prices. We provide a graphical intuition for this fact in Figure 4. In panel (a),
we illustrate how the Leontief log-cost function can be obtained as an upper envelope of affine
log-cost functions (Equation 28). In panel (b), we show in the endogenous Leontief context
from Section 2 (with two Leontief technologies) how the ultimate log-cost function is obtained

as a lower envelope of these upper envelopes (Equation 27).

4.2 Equilibrium Price Characterization

We now characterize equilibrium prices. Let W = {W e RY™ Vi € [n],w; € A} be the set of
n X n row-stochastic matrices, which can be interpreted as the set of all possible input-output

matrices. Given an input-output matrix W € W, we define the Leontief inverse:
Qw = (1—B)(I — W)~ (29)

It is well known (see e.g., Acemoglu et al., 2012) that in a Cobb-Douglas economy with fixed
input shares W, the equilibrium price vector is given by Il(z) = Qux. That is, Q uniquely
pins down how log-productivity shocks propagate in equilibrium. To generalize this, we also

define the production-wedge operator 7¢ : W x W — R” as:

(W) = fﬁ {m (G(lw)> _ R(wi||w,-)} Vi € [n] (30)

The production wedge is simply a rescaling of the additive productivity distortion term in the
affine min-max representation of T; (see Equation 25).%

With these objects in hand, we state our characterization of equilibrium prices:
Theorem 1 (Equilibrium Prices). Fiz II: R" — R"™. The following are equivalent:

(i) There exists a profile of reqular production functions G = (G;)?_, that induces II as the
equilibrium log-price operator.

(ii) 11 is translation invariant, normalized, bijective, and Ky = exp o <I_(1_+)H_l> oln is
quasiconcave.

Moreover, 11 is monotone and G and I1 are related through:

I(x) = Wﬂlelf/lv Inax {QW (x + TG(WHW))} (31)

$With the convention that for all W, W € W, if 3i € [n] such that G;(w;) = 0, then TJG(W”W) = oo Vj € [n].
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The first part of this result provides a complete characterization of the possible equilibrium
log-price operators in terms of functional properties, mirroring the microeconomic characteriza-
tion of possible log-cost functions from Proposition 1. While many such equilibrium price maps
are possible, in the spirit of classical “anything goes” theorems (Sonnenschein, 1973; Mantel,
1974; Debreu, 1974), the production network structure of the economy does impose substantive
restrictions. First, equilibrium log-prices must be translation invariant: proportional shifts in
sectoral productivities must leave relative prices unchanged. Second, no two vectors of sectoral
productivities can yield the same equilibrium prices and every vector of equilibrium prices can
be rationalized by some vector of sectoral productivities. One implication of this property is
that observation of relative prices without knowledge of productivities reveals no information
about the structure of the economy. Finally, price maps must be consistent with cost minimiza-
tion in the sense that the unique potential cost functions that rationalize the observed prices
K are in fact valid cost functions, i.e., they are quasiconcave.

The second part of Theorem 1 provides an explicit formula mapping microeconomic technol-
ogy to equilibrium prices. In particular, the right-hand side of Equation 31 is entirely primitive:
it depends only on the production functions and not on any equilibrium objects. To interpret
the formula, fix W and W that respectively are minimizers and maximizers in Equation 31. We
then have that II(z) = Qu (x + 7¢(W||W)). It is as if the initial adverse productivity shock =
is further increased by the production wedge 7¢ (W |[W), and then this composite productivity
shock propagates according to the Leontief inverse of the input-output matrix W. This is the
formula for equilibrium prices in a Cobb-Douglas economy with input-output matrix W and
inverse log-productivity vector z + 7 (W ||W).

We now provide intuition for the fact that equilibrium log-prices in the non-linear economy
correspond to those of a distorted linear (Cobb-Douglas) economy. Applying the endogenous

Leontief representation of Proposition 1, the fixed point equation for equilibrium prices becomes:

W; EA w; EA

pi = (1 — fB)x; + f min max {Z wi;p; — R(wg||w;) + In (G;@)) } , Vi€ n] (32)

Thus, stacking these equations and using the definition of the production-wedge operator:

1- 8 .
- TG<W||W>} (33)

=(1- i 1%
p=( ﬁ)Hﬁvglelgv%?v}ﬁ{ p+

To understand why we can view row-by-row min-maximization over vectors as vectorial min-
maximization over matrices, observe that each sector chooses its own technology, taking the
prices as given. We then proceed by doing something seemingly naive. Suppose that we fixed

a given pair of input-output matrices (W, W). The resulting fixed point equation is simply a
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linear system in p and can be exactly inverted to yield:
p = Quw(z+7W||W)) (34)

The key step of the proof is then to show that we can apply the min-max structure to this
solution and obtain the solution that we would have obtained if we applied the min-max and
then computed the fixed point. That is, the operations of taking the fixed point and the min-
max can be performed in either order and the answer is the same.” As a byproduct, this result
guarantees the existence of a pair of input-output networks W and W that respectively and
simultaneously maximize and minimize the price of every sector.

With CES production functions, the production wedge also takes on a particularly simple

form, which is related to common statistical measures of distance:

Example 1 (continuing from p. 10). If G; is a CES production function with weights o; € A
and o; € R, then the wedge is proportional to the Rényi divergence with parameter Ui between

a; and w; and the relative entropy between w; and w;:

- 5 B R
TE(WIW) = -3 Dy (ail[wi) — R (ws|w;) (35)
where D, is the Rényi divergence with parameter ¢t € R. In the Cobb-Douglas case in which

0; = 1, the Rényi divergence becomes the relative entropy. A

We conclude by highlighting how Theorem 1 covers distorted economies, implies a formula

for equilibrium GDP, and relates to the decision theory literature.

Remark 1 (The Price Formula in Distorted Economies). Our baseline model assumes that
there is perfect competition. However, our results characterizing prices extend immediately to
settings with fixed markups or other productivity distortions (such as taxes or subsidies). To
be more specific, if each sector has markup p; € Ry, (as in, e.g., Baqaee and Farhi, 2020; Bigio
and La’O, 2020), then redefining Zi = 7, /p; and applying Theorem 1 immediately yields the

formula for equilibrium log-prices in distorted economies. A

Remark 2 (From Prices to GDP). With prices derived, equilibrium GDP follows simply by
solving the household’s utility maximization problem given the equilibrium prices. As we
showed earlier, log-GDP is given by Y(z) = —> " &IL(z). It follows immediately from

Theorem 1 that the corresponding equilibrium log-output is given by:

T(a) = masx min { €' (2 4+ 75V [11)) | (36)

9By way of analogy, this ability to interchange optimality and fixed points appears regularly in economics
via the Bellman theorem: the value of a dynamic optimization problem (under standard conditions) is the same
as the fixed point of a Bellman operator.
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Intuitively, as we are solving all n min-max problems simultaneously, the expenditure weights

pass through the min-max structure. A

Remark 3 (Relationship to Decision Theory Literature). We observe that the fixed point op-
erators for equilibrium log-prices described by Lemma 1 under the restrictions of monotonicity,
normalization, and translation invariance (which are implied by Proposition 1) coincide with
non-linear operators that commonly arise in decision theoretic analyses (see e.g., Maccheroni
et al., 2006; Cerreia-Vioglio, Maccheroni, Marinacci, and Montrucchio, 2011; Cerreia-Vioglio,
Maccheroni, Marinacci, and Rustichini, 2014) and have been applied by Cerreia-Vioglio et al.
(2026) in broader contexts. Cerreia-Vioglio et al. (2026) characterize the limit as § — 1
(when appropriately renormalized) of such fixed points. We characterize equilibrium prices in
general—thus allowing for a labor share of production that is far from zero—leveraging the

additional concavity structure that Proposition 1 implies. A

4.3 Illustrating The Formula in Two-Sector Economies

We now illustrate Theorem 1 in a setting with one upstream sector and one downstream sector,
like the one analyzed in Section 2. As before, assume that the production function of the
upstream sector is given by Yy = 2ZUQ[%],0Q[%]’U' Now, instead of the double-Leontief form
of the initial example, we generalize the downstream production function to take the form
Yp = QZDQ%D70GD(QD,D7QD,U)%7 where Gp is regular. For simplicity, we assume that the
household consumes only downstream output and set Zp = 1.

We now use Theorem 1 to understand the propagation of upstream productivity shocks into

real GDP. With xy = —21n Zp, the unique equilibrium log prices are given by:

2—wpp l-wyy Ty + ln ( ~1 ) _ R Wy ?I]U
( pu ) — min max ( 3—wyu—wpp 3—wyy—wpp ) wyy ( H )
i wWew l-wpp 2—wyy 1 B R
Pp Wew In <—GD(1DD)> R(wp||wp)

3—wyy—wpp 3-wyu—wpp

(37)
where we have simplified the Leontief inverse. We begin by inspecting the first row of this
problem. First, observe that the minimizer can guarantee a value of xy by setting wyy = 1 (as
the maximizer must then set wyy = 1). Second, observe that the maximizer can also guarantee
a value of zyy by setting wyy = 1 (as the production wedge cancels to zero at this point). Thus,

we have that py = zy. We now turn to the second row, which allows us to express log real
GDP Y(zy) = —pp as:

T(zy)= max min { ;(u—wDD>xU+%D<wDD,wDD>)} (39)

@pp€[0,1] wppe[0,1] 2 —wpp

where 7p(s,5) = —InGp(5,1 —35) — R((s,1 — s)|[(5,1 — §)) is the production wedge of the
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Figure 5: Illustration of the Min-Max Formula from Theorem 1 in Example Economies

(a) Endogenous Leontief

(b) Leontief

(c) Perfect substitutes

Neither concave nor convex Concave Convex
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Upper envelope of
—1 4 lower envelopes

| — %

Upper envelope

/

Lower envelope

Upstream productivity shocks, zu

Notes: This figure plots equilibrium log GDP in Examples 5, 6, and 7. Panel (a) plots hypothetical log GDP
with fixed Leontief technologies w = 0.2,0.8 as orange and green lines respectively, with their upper envelope
corresponding to equilibrium log GDP as per Equation 41. Panel (b) plots equilibrium log GDP in a Leontief
economy as the solid blue line as per Equation 39, with pale blue lines corresponding to two supporting affine
log GDP functions with fixed wpp, and the dots denoting the point of tangency of these affine functions
with the lower envelope. Panel (c¢) plots hypothetical log GDP under perfect substitutes technologies in which
downstream uses no downstream inputs (orange line) and downstream only uses downstream inputs (green line)
with the upper envelope of these (blue line) corresponding to the true equilibrium log GDP as per Equation 40.

downstream sector. We now unpack the intuition behind this formula and the role of the max

and min through a series of examples.

Example 5 (Perfect Complements). Suppose that the downstream sector operates a Leontief
technology Gp(Qp.p, @pv) = min{Qpp/a,Qpu/(1—a)} for a € (0,1). In the formula above,

it is simple to verify that wpp = « is optimal and hence that:

TLeontief(xU) — (39)

min
wDDG[O,l]

{_ (1 —wpp)ry — R((QwijD, 1 —wpp)||(e,1 — a)) }

Thus, log GDP is a minimum of an affine function of zy; and is hence concave in upstream
productivity shocks. We visualize this in panel (b) of Figure 5. Thus, in Leontief economies,

which are intuitively the most fragile to shocks, the force of the minimum dominates. A

Example 6 (Perfect Substitutes). To consider the polar opposite case, now suppose that the
downstream sector operates a perfect substitutes production technology Gp(Qp.p,Qpv) =
Qp.p + Qpy. Again, in the GDP formula, one can verify that wpp = wpp and hence that:
titutes 1 —wpp)x
TSubstltutes(xU) _ {_( IED) U} (40)
2 — Wpp

max
lZJDDG[O,l}
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And so log GDP is a maximum of an affine function of xy; and is therefore convex in upstream
productivity shocks. We visualize this in panel (c) of Figure 5. Hence, in economies with
perfect substitutes, which are intuitively the most resilient to shocks, the force of the maximum

dominates. YA

In general, the forces of substitution and complementarity do not give rise to either a
globally concave solution (as in the Leontief case) or a globally convex solution (as in the

perfect substitutes case), as we demonstrate in the following two examples:

Example 7 (Choice of Leontiefs). As in Section 2, the downstream sector can operate two
Leontief technologies, Gp(Qp,p, @p,r) = MaxX,e(mw} Min {Qp,p/w, @pu/(1 —w)}. In this con-

text, equilibrium log GDP is given by the max-min formula:

—(1 - R 1— 1
YT(ry) = max min (1 —wpp)ry + R ((wpp, wpp) || (W, 1 —w))
we{w,@} wpp€l0,1] 2 — wpp

(41)

and log GDP is a max-min of an affine function of xy; and is neither concave nor convex in
upstream productivity shocks, as we saw in the initial example. We visualize this in panel (a)
of Figure 5. A

Example 4 (continuing from p. 12). We finally consider an example in which technology can

change smoothly. The downstream sector operates an endogenous CES technology of the form:

1,91 1 e=l\ o1

Gp(@Qpp,Qpy)= max A(a,0) (O“’QDUD +(1- a)dQDgU> (42)
a€l0,1],0€[0,1] ’ ’

where o corresponds to the weight of downstream inputs in production and o is the elasticity

of substitution between upstream and downstream inputs. These parameters are endogenously

chosen to maximize profits and changing the parameters away from some baseline values «q €

[0,1] and oq € [0, 1] entails an adjustment cost in productivity units of:

Ra Ko
A(a,0) = exp <—?<Oé — ) — 7(0 - 00)2> (43)
where kg, kK, > 0 denote the magnitude of the adjustment costs of changing input weights and
substitutability, respectively. Intuitively, these parameters capture the difficulty in adjusting
input needs and substitutability in the face of shocks. It is natural to imagine that they are

very large in the short-run, while being lower in the long-run. Theorem 1 implies that:

—(1 —wpp)ry +In A(a, 0) + R((wDD’l_llu_Df) {1 ~o) (44)

T(2y) =

max min
a€l0,1],0€[0,1) wppe[0,1] 2 —wpp
and log GDP is once again a max-min of an affine function of xy.
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Figure 6: Adaptation and GDP Curvature in an Endogenous CES Economy
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Notes: This figure plots optimal technology choices for @ and ¢ as a function of upstream productivity shocks
zy, o*(zy) and o*(xy) respectively in panel (a) and the second derivative of equilibrium log GDP in panel (b)
as a function of upstream productivity shocks. In panel (b), we also plot the curvature of GDP of two fixed
CES technologies (where a and o are exogenously fixed). Parameters: ag = %, o9 = %, Ko = 16, ke = 1.

We visualize the optimal technology choices alongside the lack of global concavity or con-
vexity of GDP in Figure 6. In panel (a) we plot the optimal choices of @ and o as upstream
productivity varies. As is intuitive, when upstream becomes less productive (xy increases),
downstream optimally increases « to become less reliant on upstream goods. Additionally,
when upstream either becomes more productive or less productive, downstream optimally in-
creases o to be able to better take advantage of the relatively cheaper input. In panel (b), we
plot the implications of these technology adaptations for the curvature of GDP, T"(zy ). In this
example, for small productivity shocks, GDP is concave as the sector’s adaptation is minimal
and o < 1. For large shocks, GDP is convex—despite the fact that the optimal choice of o
is always smaller than one—as the sector changes its technology more rapidly in the face of
greater incentives to do so. We contrast this with the case of exogenous CES technology, in

which the response is always convex for o > 1 and always concave for o < 1 (panel (b)). A

Thus, in general, neither the minimum nor the maximum dominates globally, and the two
interact to determine the response of prices and GDP to shocks. In the following section, we
proceed to formally define notions of resilience and fragility and we show that these concepts

map formally to the forces of the minimum and the maximum in the general representation.

5 Application I: Resilience vs. Fragility

We now apply our general representation of equilibrium prices and formalize the economic sense

in which the general min-max formula encodes the dueling forces of resilience and fragility.
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5.1 Defining Resilience and Fragility

To define notions of resilience and fragility, we ask: when is it true that making shocks to pro-
ductivity more dispersed has adverse economic consequences? Informally, if the consequences
are adverse, we call the economy fragile, and if the consequences are beneficial, we call the
economy resilient. While this is not the only reasonable definition of fragility and resilience,
it corresponds to the popular notion advanced by Taleb (2013): “Fragility can be defined as
an accelerating sensitivity to a harmful stressor: this response plots as a concave curve and
mathematically culminates in more harm than benefit from random events. Antifragility is the

opposite, producing a convex response that leads to more benefit than harm.”

Definition 2 (Resilience and Fragility). Sector i is resilient (fragile) if T; is concave (convex).

The economy is resilient (fragile) if Il is concave (convez).

To motivate this definition, assume that the log-prices faced by sector ¢ have an initial
distribution 7 over R™. The expected log-cost of sector i is then E.[T;]. We are interested
in the average percentage effect of the percentage variation in input prices on costs. More
specifically, consider a new distribution 7" of log-prices, constructed by adding the original log-
prices and a noise vector that is mean-zero and mean-independent with respect to the original
log-prices.!” With this, sector i is resilient if and only if E./[T;] < E,[T;] for any such pair of
distributions, i.e., the new expected log-cost is guaranteed to be weakly below the original one.
Thus, sector ¢ takes advantage of the positive realizations of the new price shock more than it
suffers from its negative realizations, so they at least secure the original log-cost on average.
Conversely, sector i is fragile if and only if E,.[T;] > E.[T;] for any such pair of distributions.

Thus, resilient sectors have lower log-costs in expectation when the volatility of log-prices
rises, while the opposite happens for fragile sectors. We can interpret resilience and fragility of
the economy analogously. An economy is resilient (fragile) if it benefits (suffers) in percentage
on average from more volatility in percent productivity.

This notion of resilience and fragility is consistent with the intuitive idea that CES tech-

nologies are fragile (resilient) when the elasticity of substitution is smaller (larger) than one:

Example 1 (continuing from p.10). A sector i € [n] with CES production technology with

elasticity of substitution o; is resilient if and only if ; > 1 and fragile if and only if o; < 1. A

5.2 Resilience

We now characterize resilience at the sector level and show that equilibrium prices preserve

resilience. The next result shows that a sector is resilient if and only if its cost operator is

10Formally, 7’ is the distribution of the random vector p’ = p+ &, where p is the original log-price vector with
distribution 7 and ¢ is a random vector such that E[e|p] = 0 for m-almost every p.
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generated by an endogenous Cobb-Douglas production function (as in Example 2).
Proposition 2. Fiz i € [n] with log-cost function T;. The following are equivalent:

(i) Sector i is resilient.

(ii) T; is generated by an endogenous Cobb-Douglas production function G :

GH(@.) = max {Axwi) I (Q—)} (45)

j=1 \Wid

for a nonempty, compact, and convezx set C; C A and production shifter A; : C; — [0, 1]

that is upper semi-continuous, log-concave, and such that max,,cc, A;(w;) = 1.
In this case, G s the unique reqular and quasiconcave production function that generates T;.

One important implication of this result is that endogenous Cobb-Douglas production func-
tions span the full scope of possibilities under resilience. Thus, insofar as one is interested
in resilient technologies, this result implies that the approach of imposing endogenous Cobb-
Douglas technology (as done in applications by Acemoglu and Azar, 2020; Kopytov et al., 2024)

is not a restriction. However, this formulation rules out the possibility of fragility.

Example 1 (continuing from p. 10). Because CES production functions with elasticity o; > 1
induce a concave log-cost operator, it follows that they are cost-equivalent to some endoge-
nous Cobb-Douglas production function. By inspection of the proof of Proposition 2, it is
possible to show that the productivity shifter recovering the CES log-cost operator is A;(w;) =
exp(—ﬁR(wiHai)) and C; = {w; € A:w; < o}, where a; € A are the weights in the
original CES production function. A

The next result uses this representation and Theorem 1 to derive the formula for equilibrium

prices in economies in which all sectors are resilient:

Corollary 1. If every sector is resilient, then the economy is resilient and such that

II(x) = Wrrg/rvlc {Qw(z+ (W)} (46)

where We = {W € W : w; € C;,Vi € [n]} and 7A(W) = %ln (ﬁ) for alli € [n].

Thus, in resilient economies, the max in the general min-max representation of Theorem 1
disappears. This justifies our earlier informal interpretation of the min as inducing resilience.
In this case, the production wedge also simplifies: G is replaced by A; from the endogenous

Cobb-Douglas representation.

23



5.3 Fragility

We now turn to the opposite question of when sectors and the aggregate economy are fragile.
The following result shows that fragility is equivalent to a sector having a task-based production

function with an entropy log-convex shifter A; (as in Example 3).
Proposition 3. Fiz i € [n] with log-cost function T;. The following are equivalent:

(i) Sector i is fragile
(i1) T; is generated by a task-based production function G :

. Qi "
Qi) = A;(w; — 4
Gi(Q) = min { T “n
for a nonempty, compact, and convez set C; C A and production shifter A; : C; — [1, 00]

that is lower semi-continuous, entropy log-convex, and satisfies min,,cc, A;(w;) = 1.
In this case, G} is the unique regular and quasiconcave production function that generates T;.

While the endogenous Cobb-Douglas production function that characterizes resilience is
familiar in the literature, this task-based mirror is, to the best of our knowledge, new. Moreover,
the shifter in the task-based production function is required to be entropy log-convex, a stronger
property than log-convexity. This stronger requirement comes from the need to be consistent
with the co-occurrence of T; being convex while K; is concave. Indeed, this requirement is so
strong that convexity of T; implies differentiability of 7;.!' Intuitively, fragile sectors cannot

change their production technique fast enough to generate kinks in 7.

Example 1 (continuing from p. 10). Similarly to the resilient case, because CES production
functions with elasticity o; < 1 induce a convex log-cost operator, it follows that they are cost-
equivalent to some task-based production function. By inspection of the proof of Proposition
3, it is possible to show that the productivity shifter recovering the CES log-cost operator is
Ai(w;) = exp( L ,R(wi||ai)) and C; = {w; € A w; <€ oy} A

1—0;

The next result leverages this representation and Theorem 1 to provide the equilibrium

prices in economies in which all sectors are fragile:

Corollary 2. If every sector is fragile, then the economy is fragile and such that

I(x) = Jmax {Qw(z+ (W)} (48)

1 The log-cost function of a fragile sector is Gateaux differentiable because its production shifter A; is entropy
log-convex, hence, strictly log-convex (see Bauschke, Borwein, and Combettes, 2001). More generally, one can
combine Theorem 1 and this observation to prove that the equilibrium log-price operator of a fragile economy
is always Gateaux differentiable.
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Thus, just as resilience eliminated the max in the general min-max representation of The-
orem 1, fragility eliminates the min in the representation. This completes our justification of
the general max as corresponding to fragility and the min as corresponding to resilience. More-
over, as in the resilient case, the production wedge is substantially simpler than the general

representation.

5.4 Resilience, Fragility, and the Ability to Abate Adverse Shocks

In this subsection, we show that our notions of resilience and fragility provide a useful diagnostic
for the concept that a sector is (un)able to abate large shocks to upstream suppliers. Similarly
to the analysis of Dew-Becker (2023), consider a pair of sectors i, j € [n] and suppose that there
is a change in the price of sector j by an amount A > 0 such that the input price vector changes

according to p — p + Ae;. We say that shocks to sector j can be abated by sector ¢ if:'?

lim Ti(p + Xej) — Ti(p)
A—00 )\

=0 (49)

Intuitively, a shock to j can be abated by sector 7 if, as the shock to j’s price becomes large,
the ultimate effect on the costs of sector ¢ becomes proportionately insignificant. To exemplify
this definition, in the case in which sector ¢ has a Cobb-Douglas production technology with
weights a; € A, i can abate shocks to j if and only if a;; = 0.

To describe how resilience and fragility relate to the ability to abate shocks, consider first
a resilient sector ¢ € [n]. By Proposition 2, such a sector can be represented as possessing
an endogenous Cobb-Douglas production function with productivity shifter A; : C; — [0, 1].
For such a production function, we define the set of feasible production technologies Cft =
c{w; € C; : Ai(w;) > 0}, i.e., the closure of the set of all of the mixes of inputs such that
the sector can generate production using that input mix. Now consider a fragile sector i € [n].
By Proposition 3, such a sector can be represented via a task-based production function with
productivity shifter A; : C; — [1,00]. For such a production function, we define the set of
necessary tasks Cf" = {w; € C; : A;j(w;) < 0o}, i.e., the set of tasks which must be completed

in order to produce output. With these definitions in hand, we have that:
Proposition 4. The following statements are true:

1. Suppose sector i is resilient. Sector i can abate shocks from sector j if and only if w;; = 0
for some w; € CE.

2. Suppose sector i is fragile. Sector i can abate shocks from sector j if and only if w;; =0
for all w; € CF.

123We observe that this property is independent of the initial p at which the object inside the limit is evaluated.
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Thus, our notion of resilience captures the idea that a sector can abate adverse shocks so
long as it is possible to adopt a technology that substitutes away from an adversely affected
supplier. By contrast, our notion of fragility captures the idea that a sector can only abate
shocks if all of the tasks that it performs do not require the outputs of the shocked supplier.
Moreover, if a sector is fragile, it follows immediately that there always exists some sector such
that shocks to that sector cannot be abated.

Example 1 (continuing from p. 10). Consider a sector ¢ with a CES production technology. If
sector i is resilient (o; > 1), then it can abate shocks to sector j if and only if a;; < 1. That
is, it can abate shocks originating from a sector if and only if that sector is not its sole input
supplier. If sector i is fragile (o; < 1), then it can abate shocks to sector j if and only if a;; = 0.

That is, it can abate shocks from a sector only if it is not exposed to that sector. A

5.5 Alternative Fragility Notions: Big Shocks and Elasticity

So far, we have considered a notion of fragility that corresponds to more dispersed shocks leading
to worse outcomes. While this is a standard notion, there are other reasonable definitions of
fragility, including that: (i) as shocks become bigger, their total adverse effect rises more than
proportionately, and (ii) the elasticity of substitution is greater or smaller than one. In this
section, we show how these notions are related.

Formally, we define resilience and fragility to big shocks as:

Definition 3 (Resilience and Fragility to Big Shocks). Sector i is resilient (fragile) to big shocks
if T; is concave (convex) at zero. The economy is resilient (fragile) to big shocks if Il is concave

(convex) at zero.

We observe that T; is convex at zero if and only if for all A € (0,1) and p € R™

T;(\p)

Ti(p) > 3

(50)

That is, the total effect of a shock in direction p—or T;(p)—is larger than the average effect for
all scaled down versions of that shock— or T;(Ap)/A.

Moreover, we define elasticity as:
Definition 4 (Elasticity). Sector i is elastic (inelastic) if T; is supermodular (submodular).

To understand why we use this definition of elasticity, we observe that when T; is twice
continuously differentiable, it collapses to the standard notion of elasticity from producer theory.

More technically, given the corresponding cost function K;, we define the Allen-Uzawa elasticity
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of substitution as

92K, (P) 9*Ti(p)
Ki(py — Ki(P> OPjOP, 6pj81fk 51
Ujk( )— 0K;(P) 8K;(P) oTi(p) 9Ti(p) ( )
OP; 0P Opj  Opk

where the second equality follows by simple algebra. With this, supermodularity (submodular-
ity) is equivalent to the elasticity of substitution being globally greater than one (smaller than
one)—the standard notion of elastic (inelastic). Indeed, for a CES production function, this
notion of elasticity corresponds to the standard condition that o; < 1. Our definition is more
general in that it can be specified without assuming any differentiability property of T;.

From this, we can see that elasticity encodes a notion of fragility to correlation. To under-
stand this, suppose as before that the log-prices faced by sector ¢ have distribution 7= on R™.
A standard notion of a random vector with distribution 7’ being more correlated than another
random vector with distribution 7 is that the distribution 7’ dominates 7 in the supermodular
stochastic order (see Shaked and Shanthikumar, 2007, for a discussion). Intuitively, if 7’ is
more correlated than 7, the expected value of a supermodular function will be larger under 7’
than 7 because the arguments are more likely to be jointly large and small.'® Thus, a sector
being elastic is equivalent to being fragile to correlation.

The next result shows that these different notions of resilience and fragility can be ranked.
Proposition 5. The following statements are true:

1. If a sector is inelastic (elastic), then it is fragile (resilient)

2. If a sector is fragile (resilient), then it is fragile (resilient) to big shocks

Thus, while all sectors being elastic or inelastic is sufficient for the conclusion that the
economy is resilient or fragile, it is not necessary. While these notions are equivalent with CES
production technologies, away from this special case our analysis makes clear the distinct roles
played by elasticity and resilience/fragility: elasticity determines the extent to which correlation
is good or bad, while resilience and fragility determine the extent to which volatility is good or
bad. As Theorem 1 and Corollaries 1 and 2 have shown that resilience and fragility characterize
the min-max structure of equilibrium outcomes, our results indicate that elasticity (while more
conventional) is less reflective of this general structure. The following nested CES example

provides a particularly simple illustration of a sector that is fragile while not being inelastic:

Example 8 (Fragility without Inelasticity). Consider the nested CES production function with

an outer CES nest with elasticity of substitution o € (0,1) and an inner Cobb-Douglas nest:

a 1—a
G(Q1,Q2,Q3) = as [(%) (1?2)

13That is, for all supermodular f : R" — R, we have that E./[f(p)] > E.[f(p)].

o—1
o

+(1—0a)7Qy" (52)
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where a,a € (0,1). Direct calculation of the Allen-Uzawa elasticities yields that o135 = 093 =
o <1, while g =1+ (1 — a)% > 1, where s is the expenditure share on the Cobb-Douglas
bundle. Hence, this sector is not inelastic. However, it is simple to show that the sector’s

log-cost function is globally convex, and hence that the sector is fragile. A

6 Application II: Shock Propagation

Understanding the effects of small shocks is a classic analytical method in macroeconomic
analysis. This is for the reason that, by focusing on small shocks, non-linearities can be ignored.
We will find, however, that the presence of technology switching implies that non-linearities
affect even such a local analysis, caveating the standard takeaway from Hulten (1978): observed
Domar weights are not generally sufficient to determine the effects of even small shocks without

knowledge of the underlying technologies.

6.1 Shock Propagation in the Small

We denote the starting point from which the economy is shocked by x € R", the direction of a
productivity shock by d € R”, and the size of the shock by ¢t € R, . We define the local effect

of a shock in direction d of size t starting from z as:

My (z:d) = lim H(z +td) — H(ac)

t—0t t

(53)

We say that II is directionally differentiable at x if this limit exists for every d and that II is
Gateauz differentiable at x if this limit is a linear function of d.'*
We define the optimal technology choice profile across sectors from the endogenous Leontief

representation (see Proposition 1) as:

1 T-L_ II)Z ex :
S(p) =< W € W : 4 € argmin 21 ¢ p(p;)
WEA Gi(w;)

, Vi e [n]} Vp e R" (54)
Intuitively, (p) corresponds to the set of cost-minimizing technology choices across sectors
when they face the log-price vector p. We also define the operator L : WW x R" — W:

~ w;; exp(p;)
L,LW — J J
W)= S G exn(on)

Vi, j € [n] (55)

which returns the Cobb-Douglas expenditure shares given a technology choice matrix W. We

14 A1l these properties and derived objects are analogously defined for the log-cost operator 7' and the real
GDP function T.
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can now derive the formula for the directional derivative of equilibrium log-prices:

Theorem 2. The equilibrium log-price operator 11 is directionally differentiable with:

lo(z;d) = min  Qpgypeyd  Vo,d €R” (56)
Wes(TI(x))

This formula says that for every direction d, shocks propagate according to the Leontief
inverse of a fictitious Cobb-Douglas economy with expenditure shares given by L. Moreover,
among all of the cost-minimizing technologies that prevail at the equilibrium log-prices II(x),
the fictitious Cobb-Douglas economy is the one that minimizes equilibrium prices following the
shock.

We emphasize that different directions of shocks can give rise to different technology choices
of sectors, causing the derivative of prices to jump. This happens at exactly those points where
multiple technologies are optimal for some sector. The following four equivalent statements

characterize the points at which technology switching introduces jumps.
Proposition 6 (When Jumps Feature). Fiz x € R". The following statements are equivalent:

(i) T is Gateaux differentiable at I1(x)
(11) 11 is Gateaux differentiable at x
(111) X(I1(x)) is a singleton

(iv) There exists a unique competitive equilibrium at x.
Moreover, for almost all x € R™, these four equivalent conditions are true.

Thus, whenever there are multiple competitive equilibria or 7" is not Gateaux differentiable
at equilibrium, jumps occur and local approximations may serve as a poor guide. While these
jumps arise in general, if all sectors of the economy are fragile, then 7" is Gateaux differentiable
and hence such economies always feature a unique equilibrium. Away from the fragile case in
which jumps are not possible, this result clarifies that jump points comprise a zero-measure
subset of R™. Despite this seeming rarity, their presence can still lead to arbitrarily large errors
if the analyst ignores them. As we will see in our next application, jumps are essential to

computing the effects of shock volatility on expected GDP.

6.2 The Insufficiency of Local Domar Weights

We now use Theorem 2 to derive the directional derivative of equilibrium output Yo(z;d) =

T( —‘rtd)—T( ) . . ) . .
—+=2—=_ We provide a generalized Hulten’s theorem: the change in aggregate labor

hmtu)
productivity induced by infinitesimal productivity shocks is given by the sales share vector (or
Domar weights). To this end, let £(x) be the set of competitive equilibria at x € R™. For any

competitive equilibrium E € £(x), we define the Domar weight vector as A\p = (PFYF)n .
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Proposition 7 (Generalized Hulten’s Theorem). Equilibrium log output Y is directionally dif-

ferentiable with derivative:

To(z;d) = max Npdy Vr,d € R" (57)

Ee&(x)
where dy = —(1 — )d is the direction of the shock expressed in units of log-TFP.

This generalizes Hulten’s theorem beyond the case in which sectors’ cost functions are
differentiable. The technology switching that previously led to discontinuity in the response of
prices to shocks also leads to jumps in Domar weights. Intuitively, when the economy is at a
technology switching point, different directions of shocks will propagate differently.

Proposition 7 implies that knowledge of £(x) is essential to know the effects of local pro-
ductivity shocks. Thus, except when there are unique equilibrium Domar weights, knowledge
of Domar weights before a shock is insufficient to know the effects of a shock. The analyst must
know how technology may change in order to predict how shocks propagate. For large shocks,
it is well understood that Hulten (1978) may provide a poor approximation (Baqaee and Farhi,
2019). What is new is that Proposition 7 shows that the same conclusion can be true even for
small shocks. Moreover, Proposition 6 clarifies exactly when the conclusion of Hulten (1978)
fails: when technology switching is fast, technologies used before a shock can be a poor guide
to technologies used following a shock. Conversely, when the economy is fragile (and thus by
Proposition 3 has a Gateaux differentiable T"), the conclusion of Hulten (1978) is valid.

6.3 Illustrating the Generalized Hulten’s Theorem

To understand Proposition 7, we apply the formula in the example economies that we used
to illustrate Theorem 1. Consider the local effects of a shock to upstream log-productivity
ry starting from a steady state in which both the upstream and downstream sectors are
equally productive (Zy, Zp) = (1,1). At the initial productivity vector, by normalization,
the prices of both sectors are equal. Hence, the expenditure share operator simply reduces to
Li]-(W, I1(0)) = ;. Therefore, the Domar weight vector given technology choices W is given
by N = ﬁSIQL(W,H(o)) = ﬁf’Qw. As £€p = 1 (the household only consumes downstream
goods) and wyy = 1 (the upstream sector has no technology choice in this example), we have

that the Domar weight vector corresponding to downstream technology choice wpp is given by:

/
0 1 0 i
1(.~ _ _ 1—w 1
N(@pp) = 2( 1 ) < Lo ) - 2( iop 1 ) (58)
DD

2—’LZIDD 2—w

As efficient technology choice for the downstream sector at symmetry simply maximizes down-

stream output, we have that wpp lies in the set Sp = {wpp € [0,1] : Gp(Wpp,1 —wWpp) = 1}.
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Figure 7: Equilibrium Domar Weights in Various Economies
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Notes: Each panel plots the equilibrium Domar weights of the upstream sector in various economies as the blue
line. The dashed gray line is the (constant) equilibrium upstream Domar weight in a Cobb-Douglas economy in
which downstream has equal expenditure shares on upstream and downstream inputs. Throughout, § = 0.5 and
xp = 0. In panel (a), technology is Leontief with a downstream input share of w = 0.2. In panel (b), technology
is perfect substitutes between upstream and downstream. In panel (¢), downstream can choose between Leontief
technologies with downstream input shares w € {0.2,0.8}. In panel (d), downstream technology is endogenous
CES with ag = 0.5, 0p = 0.25, ko = 8, and k, = 16, @ € [0,1], o € [0, 1].

We denote the largest and smallest elements of this set by wpp and wj,,. Proposition 7 implies:

- 1-w
T0(07 (xU’ O)) —  max 1-— Wpp _xU> _ 2_222 (_xU) s, LU S 07 (59)
@wppeSp |2 — Wpp ;_EJ (—zy),zy >0
—Wpp ’ '

Intuitively, when there is an adverse shock to the upstream sector (i.e., xyy > 0), the downstream
sector switches to the technology (among all of those that are efficient) that is least reliant on
upstream inputs. Conversely, when there is a positive shock to the upstream sector, it switches
technology to be maximally exposed to the shock. Thus, there is a discontinuity in the effects
of shocks when there are multiple efficient technology choices.

We illustrate this (in)sufficiency of local Domar weights through a series of examples.

Example 5 (continuing from p.19). If there is a single Leontief technology downstream with
downstream input weight «, the unique efficient technology is wpp = a. Hence, Sp = {a} and
there is no discontinuity. This is illustrated in panel (a) of Figure 7: upstream’s Domar weight

smoothly and monotonically increases as it becomes less productive. A
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Example 6 (continuing from p.19). If there is a perfect substitutes technology downstream,
then all technologies are efficient Sp = [0, 1], and there are highly asymmetric effects: positive
shocks propagate while negative shocks generate no adverse consequences. This is illustrated
in panel (b) of Figure 7: adverse shocks do not propagate as the Domar weight of upstream is

zero while beneficial shocks propagate one-for-one as the Domar weight of upstream is one. A

Example 7 (continuing from p.20). More generally, if there are finitely many Leontief tech-
nologies downstream, negative shocks propagate according to the smallest Leontief weight on
upstream and positive shocks propagate according to the largest Leontief weight on upstream.
We illustrate this in our two technology running example in panel (c¢) of Figure 7. Starting
from a situation in which upstream is more productive than downstream (xy < 0), worsened
productivity in upstream (higher zy;) increases the Domar weight of upstream. However, at the
point at which downstream switches from using upstream more intensively to less intensively

(xy = 0), the Domar weight of upstream jumps down, before once again increasing. A

Example 4 (continuing from p.12). Panel (d) of Figure 7 shows equilibrium Domar weights
in this endogenous CES example. When upstream is much more productive than downstream,
downstream uses only upstream inputs (o = 0) and the upstream Domar weight is one. At a
critical point, even though each CES technology is smooth and the opportunity cost of changing
technologies is smooth, the optimal technology choice jumps to using some strictly positive
amount of downstream goods (a* > 0), leading to a downward jump in the Domar weights.
After this point, technological change in both input intensity a and the substitution elasticity
o occurs smoothly and the upstream Domar weight first declines (as effective substitution
dominates), before rising (as effective complementarity dominates), and then declines again.
Finally, at a critical point where upstream is sufficiently unproductive, downstream ceases to

use upstream inputs at all (a* = 1) and the upstream Domar weight jumps to zero. A

These examples illustrate that resilience and the ability to switch technologies can imply

rapid changes in Domar weights that are not captured by local information about the economy.

7 Application III: Microeconomic Volatility and GDP

We finally apply our results to study how changes in microeconomic volatility affect the average
GDP of the economy.

7.1 Set-up and Defining Local Resilience and Fragility

For this section, we assume that sectoral log productivities are stochastic and study how a

change in the variance of the log productivity of an arbitrary sector i € [n] affects average
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log GDP. To this end, suppose that sector i’s (normalized and inverse) log productivity can
be written as X; = u; + s;v;, where p; € R represents mean log-productivity, s; € R,
denotes the standard deviation of log productivity and v; is a shock (in standardized units) to
log productivity. We assume that v; is (jointly) independent across sectors and has probability
density function ¢;, which is even, continuous, and has unit variance. With an abuse of notation,
we henceforth suppress dependence on means, and let @s(x) and, for all i € [n], ¢_;(x_;)
denote the induced densities of the random vectors X = (Xj) e and X_; = (X;);j4. A key
example accommodated by this setting is that X is jointly normally distributed with mean p
and variance-covariance matrix diag(s*), where s* = (s7,...,s2) € R ,.

We define expected log GDP given sectoral standard deviations s € R’} | as:

n

Y(s) B[00 = [ T@a)de = [ T (H e (‘“)) dr  (60)

i=1 "¢

We say that the economy is locally (at s) fragile to increases in the volatility from sector i if

85( *) <0 and the economy is locally resilient if ES) > 0. It also follows that if the economy is

resilient (fragile), then the economy is also everywhere locally resilient (fragile) to every sector
i.1> We can thus consider ;/(s) as a quantitative measure of the local resilience of the economy

to sector i. We now proceed to provide a general decomposition of this quantitative measure.

7.2 The Effects of Microeconomic Volatility on GDP

To state the result, we define Dr as the set of x € R” such that T is Gateaux differentiable at
x. We also define Hr as the set of x € R™ where 7" is twice continuously differentiable. In this
section, we maintain the following technical assumptions: (i) Dr is open and (ii) Dy = Hr.
Define the corresponding set of productivity vectors by Dy = II7!(D7). By Proposition 6,
Dy is the set of productivity vectors admitting a unique equilibrium. Its complement has
Lebesgue measure zero, so it has probability one under every shock distribution considered
here. Under the lens of Proposition 6, the first part of the assumption says that equilibrium
uniqueness is robust to small perturbations of shocks. The second part of the assumption
states that whenever a unique equilibrium exists, the log-cost operator admits a second-order
expansion. Importantly, this does not imply that the second-order expansion approximates well
the equilibrium everywhere, just generically. While this might seem a detail, especially since we
are considering absolutely continuous shock distributions, our decomposition below shows that
the (non-generic) discontinuous changes in the derivative of T still matter. Intuitively, while

jumps are rare, they are locally infinitely larger than the smooth variation in the function.

I5For every convex function ¢ : R — R, the map s; — fR d(p; + 8iv;) i (v;) dv; is non-decreasing over R, for
every i € [n]. Thus, the distribution of each X; increases in the convex order whenever s; increases.
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For each sector i € [n], we define the coordinatewise minimum Domar weight:

Ai(x) = min Ag,, r € R", (61)
Ec&(x)
On Dy, this coincides with the Domar weight of the unique equilibrium. Under our maintained

assumptions, for every x € Dy, their derivatives (%) . € R" are well defined. We set
g i€[n

8223(?) = 0 for all x ¢ Dy and all ¢ € [n]. Moreover, for every sector i € [n], define the
Domar weight jump as A\;(z) = \(x) — limg_00 A (:1: — %ei) for all z € R™. These jumps
are well defined everywhere, and they are equal to 0 on Dp.'% Finally, we define the function
m; R —R,:

m;(z;) = /:)_M ro;(r)dr (62)

s

k3

Intuitively, this object corresponds to the expected value of sector i’s productivity multiplied by
an indicator that productivity is x; standard deviations above the mean. For a Gaussian random
variable, X; ~ N(u;, s?), this object satisfies m;(z;) = ¢ (%ﬁ“) where ¢ is the standard normal
density, and is just the probability density of productivity shocks scaled by their dispersion.

With these objects in hand, we can characterize the local resilience of the economy as follows:

Theorem 3. For all s > 0 and i € [n], we have:'"

Y (s)
8si

= (1- BE

) / Mmi(%)dzi -y A)\i(aji,X—i)mi(iﬂi)] (63)

ail'l'
z; ER

Moreover, we have that —AN;(x) > 0 for all x € R".

We first show that the effect of changing the variance of sector ¢ on average GDP is simply
the average of the second-order distributional derivative of GDP. We then obtain this result by
showing that this second-order distributional derivative can be decomposed into two terms. The
first term is the standard and familiar second-order term from Baqaee and Farhi (2019): the
second-order effects of changing productivity shocks are captured by the change in the Domar
weights. However, in general, this does not capture the total effect. The second term weighs
points at which the Domar weights jump because sectors switch technologies discontinuously.

This term always contributes positively. Intuitively, technology switching always makes the

16To see why AN;(z) is well defined, observe that by Proposition 10, the function g(t) = Y (z +tet) + ﬁtQ
) — B

*%ﬁ for all ¢ € R. The right derivative g/, is finite and

nondecreasing. Hence the sequence ¢/, (—1/k) is nondecreasing and bounded above by ¢/, (0), so it has a finite

limit. For a convex function, this limit equals g’ (0). It follows that limg_ o A; (x — %ei) = —gf_(g).

1"The expectation is over X_;, and the sum is over the at most countably many points where A\;(z;, X_;) # 0.

is convex. By Proposition 7, \;(x + te?) =
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economy more locally resilient because sectors change technologies efficiently. Thus, neglecting
technology switching will always overstate the extent of the economy’s fragility.
We now unpack these terms and how they contribute to local resilience and fragility through

some special cases and examples.

Remark 4 (Expected Changes in Domar Weights are Sufficient with Smooth Technology).
Suppose that each sector has a sufficiently “smooth” production technology in the precise sense
that its log-cost is Gateaux differentiable and that X; ~ N(u;, s?). In this case, there is always
a uniquely optimal technological choice and the jump component in Theorem 3 is identically

zero. That is, we have (using the fact that m;(z;) = ¢ <x—8_“—) for Gaussian shocks):

Y (s)
aSi

(64)

= —(1 - p)siEEs [6)\1-()()}

0xi

A direct corollary of this fact is that if all sectors are fragile, only the first term appears and the
total effect of microeconomic volatility is negative.'® Under this smooth technology, the Bagaee
and Farhi (2019) logic of studying the derivatives of Domar weights is sufficient to characterize
local resilience and fragility. However, even in this case, we highlight that the formula provided
by Theorem 3 is novel and extends the logic from Baqaee and Farhi (2019): it provides the
exact—rather than approximate—effects of changing volatility on expected GDP. A

We now explore the more general case with contributions from both smooth changes in

Domar weights and technology switching using our running endogenous CES example economy:

Example 4 (continuing from p.12). In panel (b) of Figure 8, we plot the effect of changing
upstream productivity volatility on average log-GDP (solid blue line) in an endogenous CES
economy. We recover an S-shaped response of the economy (as in the example from Section
2): volatility is initially harmful, then helpful, and then harmful again. Underlying this total
effect are changes in effective substitutability of inputs that arise from smooth changes in
optimal input weights a* and the elasticity of substitution ¢* and discrete changes arising from
discontinuous adjustment of technology. We illustrate these technological adjustments in panel
(a) of Figure 8. Intuitively, as shocks become larger, downstream both adapts to place less
weight on the relatively more expensive sector and becomes more flexible.

Consider first the contribution from smooth changes in Domar weights (orange line). As
inputs for fixed technology are gross complements (as o* < 1), if technological changes are
insufficiently fast, then the economy is locally fragile and volatility has negative effects. Con-
versely, even though inputs are always gross complements for any fixed technology, sufficiently

fast changes in technology can generate enough substitution to generate local resilience.

18This is true more generally since in fragile economies Y is a concave differentiable function (see Corollary
2 and Footnote 11). By contrast, in resilient economies, the derivative is always nonnegative.

35



Figure 8: The Effects of Microeconomic Volatility in an Endogenous CES Economy

(a) Optimal technology choices (b) Volatility decomposition
— o*(av) o*(zv) .~
1.00 A o} 0.04 4 =
w o a : -
5} O N
-
g % e
g 0.75 = z
| T 5 0.00 A y
3 a
& i
> 2
& 050 g%
<}
E 5§ —0.04-
£ 0251 E
e = Eg = Total effect
M 0.08 1 Smooth Domar term
0 e — - Discrete switches
000 T T T T T T T T
-9 —6 -3 0 3 6 9 0 1 2 3 4
Upstream productivity shocks, xur Upstream shock standard deviation, sy

Notes: Panel (a) plots equilibrium technology choices of the downstream sector with endogenous CES technology
as a function of upstream productivity shocks. Open circles denote discontinuities in the optimal technology
choice. Panel (b) plots the effect of upstream productivity volatility on expected log GDP and decomposes
this into the two terms from Theorem 3. Parameters: —In A(a, o) = 2.8(a — 0.5)% + 0.05[(c + 24.5)? — 24.5?%],
a € [0.05,0.95], o € 0,0.3], Xy ~ N(0,s%), Xp = 0.

We now turn to how jumps in Domar weights contribute to local resilience (green line).
We observe that there are four critical values of shocks to upstream productivity at which
downstream finds it optimal for its technology to jump. While the probability of being at these
jumps is zero, because they are large, their contribution to the effect of variance on expected
log-GDP is non-negligible. Moreover, as guaranteed by Theorem 3, this contribution is always
positive. Intuitively, and in line with the less formal logic of our leading example (see Section
2), as the economy will always operate using the most efficient technology, discrete changes in

technology create a form of option value. A

As this example demonstrates, Theorem 3 formalizes and generalizes the qualitative phe-
nomenon illustrated in Section 2. That is, the effect of microeconomic volatility on expected
log-GDP is generally non-monotone. In smooth economies, these effects are summarized by ex-
pected changes in Domar weights. In discrete economies, such as an endogenous Cobb-Douglas
economy with finitely many technologies, these effects are governed only by jumps in Domar

weights. In general, both smooth and discontinuous changes in Domar weights contribute.

8 Conclusion

In this paper, we have provided a global analysis of the canonical production network model

with arbitrary CRS technology. Our main result provides a primitive formula for equilibrium
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prices that applies in any such economy. As a formula was previously known only in the Cobb-
Douglas case (Acemoglu et al., 2012), this formula represents a substantial generalization and
applies to popular special cases, such as nested CES economies (Bagaee and Farhi, 2019; Dew-
Becker, 2023), endogenous Cobb-Douglas economies (Acemoglu and Azar, 2020; Kopytov et al.,
2024), and many others (including those studied by Chodorow-Reich et al., 2026; Acemoglu
and Tahbaz-Salehi, 2025).

Beyond the technical contribution of this result, we build upon it in three applications.
First, we studied the question of when the economy is resilient and when it is fragile. We
found that the “min” and the “max” in the general representation correspond in a natural way
to the competing forces of resilience and fragility. We also characterized the microeconomic
properties of resilience and fragility at the sector level, revealing that standard specifications
and approximation-based methods allow only for global resilience or fragility. In the process,
we axiomatize endogenous Cobb-Douglas and a form of task-based production technology as
equivalent to the properties of resilience and fragility, respectively. Thus, such models cannot
capture the qualitative possibility that changing input mix can lead to volatility having “S-
shaped” effects on the economy, whereby small and large levels of productivity dispersion are
bad, but intermediate levels are good.

Second, we provided a generalization of Hulten’s (1978) theorem to cover the case of general
(i.e., non-differentiable) production technology. As we showed, such non-differentiabilities are a
natural consequence of allowing for endogenous production networks. Moreover, the generalized
theorem places important economic nuance on the received wisdom following Hulten (1978)
that, for small shocks, it is not important to know anything about technology or the input-
output network. Indeed, the presence of technology switching—which cannot be inferred from
mere observation of the current Domar weights—leads current Domar weights to provide an
inaccurate description of shock propagation, even for small shocks.

Third, we characterized the effects of microeconomic volatility on GDP. We showed that
these effects can always be decomposed into two terms, reflecting how changes in productivity
smoothly change the economy’s Domar weights—providing an exact version of the logic from
Baqaee and Farhi (2019)—and an additional term reflecting how jumps in Domar weights
contribute. This change from jumps in Domar weights results from technology switching and
always contributes positively. Hence, by this notion of local resilience, economies are necessarily
weakly more resilient than would be suggested by local changes in Domar weights (and strictly
more so exactly when technology switching occurs in equilibrium).

Finally, we remark that while we have considered a model with a single primary factor
and CRS, our analysis nonetheless has implications for models with multiple primary factors
and/or decreasing returns to scale (which can always be recast as CRS economies with multiple

primary factors). In particular, our price characterization still applies given the price vector
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for the primary inputs. Thus, applying our methods and results to multi-factor economies

represents a promising avenue for future research.

References

Daron Acemoglu and Pablo D Azar. Endogenous production networks. Econometrica, 83(1):
33-82, 2020.

Daron Acemoglu and Pascual Restrepo. The race between man and machine: Implications of
technology for growth, factor shares, and employment. American economic review, 108(6):
1488-1542, 2018.

Daron Acemoglu and Alireza Tahbaz-Salehi. The macroeconomics of supply chain disruptions.
Review of Economic Studies, 92(2):656-695, 2025.

Daron Acemoglu, Vasco M Carvalho, Asuman Ozdaglar, and Alireza Tahbaz-Salehi. The net-
work origins of aggregate fluctuations. Econometrica, 80(5):1977-2016, 2012.

David Rezza Baqaee and Emmanuel Farhi. The macroeconomic impact of microeconomic
shocks: Beyond hulten’s theorem. Econometrica, 87(4):1155-1203, 2019.

David Rezza Baqaee and Emmanuel Farhi. Productivity and misallocation in general equilib-
rium. The quarterly journal of economics, 135(1):105-163, 2020.

Heinz H Bauschke, Jonathan M Borwein, and Patrick . Combettes. Essential smoothness,
essential strict convexity, and legendre functions in banach spaces. Communications in Con-
temporary Mathematics, 3(04):615-647, 2001.

Saki Bigio and Jennifer La’O. Distortions in production networks. The quarterly journal of
economics, 135(4):2187-2253, 2020.

Vasco M Carvalho and Alireza Tahbaz-Salehi. Production networks: A primer. Annual Review
of Economics, 11(1):635-663, 2019.

Vasco M Carvalho, Makoto Nirei, Yukiko U Saito, and Alireza Tahbaz-Salehi. Supply chain
disruptions: Evidence from the great east japan earthquake. The Quarterly Journal of Eco-
nomics, 136(2):1255-1321, 2021.

Simone Cerreia-Vioglio, Fabio Maccheroni, Massimo Marinacci, and Luigi Montrucchio. Com-
plete monotone quasiconcave duality. Mathematics of operations research, 36(2):321-339,
2011.

Simone Cerreia-Vioglio, Fabio Maccheroni, Massimo Marinacci, and Aldo Rustichini. Niveloids
and their extensions: Risk measures on small domains. Journal of Mathematical Analysis
and Applications, 413(1):343-360, 2014.

Simone Cerreia-Vioglio, Roberto Corrao, and Giacomo Lanzani. Nonlinear fixed points and
stationarity: Economic applications. Awvailable at SSRN 5107497, 2026.

38



Gabriel Chodorow-Reich, Xavier Gabaix, and Davide Viviano. Propagation of shocks in net-
works: Identification and applications. Awailable at SSRN 4885984, 2026.

Gérard Debreu. Excess demand functions. Journal of Mathematical Economics, 1(1):15-21,
1974. doi: 10.1016/0304-4068(74)90032-9.

Ian Dew-Becker. Tail risk in production networks. Econometrica, 91(6):2089-2123, 2023.

Matthew Elliott, Benjamin Golub, and Matthew V Leduc. Supply network formation and
fragility. American Economic Review, 112(8):2701-2747, 2022.

Giora Hanoch. Cresh production functions. Econometrica: Journal of the Econometric Society,
pages 695-712, 1971.

Hendrik S Houthakker. The pareto distribution and the cobb-douglas production function in
activity analysis. The Review of Economic Studies, 23(1):27-31, 1955.

Charles R Hulten. Growth accounting with intermediate inputs. The Review of Economic
Studies, 45(3):511-518, 1978.

Tjalling C Koopmans. An analysis of production as an efficient combination of activities.
Activity analysis of production and allocation, 1951.

Alexandr Kopytov, Bineet Mishra, Kristoffer Nimark, and Mathieu Taschereau-Dumouchel.
Endogenous production networks under supply chain uncertainty. Econometrica, 92(5):1621—
1659, 2024.

Wassily W Leontief. The structure of american economy, 1919-1929: An empirical application
of equilibrium analysis. Harvard University Press, 1941.

Ernest Liu. Industrial policies in production networks. The Quarterly Journal of Economics,
134(4):1883-1948, 2019.

John B Long Jr and Charles I Plosser. Real business cycles. Journal of political Economy, 91
(1):39-69, 1983.

Fabio Maccheroni, Massimo Marinacci, and Aldo Rustichini. Ambiguity aversion, robustness,
and the variational representation of preferences. Econometrica, 74(6):1447-1498, 2006.

Rolf R. Mantel. On the characterization of aggregate excess demand. Journal of Economic
Theory, 7(3):348-353, 1974. doi: 10.1016/0022-0531(74)90100-8.

James C Moore. Mathematical Methods for Economic Theory 1, volume 9. Springer Science &
Business Media, 1999.

Ezra Oberfield. A theory of input—output architecture. Econometrica, 86(2):559-589, 2018.

Moshe Shaked and J George Shanthikumar. Stochastic orders. Springer, 2007.

Hugo Sonnenschein. Do Walras’ identity and continuity characterize the class of community
excess demand functions? Journal of Economic Theory, 6(4):345-354, 1973. doi: 10.1016/
0022-0531(73)90066-5.

Nassim N Taleb. ‘antifragility’ as a mathematical idea. Nature, 494(7438):430-430, 2013.

39



Appendices

Preliminaries. In all appendices, with an abuse of notation, we often let x € R"™ denote
an arbitrary n-dimensional vector, which does not need to be related to the vector of log-
productivity shocks considered in the main text. We endow R™ with the supnorm ||z||e =
maX;cp |z;|. We say that an operator S : R" — R" is nonexpansive if |[S(z) — S(2)|| <
||z — 2'||o. Given a nonexpansive operator S : R” — R" and § € (0, 1), we introduce the new
operator Sz : R” — R™ that maps each z € R” to the solution of the following equation (in #):

(1—B)a+ 8 (7). (65)

Lemma 3 in Cerreia-Vioglio et al. (2026) establishes that S is well defined.

z

A Proofs of the Results in Section 4

Proof of Proposition 1. (i) = (ii) Fix P € R},. Fix also i € [n] and w; € A such that
G;(w;) # 0. Define @Q; = % € R7}. Since G; is positive homogeneous, we have that
G;(Q;) = 1. By definition of @), it follows that

IR
i\ Wy j=1

Because w; was arbitrarily chosen, it follows that

>y Wi Py >0y Wi Py
K;(P) < ; == M pip ==/ 27 67
(P) < B MG (1) £0 Gi(w;) BieA Gi(w;) (67)

Next, fix Q; such that G;(Q;) > 1 and define w; = ﬁ@l It follows that

iQP > Z?:1 Gl = Z?ZI i > min —Zy:l Wil (68)
et TIT L Gi(Q) Gi(w;)  — mea  Gyi(wy;)
where the equality follows from positive homogeneity of ;. Because (); was arbitrarily chosen,
it follows that Kz(P) > Mming,ea %7 proving KZ(P) = ming,ea ng.l(w'lf)?;Pj

By the definition of T', we have

Ti(p) = Inin [ln (Z Wi eXp(pj)) +In < GS@))] : (69)

By Maccheroni et al. (2006), this establishes that 7" is normalized, monotone, and translation
invariant, completing the proof of this part.

(i1) = (i) follows directly by Theorem 4.

The exact expression for T" follows by combining the above with Proposition 1.4.2 in Dupuis
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and Ellis (2011)." O

Define the function H : [0,00) x A x A — [0, 00] as

0 if w,=w; and =0,
H (A wi, ;) = A A iy In (jg) it w <@ and \e (0,00) (70)
o0 otherwise.

Lemma 2. Let T : R™ — R" be such that there ezists A € [0,00) and, for everyi € [n], a lower
semicontinuous function ¢; : A — [0, 00] with

Ti(z') = mig mag{<wi,37/> — H(X\ wi, ;) + ¢; (w0;) } va' € R", (71)
W; EA w; €

with the convention that if ¢; (w;) = oo, then —H (A, w;, w;) + ¢; (W;) = co. We have that

(x) = ;16111/1\} Inax {QW (9(; — TC<W||W)>} Vo e R" (72)

where TE(W||W) = % (H(\, w;, ;) — ¢;(w;)) for all i € [n], with the convention that for all
W €W, if there is i € [n] such that ¢;(i0;) = oo, then T]?(WHVNV) = —oo for all j € [n] and all
Wew.

Proof. For every i € [n], fix ¢; : A — [0, 00] as in the statement. Consider first A € (0, 00). For
all W, W € W such that, for all i € [n], ¢; (0;) < oo, and w; < 1, define a (W, W) € R™ as

a(W,W) — —H O w, @) + e (@) Vien] (73)

i

and the operator Ty 5, : R" — R" as
Ty (&) = Wa' + a (W, W) : (74)

Also, for every W € W such that, for all i € [n], ¢; (10;) < oo, define the operator T; - R"— R"
as

T: (o) = max Ty 2. 75
( ) W Vi€ [n],w; <w; w.w ( ) ( )
Clearly, each T, so defined is non-decreasing and translation invariant, hence nonexpansive.

Next, observe that
T (2') = min Ty, («) Vi’ e R™ (76)

WVie [n],ci(0;)<oo

By Remark 1 in Cerreia-Vioglio et al. (2026), for all W, W € W, such that, for all i € [n],

19The steps of the proof of that result need to be adapted in the obvious way given that we have
1n(2?:1 Wi eXp(pj)) in place of — 1n(2?:1 Wi exp(—pj)).
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¢ (W) < 00, and w; < w;, we have

1—-p

Next, fix W € W such that, for all i € [n], ¢; (0;) < oo and observe that, for all W € W such
that w; < @; and all 2’ € R", we have Ty, (2) < T} (2'). By Lemma 5 in Cerreia-Vioglio
et al. (2026), we also have that

T s () = Qw <:c P (w. W)) Vz € R". (77)

B
1—-p

for all W € W such that w; < w; for all i € [n] and z € R". By Equation 75, for all z € R",
there exists W € W such that, for all i € [n], ¢; (0;) < oo, and

Qw (x + a (W, W)> = Ty (2) < T}, (@) (78)

T (@) = (1= B)o+ BT, (T, () = (L= B)a+ 8T (T, (0)  (79)

W s (¢), hence that

yielding that Ty 5 (x)

- B 3 y
TW7B (J/') N WEW:V%?’!?](,MZ'<<U~)¢ {QW (w + 1-— ﬁa <VV’ W> ' <80)

Because W was arbitrarily chosen, it follows that Equation 80 holds for all W € W such that
¢; () < oo for all i € [n].

Next, fix z € R™. For all W € W with ¢; (i5;) < oo for all i € [n], Lemma 5 in Cerreia-Vioglio
et al. (2026) implies that

II(z) < TI},’B (x) (81)
because T" < T1> . By (76), there exists W* € W, with ¢; (;) < oo for all i € [n], such that
(z) = (1 =)z +pT (l(2)) = (1 = B)z + Ty, (T (z)) (82)

yielding that II (z) = T;V* 5 (). This in turn yields that

W:we[g}iﬁwixm T‘}”’B (z) < N‘?V*’ﬁ (z) =M{z) < W:Vie[rrzl]l,iﬁwi)<oo T;V’ﬁ (@), (83)
hence that
II(x) =  min max {QW <x + b a (W, W))} (84)
W Vi ) ci () <oo WiVi€[n] w; < 1-p
= i g {2 (=7 (V) 1 )
as desired. Finally, suppose A = 0. Observe that, for all ¢ € [n], we have
Ti(2") = min {{w;, z) + ¢;(w;)} V' € R™. (86)

w; EA
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With this, a completely symmetric argument leads to

(x) = min {Q (= ~(W||W)) | (87)

Wew
as desired. []

Proof of Theorem 1. (i) implies (ii). Let G be a profile of regular production functions and let
T be the log-cost operator induced by it. We first prove that if G induces II as the equilibrium
log-price operator, then II is given by Equation 31. By Proposition 1, observe that for every

m for all w; € A,
which is clearly lower semicontinuous. Therefore, Equation 31 immediately follows by Lemma
2 and Equation 30. In turn, this implies that II is translation invariant and monotone. To see
that IT is normalized, observe that p = 0 is the unique solution of the equation p = 7 (p) due
to normalization of T' (see Proposition 1). To see that II is bijective first observe that, for all
p € R", we can define z = p_l’B_Tﬁ(p) so that p = II(x), thereby showing that II is onto. Next,
assume by contradiction that IT1(z) = II(2’) for some x # 2’ and observe that

H(z) — pT(Al(x)) (') = TAL))
€T = 1_ 5 = 1_ 5 =, (88)

yielding a contradiction. This shows that II is also injective, hence bijective. Finally, observe

i € [n], T; can be written as in Equation 71 with A =1 and ¢;(@;) = In (

that K1 = expo <Lﬁﬁ)n_l> oln = expoT oln = Ky, which is quasiconcave by Proposition 1.

(ii) implies (i) Define the operator T : R" — R"™ as T' = % This is well-defined
since II is bijective. If we can show that T is translation invariant, normalized, and such that
K7 is quasiconcave, then, by Proposition 1 there exists a profile of regular production functions
G that induce T; as the log-cost operator of each sector ¢. In turn, by definition of 7', we have
that II is the equilibrium log-price operator induced by G, yielding the desired result. With
this, we next show that T satisfies all the aforementioned properties. First, observe that, by
construction, K = K7 is quasiconcave. To see that T is normalized, observe that I-1(0) =0
because II is normalized and bijective. Thus 7'(0) = 0. To see that T is translation invariant, fix
any p € R" and k € R and define z := II"(p). By recalling that I1(z+ke) = II(z)+ke = p+ke,
we have p + ke = (1 — B)(x + ke) + BT (p + ke). By rearranging this expression, we have

T(p+ ke) = LEREZ (155)(““) _r=( _E)H_l(p) + ke = T(p) + ke. (89)

This in turn shows that 7" also satisfies translation invariance, concluding the proof. O

B Proofs of the Results in Section 5

Proof of Proposition 2. Fix i € [n| and a log-cost operator T;.
(i) implies (ii). Because sector i is resilient and 7; is a log-cost operator, by Proposition 1
we have that T; is normalized, non-decreasing, translation invariant, and concave. By Lemma
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26 in Maccheroni et al. (2006), it follows that

T (p) = quﬂé% {{wi, p) + d; (wi) } vp € R, (90)

where d; : A — [0, 00] is lower semicontinuous, convex, and such that min,,ca d; (w;) = 0. In
particular, if 7} is positive homogeneous d;(w;) € {0, 00} for all w; € A. With this, we have

{ [ B

Ki (P) = exp (Ti (In (P))) = min § <25 005

w; EA

} VP eRY,. (91)

Next, define

c; (Qz’)zggggi{exp(—di <wi>>H(Q“j) } VQi € RY. (92)

j=1

Observe that G is non-decreasing and such that

max G (i) = max {exp (—d; (w:)) maxﬁ ( )w} ~1 (93)

W;EA w; EA wW;EA - wl]
J=1

Moreover, since the objective function in the maximization of Equation 92 is the product of two
upper semicontinuous functions, it is upper semicontinuous in (@Q;, w;). In turn, Lemma 17.30
in Aliprantis and Border (2006) implies that G} is upper semicontinuous, and Proposition 5.94
in Moore (1999) implies that it is, in fact, continuous.

By letting C; = cl ({w; € A : d;j(w;) < oo}) and A; (w;) = exp (—d; (w;)) for all w; € C;, we

obtain
n Qi \ "V
* ]

]:
Observe that, given the properties of d;, we have that C; is nonempty, compact, and convex,
and A; is upper semicontinuous, log-concave, and such that max,, cc, A; (w;) = 1. Moreover,
by Lemma 19, we have that G is regular and concave, hence quasiconcave. Next, it is easy to

see that, for all P € R,

= IT-, P;
1 P = ; Jj=1"7 — K. (P
QiGRi%;%Qi)Zl ; @il uI;neHCl { A (w;) i(P), (95)

yielding that T; is generated by G7. Finally, Point 2 of Theorem 4 implies that there exists
a unique regular and concave production function that generates 7;, so that G} is unique, as
desired.

(ii) implies (i). The cost operator generated by G; is

noop
K;(P) = min L

PeRY, .
G 4 (w) VP eRL, (96)
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In turn, this yields that

1) = min {wop) o (o)} wemn (97)

w; €CY
which is a concave function, as desired. O

Proof of Corollary 1. For every sector i € [n|, Proposition 2 and Equation 97 give that

w; €C;

Ty(p) = min {(wi,p> +In (Ai(lwi))} Vp € R". (98)

By Equation 98, observe that for every i € [n], T; can be written as in Equation 71 with A =0

and
) = {m (rte) 1 o (99
00 otherwise.
which is clearly lower semicontinuous. Therefore, the result follows by Lemma 2. O
Proof of Proposition 3. It follows directly from Proposition 12. O

Proof of Corollary 2. The proof follows from an entirely symmetric argument to that of Corol-
lary 1. O]

Proof of Proposition /. First, assume that sector i is resilient. Fix j € [n] and observe that by
Definition 3.1, Proposition 5.7, and Theorem 7.4 in Dal Maso (1993) we have:

. Ti(Aey) : 1 1 :
tim 52 = i g L+ 310 (5 )} = min oo
With this, sector ¢ can abate shocks from sector j if and only if there exists w; € C® with
w;; = 0. Point 2 on the fragile-sector case follows from an entirely symmetric argument. O]

Proof of Proposition 5. 1. It follows by Theorem 14 in Marinacci and Montrucchio (2008).
2. Immediate. O]

C Proofs of the Results in Section 6

We say that a function g : R® — R is regular at x if and only if

_ / _ /
L glhd) —g(@) g+ hd) — g ()
h10 h ' —z,h]0 h

Vd e R". (101)

We say that g is regular if and only if it is regular at each point of its domain. Define M :
AXR" - R by M(a,z) =In(> " e"q;) for all @ € A and for all z € R". We define
MW XR" = R" by M; (W,x) = M (w;, z) for all W € W, for all z € R", and for all i € [n].

By Proposition 1, for every i € [n], if T; is generated by a production function G; then
Ti(z) = mingea M (a, ) + ¢ () where ¢ : A — [0,00] is grounded (i.e., mingea ¢(a) = 0)
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and lower semicontinuous. In that case, define by or, () the subset of as in A such that
T; () = M (o, x) +c (). It easily follows that or, (x) is nonempty and compact for all x € R™.

Remark 5. We list here some notation and make a few observations. Given an operator
S :R" — R™, we denote the Jacobian of S at z by Jg (x). If S is normalized, non-decreasing,
and translation invariant and admits a Jacobian at x, then Jg (x) is a stochastic matrix. We
endow the space of n x n matrices with the norm || ||, : M, (R) — [0, 00) defined by

W||. = max W4 YW e M, (R). 102
W1, = 3o ®) (102)

This is the operator norm when W is viewed as a linear operator from R" to R™ and R" is
endowed with the supnorm || || . Given 5 € (0,1), define B : W — W by B (W) = Qy for
all W € W. It is standard to show that B is a Lipschitz continuous operator with respect
to the norm || ||, and with constant (1 — 3) > 2, f't. Finally, B is injective. By Horn and
Johnson (2012), Theorem 8.3.4 and Problem 5.6.P26, observe that for each W € W the spectral
radius of SW is 8 < 1 and, in particular, (I — W)™" = 5% B'W*. We can conclude that

N A\ 1 ~
B(W) =8 (W) implies that (I — fW)™! = <I . 5W> . yielding that T — W = I — 8W,
that is, W = W, proving injectivity. A

Lemma 3. Leti € [n]. If T; is generated by a production function G; then T; is regular.

Proof. Fix x € R™. Since K; is concave and locally Lipschitz, we have that —K; is locally
Lipschitz and regular a la Clarke at exp (z) (see Clarke, 1990, Definition 2.3.4 and Proposition
2.3.6). By Clarke (1990), p. 32 and Theorem 2.3.10, and since exp is continuously differentiable,
it follows that —K; o exp is regular a la Clarke at x. Define v : R__ — R by v(s) = —In(—s)
for all s € R__. By Clarke (1990), p. 32 and Theorem 2.3.10, and since ~ is continuously
differentiable, we have that v is regular a la Clarke. By Clarke (1990), point (i) of Theorem
2.3.9, and since 7y is non-decreasing and — K; o exp is regular a la Clarke at z, this implies that
v o —K; oexp is regular a la Clarke at z. It is immediate to see that T; = —y o (—K; o exp),
proving that T; is regular in our sense. O]

Lemma 4. Leti € [n]. If T; is generated by a production function G; then for each x,d € R"

T; —T;
9cT; (x) = co{VM (wi,x) : w; € or, (x)} and 1}%1 Gy h;ll) @) _ min( )(VM (wi, x) , d) .
’LUZ'EO'T_L x
(103)

Proof. The result follows from Clarke (2013), Theorem 10.22, whose assumptions are satisfied
by Lemma 3. O

Corollary 3. Fizi € [n]. IfT; is generated by a production function Gy, then for eachy,z € R™
there exist A, € [0,1] and w; € or, (A\y .2+ (1 — X, 2)y) such that

T, (2) = T (y) 2 (VM (i, Moz + (1= Ay) ) 2 — ). (104)
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Proof. Fix y,z € R™. By Lebourg’s Mean Value Theorem (see, e.g., Clarke, 1990, Theorem
2.3.7) and since T; is Lipschitz continuous, there exists A, , € [0, 1] such that

T, (2) =T, (y) > i i 2 — 1Y) . 105
(2) (y)—wieacTi<A§2§i(1_Ay,z)y> (wi, 2 — ) (105)

By Lemma 4, we have that

<Z) (y) wieacTi()\zglzI}r(lf)\y,z)y) <w - y> (106)
= min (VM (wi, A\y .2+ (1=Xy2)y), 2 —y) .

w; €0, (Ay,zz4+(1=Xy,2)y)

By choosing w; € o7, (A, .2 + (1 — A,.) y) which achieves the min above, the statement follows.
[

Lemma 5. Let W € W, § € (0,1), and d € R". If z € R™ is such that z < (1 — 5)d + Wz
(resp. >), then z < Qud (resp. >).

Proof. We prove by induction that

T

2<(1=8)> pW'd+ B TWTHz (resp. >) V7 €N (107)

t=0
Initial Step. 7 = 0. By assumption, we have that

2<(1=B)d+BWz=(1-B)>_ BW'd+ Wz (resp. >), (108)
t=0
proving the initial step.
Inductive Step. We assume the inequality is true for T and prove it holds for 7 + 1. By
assumption, we have that

2 < (1 . ﬁ) iﬁtwtd+ﬁr+lwr+lz < (1 _ ﬁ) iﬁtwtd—l-ﬁTJerTJrl ((1 o ﬁ)d‘i‘BWZ)
t=0 t=0
(109)
T+1
— (1 _ ﬁ) Zﬁtwtd‘i‘ ﬁ‘f‘+2VV‘r+227 (110)
t=0

proving the inductive step.

The inequality (107) follows by induction. By passing to the limit in 7 and since W is a

stochastic matrix, we have that z < Qud (resp. >). O
Given z,d € R" and h > 0, define g}, ;.4 = Oethd)-1@) - Given x,d € R", since I is Lipschitz

h
continuous of order 1, we have that {gxza}),-o € [= ld]l , 4]l o]

n
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Lemma 6. Let T' be generated by a profile of production functions G and 8 € (0,1). Ifz,d € R"
and W € X (I1(x)) and {hi},cn € (0,00) is such that limy hy = 0 and limy, gy, ».q0 = q, then

4= 2y (@) - (111)

Proof. Fix x,d € R". Since we fixed z and d, we denote g .4 simply by g for all b > 0.
Consider W € ¥ (I1 (z)). Note that, by Proposition 1, for each x € R™

T(y)—T(a:)SM(W,y) —M(W,x) VIV € % (2), ¥y € R™. (112)

Therefore, we have that

I(z + hd) — T (z) = (1 — B) (z + hd) + BT (I (z + hd)) — (1 — Bz — AT (I (z))  (113)

— (1= @) hd+ BT (11 (z + hd)) — T (I ())] (114)
< (=g hd+ 5 (M (W1 +hd) - M (W) ¥h>0.
(115)

By the Mean Value Theorem, we have that for each h > 0 and for each i € [n] there exists
T € [0, 1] such that

M, (W, I (z + hd)) M, (W, 11 (x)) (116)
— M (@, 11 (2 + hd)) — M (@, 11 (2)) (117)
— (VM (3, 7l (2 + hd) + (1 — 7i0) T (2)) , I ( + hd) — T (2)). (118)

For each h > 0 let W), be the matrix whose i-th row is VM (w;, 7, 511 (z + hd) + (1 — 7,5,) I (2)).
Note that

M (W, I (x + hd)) M (W, 1 (a:)) — W (I (2 + hd) — I (z)) VA > 0. (119)

Since II is Lipschitz continuous of order 1 and (w, z) — VM (w, z) is continuous on A x R", we
have that limy, o W), = ‘]M(W,~) (IT(x)). Since h > 0, it follows that

I (x + hd) — T (2) M (W, T+ hd)) = M (W11 (x)

- <(1-p8)d+8 ; (120)
- (1—6)d+6WhH(x+h?—H(I) Vh >0, (121)

that is,
qn < (1 — B) d+ Whan Vh > 0. (122)

By Lemma 5 and since h was arbitrarily chosen and W}, is a stochastic matrix, we have that

qn < Qw,d for all h > 0. By Remark 5 and since lim, W), = JM(W ) (I (x)), limy g, = ¢, and
qn, < Qw,, d for all k € N, it follows that ¢ < QJM(W ‘)(H(x))d, proving (111). H
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Lemma 7. Let T be generated by a profile of production functions G and f € (0,1). If
v,d € R" and {hi},cn € (0,00) is such that limyg by, = 0 and limy, gy, ».q = q, then there ewists
W e X (I1(z)) such that

q 2 8y @) d- (123)

In particular, ¢ = ming ey, QJM(V.VV)(H(ZB))d.
Proof. Fix z,d € R". Since we fixed x and d, we denote g3, 4 by simply g, for all h > 0. By

Corollary 3, for each h > 0 and for each i € [n] there exist A;, o

Wi € o, (ANipll (z+ hd) + (1 — ;) II(2)) such that

i 1(z) T(z+hd) € [0, 1] and

T; (I (z 4 hd)) = T; (IL(2)) > (VM (5 p, Mip 1T (x + hd) + (1 = Aip) T (2)) , II (x + hd) — I (z)) .

Let Wh be the matrix whose i-th row is w;; and define W}, as the matrix whose i-th row is
VM (W; p, AipII (x 4+ hd) + (1 — A; ) IL(x)). This implies that

I (z + hd) — 11 (z) = (1 — B) (v + hd) + BT (I (v + hd)) — (1 — B)a — BT (I (x))  (125)
=(1—=p)hd+ BT (Il (x + hd)) — T (I (x))] (126)
> (1 —pB)hd+ Wy, (Il (x + hd) — 11 (x)). (127)

By dividing by h, we obtain that
qan > (1= B8)d+ Wy Vh > 0. (128)
By Lemma 5 and since h was arbitrarily chosen and W}, is a stochastic matrix, we have that
qn > Qyw, dfor all h > 0. Consider now {hy}, .y € (0,00) such that limy, hy, = 0 and limy, g, = g.
Since {th}k C W, we have that there exists a subsequence {hy, },oy € {hk ey Such that

eN

lim; th =W and, in particular, lim; w; by = = w; for all ¢ € [n]. Since II is Lipschitz continuous,

we have that w; € or, (I (x)) for all i € [n] and, in particular, W € X (II (z)). Since II is
Lipschitz continuous and (w, z) — VM (w, z) is continuous on A x R", we have that

lim V1 (@Dz',hk, N, T (2 + T d) + (1 . /\i,hkl) 11 (m)) — VM (@, 11 (z)) Vi€ n].

This implies that lim; W), = JM(W,-) (I (z)) with W € ©(II(x)). By Remark 5 and since

limy Wy, = JM(W ) (IT (x)), lim, Gny, = 4, and qn, > Qw, d for all I € N, it follows that
’ l

q>Qy, v (1) yd with W e X (II (z)), proving the first part of the statement. By Lemma 6,

we have that Q,, (o, (T1(2) »d = q and, in particular,

q= QJM(W,»)(H(x))d < QJM(W,-)(H(x))d VIV € % (I (z)), (129)
proving that ¢ = MmNy, ey QJ (o, ')(H(I))d. O

Proof of Theorem 2. Fix x,d € R". Consider a sequence {h;}, .y C (0, 00) such that limy, hy, =
0. Since we fixed x and d, we denote gy .4 simply by g, for all h > 0. As noted, {qn, },cy is @
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bounded sequence. Consider a subsequence {Qhkl} C {an, }pen- Since {qn, } ey is @ bounded
le

that converges.
) J meN

_)(H(m))d. By (Carothers, 2000, p. 47,

sequence, {qhkl} has a further subsequence Qh,
leN m
By Lemma 7, it converges to miny cs ) Q Jpa(vi
Exercise 39) we can conclude that

I (z + hyd) — I (2)

lim = min Q.4 d.
k D, Wesm@) W)
Since {hy},cy and d were arbitrarily chosen, the statement follows. O

Corollary 4. Fiz i € [n| and let T; be generated by a production function G;. The following
statements are equivalent:

(1) T; is Gateaux differentiable at x € R™;
(ii) or, (x) is a singleton.

Proof. Fix x € R™. Define Ty, (v;-) : R — R by Tj, (2;d) = limy, o ZEHPD"LE for a1l d € R™.
By Lemma 4, it follows that T, (z;+) = miny,cor, () (VM (w;, z) , d).

(i) implies (ii). Since 7; is Gateaux differentiable at x € R", T;, (x;-) is linear and, in
particular, {VM (w;,x) : w; € or, ()} is a singleton. Since if w; # w) then VM (w;,x) #
VM (w},x), we can conclude that o, (z) is a singleton.

(ii) implies (i). If o7, () is a singleton, that is, o7, () = {w;}, then T}, (z;-) = (VM (w;, x) ,
proving the statement. [

.>’
Lemma 8. Ifi € [n| and P € R, then the following equation holds:
= 1
min QijPj + Qi = — K; (P)B (130)
(Qio,Qi)ERT: < 1 Z;

Fi(Qi0,Q:)>1 =

Moreover, we have that:

(i) If (Qio, Qi) € R solves (130), then Qi = 123Ki (P)’ and there exists v > 0 such that
<’y@,~1, ...,va> solves (12).
(ii) If Q; € R solves (12), then there existy > 0 and Qio > 0 such that <Qi07 YQi1, -, me> €
R’}f{ solves (130).
(iii) If (Qio, Qi) € R solves (130) and Py = MiN (G  0)eRM L F(Qi0,Q)21 > i1 Qi Py + Qio,

then .
> i1 Qi
= 131
p= L (131)
Proof. We only prove that the minima in Equations 12 and 130 are attained. Given this,
Equation 130 and points (i)-(iii) are routine and follow from some tedious algebra. Fix P € R’} |
and i € [n]. Observe first that the minimized function in Equation 12 is continuous, and the

set over which the minimization is performed is nonempty and includes some QZ € A. The
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set over which the minimization is performed is closed by the continuity of GG;. Moreover, for
any P € R’ the same value is obtained if we restrict the set over which the minimization is
performed to {Q; : Gi(Q;) > 1 and P;Q;; <> ,_, P.Qi, Vi € [n]} which is also compact, and
the minimum is thus attained there. A similar argument shows that the minimum in Equation
130 is attained. [

Lemma 9. Leti € [n] and P € R, . If K; is generated by a production function G;, we have
that:

(i) If Q; € R} solves (12), then Z"+1Q”Ql € A solves the right-hand side problem of (20).
(i1) If w; € A solves the right-hand side problem of (26), then there exists v > 0 such that
yw; € R” solves (12).
Proof. (i). Assume @Q; € R solves (12). Define w; =
homogeneous and G; (Q;) > 1, observe that

Zn o5 =——0Q; € A. Since G; is positive

n @: le 7?: ;i P
K; (P> - ZQUPJ = ZJC;:(QZ; - = ZJC;:(ZJJZ; - > K; (P)7 (132)

J=1

proving that w; solves the right-hand side problem of (26).

(ii). Assume that w; solves the right-hand side problem of (26). It follows that G; (w;) > 0.
Consider v = G, (wi)f1 and define ); = yw;. Since G; is positive homogeneous, we have that

Gi (Qz) =1 and

Z?:l w;; P Z?:l wi; P Z?:l Ywi; Pj ZJ 1 Qi Pj -

Ki (P) = mi = = P> K, (P

P BTG T G Gow) T Gy Wz RE),
(133)

proving that ¢; = yw; solves (12). O

Corollary 5. Leti € [n] and P € Ry . The following statements are true:

(i) If Q; € R solves (130), then =t S oo 1Q (Qzl,. ,Qm> solves the right-hand side problem
of (26). X

(i1) If w; € A solves the right-hand side problem of (26), then there exist v > 0 and Qo > 0
such that Q; = (Qm,ywﬂ, ...,ywm) € R solves (130).

Proof. (i). Fix ¢ € [n] and P € R}, . By Lemma 8, we have that there exists v > 0 such
that (7@1,...,7@”) solves (12). By Lemma 9, it follows that S o0 Q (7@11,. -ﬁ@m) =
Jj= 1 Y5

Z" 5 (Qzl, - Qm) solves the right-hand side problem of (26).
j=1%1j

(ii). By Lemma 9, if w; € A solves the right-hand side problem of <26)u then there exists
v > 0 such that vw; solves (12). By Lemma 8, there exist 72 > 0 and Q);p > 0 such that

Qi = (@10;7271101'1, ‘-‘;7271“’1'”) € R solves (130). -
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We denote the set of all competitive equilibria by €. Given £ € €, that is a tuple

<P,Q,Y, C), we define F¢ as the n X n matrix whose ¢j-th entry is chg VP We also de-
Qij

Zk 1 sz

fine We as the matrix whose ij-th entry is
Proposition 8. We have that:

(i) € is nonempty.

(i) {Wg} — ¥ (I1(2)) and{L(W@’A’—’ ),m(P))} :{JM(W,_) (IL(7)) : W € = (I1())

cee QY.C
(iii) If £ € €, then )‘{p ov.c) = =¢7 (I BL ( ( Q¥ .0);
(1v) ]f< P,Q.Y, C’) (]5 Q.Y C) € &, then P = P.

Proof. (i). Consider the (unique) equilibrium price P and a matrix Q) such that (Qz‘m QZ) solves
Equation 130 for all ¢ € [n] with P = P. Compute C € ATGMAXCepn s | A<l U (C). Next,
consider the equation A" = D" + AT Ep 5 with unknown A € R™ where D is the vector whose
j-th entry is C; P;. By point (iii) of Lemma 8 and since P is an equilibrium price, we have that

B=>1 Qi;P;/ P, for all i € [n]. Since F; (Qz) =1 for all ¢ € [n], this implies that

5. p. " AP O P 5 p.
in i _ Zk:l_QZk k nQUAJ = nQ”AJ — Vi, j €n], (134)
P; P Yoy Qi P > et QinPe
that is Epg = AL (W(p.gy.c) (P)), vielding that AT = DT + X'8L (W g ). In(P) ).

Since L (W(P,Qy’@),ln(f’)) is a stochastic matrix, D > 0, and 3 € (0,1), it follows that

this equation has a (unique) solution AT = D7 <[ — BL <W(p7Qy’é),ln(P)>> > 0. Since
P e R?, and A > 0, define Y € R? by V; = X\;/P, for all i € [n]. Since F; is positive
homogeneous and F; <QZ> =1 for all i € [n] and AT = DT + ATE} 4, it follows that for each
jeln

L (Yijoan@O P; = Y;F; (QJ) Py = = DJJFZ)‘%'% = CiPy+)_YiQuP; Vi€ ).
i=1 t i=1

(135)
By dividing by P; and since P; > 0 for all j € [n], it follows that the market clearing conditions

of the n sectors are satisfied. Since C;P; + > 1, YQQUPJ =F; (171-@]-0, 17JQJ> P; for all j € [n],
we obtain that

33 ViauP +zo =33 VP, +zop SF (V00 70,) B (130
j=1

i=1 j=1 =1 i=1

Since the preferences of the representative agent are monotone and P, = Z?Zl QUPJ + Qio for
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all 7 € [n], we have that

1—ZCP Z(E (Yzon,zQAJPz— YQQU j) :Z (
=1

=1

Z Qi P;

7j=1

—Z(

) S 0. (139
=1

This proves that (P , Q, Y, C_’> satisfies condition 3 of a competitive equilibrium (cf. Definition

1). By construction of {5 and C, conditions 2 and 4 of a competitive equilibrium are also
satisfied. Finally, since (Qio, Q) solves (130) for all i € [n] with P = P, we have that condition

1 of a competitive equilibrium is satisfied, proving that <P, Q, Y, é) € € and the latter set is
nonempty.
(ii). Fix an equilibrium & = <]5, @,Y,C’). It follows that P = epo (z). By point (i) of
Corollary 5 and since (Qqo, Q;) solves (130) for all i € [n], then = S o <Q11, ,Qm) solves
"

the right-hand side problem of (26) with p = II(z) for all i € [n], provmg that We € X (T1(z)).
Define W = JM(W&.) (I (z)). It follows that

— Qz D A =
z ~ L — P
o — e S 77 B > e TS N O/ & (139)
ij z B " 5 n A B
Y ong Wik @ N by Py Sy %Pk > he1 Qin Py
proving that W = L (W(pQ 7 0),1n(]5)>. We can conclude that:
L(N-A-—IP)} c{ V(@) : T ZH‘} 14
{E(Mparey W)} oy opee i @)W € (ML) (140)

Consider W € X (TI (z)). By point (ii) of Corollary 5, it follows that there exist (unique)
v > 0 and (unique) Qio > ( such that <Qio,%u~1i1, ...,fyiuﬁm) € R solves (130) for all i € [n]
with P = P = expIl (7). By part 1 of this proof, there exist (unique) Y € R? and C € R"
such that (P, Q, Y, (j> € ¢. Finally, since W is a stochastic matrix, observe that

Qij YWy
~ — n —
> et Qi k1 YiWik

— Ty Vij €], (141)

proving that W e {Wg} and, in particular, {Wg} O X (II(z)). Finally, consider W €
L cee gee )
{Taagoiy (@) : W € S(IL(2)) }, that is, W = Jy, 5, (T1(2)) for some W € (11 (z). By

(
(139) and since {Wg}g . =X (II(z)), we have that W = We for some £ = (P,@,Y,C’) €¢
S
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and W =L (W(RQ,Y’C—Y),IH (P)), proving that
{E(MpareymP))} oy opee 2 gy @@ W e @@}, (142)

(iii). Fix an equilibrium & = (]5, Q,Y, 7). It follows that

+
3
=i
gQ>
>
I
ug‘
+
\'M:
=
o
gQ>

Y;P; =, vj € [nl, (143)

that is, A\ = DT + Al Eg. By the same arguments leading to (134), we can conclude that

M = DT+ 8L (W(P,Q,YC)’ ln(P)), proving that A\f = DT (I — BL (W< ‘,Q,Y,C‘)’ln(p))>
Since DT = €T the statement follows.
(iv). It is obvious. O

Corollary 6. Let T be generated by a profile of production functions G. If x € R™ and T 1is
Gateauz differentiable at 11 (), then X (11 (z)) = {W} and

HO(I; d) = QJM W7_)(H(w))d = QJT(H(Z»))d Vd € R". (144)

(
Proof. Since T is Gateaux differentiable at II (x), so is T; for all i € [n]. By Corollary 4, we
have that or, (Il (z)) is a singleton for all ¢ € [n| and, in particular, ¥ (I (x)) is a singleton.
This implies that Jr (I (x)) = JM(W") (IT(z)). By Theorem 2, the statement follows. O

Remark 6. Fix 2 € R". Consider two stochastic matrices W and W and assume that
Qi @) = QJM(W’.)(I). By the last part of Remark 5, it follows that Jyw,) () = JM(VV,-) (x).
By definition of M, it follows that VM (w;,z) = VM (w;, z) for all i € [n], that is,

eThw,y, eTh .

n ) - D — \V/l, h e [n] .

D1 €Wy D €My

For each i € [n] set \; = Zg=1 e"iw;;/ E;L:1 e®i;;. We obtain that w;, = M\, for all i, h € [n]
and, in particular, 1 = > wy, = N>, _ Wy = A; for all ¢ € [n]. We can conclude that
wip, = Wy, for all i, h € [n], that is, W = W. AN

Proof of Proposition 6. (i) is equivalent to (iii). By Corollary 4, the statement follows.
(iv) implies (iii). By point (ii) of Proposition 8, if € is a singleton, then 3 (I (7)) = {Wg}
is a singleton.
(iii) implies (iv). By point (ii) of Proposition 8, if 3 (II (z)) is a singleton, so is {Wg}

fee

cee
Assume there exist two equilibria (]5, Q,?,C’) , (P,Q,Y,C’) € € that generate the unique
We. Tt follows that ) .
L Qy o Qy
Wi = ~ x = oy =
Zkzl sz Zkzl sz

Vi,j € [n]. (145)
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For each i € [n] define p; = S°7_, Qir/ 27—, Qir- By Equation 145, we have that (Q“, o Qm> =
; (Qn, .. Qm> for all i € [n]. By point (iv) of Proposition 8, we have that P = P. By point

(i) of Lemma 8 and since (Qy0, Q;), (Quo, Q) € R" solve (130) for all 4 € [n] with P = P = P,
then Qi = Qio = 2K, (P)” for all i € [n] and, for all i € [n]:

Qio + ZQlJP] = Qo + ZQ@]PJ = ZQA’LJPJ = ZQUPJ = /MZQUP] — i =1
j=1 J=1 J=1 J=1 J=1
(146)

This implies that QL] Qw for all 4,5 € [n], proving that Q Q. By the proof of existence

of a competitive equilibrium (cf. Proposition 8), we have that Y = Y is uniquely pinned down
by P = P and Q = Q. Given the preferences of the agent and P = P, we have that C' = C,

proving (P, Q,Y, C’) = <P, Q, Y, C) and uniqueness of the equilibrium.
(i) implies (ii). By Corollary 6, the implication follows.
(ii) implies (i). By Theorem 2 and as II is Gateaux differentiable at z, there exists W € W
such that 3
Q,, (i (1) nd >1o(z;d) = Wd Vd e R", VIV € ¥ (Il (z)). (147)

It follows that QJM(W H@@) = W for all W € X (I1(Z)). By Remark 6, we can conclude that
T,y (@) = Ty, (L(2)), that is W = W, for all W,W € %(I1(Z)), proving that
Y (II(z)) is a singleton and that 7" is Gateaux differentiable at II ().

The final conclusion thus follows by Rademacher’s theorem as II is Lipschitz continuous. [J

Corollary 7. Let T' be a log-cost operator and 3 € (0,1). If v € R", then for each d € R"
there exists Wy € X (Il (x)) such that

lim Y (x+ hd) =T (z)
R0 h

= €10, ymend = —€7Q, o mend YW € D(I(z)).

In particular, we have that

 Y(@thd)—Y(z) .
it h " Wby © @

Proof. Fix x,d € R". By Theorem 2, there exists W, € X (II (z)) such that

lim II(z+ hd) — I (z)

hl0 h =

M(Wq,")

H(z )d < Q M(W (H(a:))d VW ey (H (ZL’))

By definition of T and since £ > 0, this implies that

lim
R10

h hl0 h
= —5TQJM(%,)(H(2>>C$ > €1, smEpd YW € (Il (2)),

T(x—i—hd Z & IL; (z + hd) —II; (z) 5ThmH(:chhd)—H(:c)
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proving the statement. O]
Proof of Proposition 7. Fix d € R". By Corollary 7, we have that

. T(@+hd)—-T(z) T

By points (ii) and (iii) of Proposition 8, we have that

. YT(@+hd)—-T(z) T
(A =Pl ied

proving the statement. O]

D Proofs of the Results in Section 7

D.1 Semiconvexity of T

In this section, we are going to consider first a log-cost operator 7" which is twice continuously
differentiable and we are going to express the Hessian of II as a function of the Hessian of T'. By
Corollary 8, recall that II inherits the differentiability properties. Before we start we introduce
some notation. We consider the vector space M, (R)" which is the space of vectors whose n
components are n X n square matrices. Given a stochastic matrix W and v € M, (R)", the
juxtaposition Ww is the vector whose i-th component is 2?21 w;;v; and is itself an n x n square
matrix. Finally, given a twice continuously differentiable operator S : R” — R" and x € R", we
define by Hg (x) the vector in M, (R)" whose i-th component is the Hessian of S; at x, denoted
by Hg, (r). We say that S : R" — R" is fundamentally C? if Dg is open and Dg = Hg. Thus,
the operator T' considered in Section 7 is assumed to be fundamentally C?.

Lemma 10. Let T be a log-cost operator and § € (0,1). If T is twice continuously differentiable,
then

Hy(z) =8> p'Jr(I(z)v VreR" (148)

where v € M, (R)" is such that v; = Jy (z)" Hy, (I (z)) Ju (@) for all i € [n].

Proof. Fix x € R". By definition of Il and since II is twice continuously differentiable, we have
that

Ju (2) = (1= B) I + BJr (I (2)) Ju (x)
Fix i,j € [n]. It follows that

o1, . " OT; o1l
oz, (z) = (1=7) eﬁﬂl; Bz, (II (x))a—%(x)- (149)

Fix h € [n]. We define f; : R® — R by f; (z) = g—fj (IT(x)) gTH; (x) for all z € R™ and for all
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[ € [n]. By the Chain Rule, we obtain that

Ofu , .~ 0T, Oll,, . oIl oT; O°11,
oxy, ¥ = — 01,02, (T () oxy, (z) 8_:703 (z) + ox; (I (= Oz ;j0xy, (z) VL€ n].
By (149), this implies that
821_11' ale
8xj8mh Z axh
8Hl 82Hl
N ﬂ;le 8% 8:1;181: (T () 8xh Z 8:6[ 8&;J8xh (z).

Since i, j, and h were arbitrarily chosen, we have that

Hy, (x) = BJu ()" Hr, (T (2)) Ju (z) + B8 —— (I (2)) Hy, () Vi € [n].

If we define & € M, (R)" by @ = tZ5Ju (x)" Hr, (I (x)) Ju (x) for all i € [n], then we have that
Hp (z) = (1= B) v+ BJr (I (2)) Hu (),
yielding that

=8> pJr(I(z))
t=0

and proving the statement. O]

Lemma 11. Let T be a log-cost operator, 5 € (0,1), and & € A. If T is twice continuously
differentiable, then the map T:R" - R, deﬁned by T (z) = — (&1 (x)) for all x € R", is

A-semiconver where X = 2 B’ that is, T + 2 2 al 13 is a convex function.
Proof. Fix x € R". By Lemma 10, we have that
_ b g e B
Hy (z) = ] (1=5)> B (T (x)) v = EQJT(H(CC))U (150)
t=0

where v € M, (R)" is such that v; = Ji (z)" Hy, (I (z)) Ji (z) for all i € [n]. Since Jr (I (z))
is a stochastic matrix, so is €, ((z)) and, in particular, { defined as T = €7TQ Jr(Ti(z)) belongs
to A. It follows that

He (2) = ~ 156 i = — 15670 = — 12 S 6 )" i, (1 (2)) Jn o) (151)
=1

— )" (Z & Hy, (1 <x>>> Ju (). (152)

By Lemma 22, we have that max,cp._ (Hr, (IT (z)) h,h) < 1 for all i € [n]. Since £ € A, this
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implies that

ax <Zlf_zHT (IL(x)) h, h> < Zlg’ Jnax (Hr, (IL(2)) h,h) < 1.

Since Ji (7) is a stochastic matrix, we have that |[Ji (z)d||, < ||d||, for all d € R". To
simplify notation, set A ="  &Hr, (II(z)), B = Jy (z), and C = BYAB. This implies that
|Bd||,, < d| forall d € R" and

max (Cd,d) = max (ABd, Bd) = max (Ah,h) < max (Ah,h) < 1.

deBoo d€Boo heR™:h=Bd and d€ B h€Bo
Next, consider d € R™\ {0}. If we set d = d/ ||d||,, then ||J||OO < HJHQ = 1 and, in particular,
(Cd,d) < 1, that is, (Cd,d) < |d||5. Since d was arbitrarily chosen, we can conclude that
(Cd,d) < ||d|; for all d € R". Since Hy () = —Z5Ju ()" (X0, &Hr, (I (x))) Ju (z) =
—%BTAB = —%C, we can conclude that

<-£ﬁ4x)d¢»::<-iz—cnad>f;-iigudugzz«AJyLd> vd € R,

1-3 1—

proving that A\l + Hy (z) = 0 where A = =
continuously differentiable, the statement foll

B

. Since z was arbitrarily chosen and T is twice
WS. [

o @

Proposition 9. If T is a log-cost operator, then there exists a sequence {T,,} of log-cost

operators such that T,, € C* (R",R") for allm € N and

meN

im 7, (x) =T (z) and limIl, (z) =1 (z) Ve R"™

Proof. By Proposition 13, we have that for each i € [n] there exists a sequence {Kjm},,.ny €

Khor such that {s;m},,.y € C* (R”) and Ky, A T; where d is the distance on C' (R"™) metrizing
convergence over compacta. Define T, : R — R" by T,,,; (z) = kim (z) for all z € R™. It
follows that each T}, is a production operator and belongs to C*° (R",R™). Moreover, {T},},,cn
converges uniformly over compacta to 7" and, in particular, lim,, T,, (x) = T (z) for all x € R™.
Fix z € R". Since each T, and II are normalized and nonexpansive, we have that

My () = 1T (2) | oo =[BT (U () — 5T (I (2))
<A (W (2)) = BT (T (2)) [l + 18T (T () = BT (I (2))]]
< B (2) =11 (z)[ o + 6 max — [[Tn (2) =T (2)|

z€R™:|z]| oo <1zl o

proving that

lim max
o <
1 -8 m zeRmz)l o <llello

lin [T, () — 11 () 1T (2) = T ()]l = 0.

Since x was arbitrarily chosen, the statement follows. m
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Proposition 10. If T is a log-cost operator, 5 € (0,1), and £ € A, then T : R" — R, defined
by Y (z) = — (11 (x)) for all x € R™, is A-semiconver where A = 1"_3 2 13 is a
convex function. In particular, we have that:

1. 1I; is A-semiconcave for all i € [n].
2. For each x,d € R™, the function t — Y, (x + td;d) is locally of bounded variation.

Proof. By Proposition 9, there exists a sequence {T;,}, .y € C* (R™,R") of log-cost operators
such that lim,, I1,, () = [I(z) for all x € R". Define Y, : R — R by 1, (z) = — (£, I, (x))
for all z € R" and for all m € N. By Lemma 11, we have that T, + 3 || 1 is convex for all
m € N and lim,, T, () = T (x) for all x € R™. Since convexity passes to the limit, we can
conclude that T + 3 || 13 is convex.

1. Fix i € [n] and set & = ¢'. It follows that T = —II;, proving the statement.

2. Fix z,d € R"™. Since T + 2 || |7 is convex, we have that the function t +— T, (z + td; d) =
(Yo (x +td;d) + A {(x + td, d)] — A (z + td, d), that is, it is the difference of two increasing func-
tions, proving the statement. ]

15 (I = BT), that is, 11" (p) = 15 (p — BT (p))
y differentiable in a neighborho d U, so

Corollary 8. If T is a log-cost operator, then 117! =
for all p € R™. In particular, if T s twice contz’nuo
is I1 in the neighborhood V = 1171 (U).

‘H
NQ

Proof. Fix p € R™. Since Il is bijective by Theorem 1, there exists © € R™ such that I () = p,
that is, IT"! (p) = . This implies that

p=1(1" (p))ZH()Z(l—ﬁ)ZEJrﬁT( (z))
=(1-p/0 BT (IL(IT7" (p))) = (1= B) I~ (p) + BT (p)

proving the statement. Since II7! = ﬁ (I — BT) and T is twice continuously differentiable on
U, so is II7!. Since T is a log-cost operator, we have that Jr (p) is a stochastic matrix and,
in particular, Jy-1 (p) = ﬁ (I — BJr (p)) is invertible for all p € U. By the Inverse Function
Theorem, we can conclude that II is twice continuously differentiable on V = I (U). O]

Lemma 12. Let T be a log-cost operator and 8 € (0,1). If T is fundamentally C*? and d = ¢? for
some j € [n], then 11 is fundamentally C?, {t € R : x + td € Dy} is open for all x € span {d}",
and {t € R : x4 td € Dy}° is countable for almost all z € span {d}".%°

Proof. By Proposition 6, Dy = II7!(D7). Since by Theorem 1 II is a homeomorphism and

since Dr is open, Dy is open. By Corollary 8, II is twice continuously differentiable on Dyy.

Therefore, D C Hi € Dr, so Hi = D and II is fundamentally C?. By Proposition 10, we
B

have that II; is A-semiconcave for all ¢ € [n| where A = {=5. By (Cannarsa and Sinestrari,

2004, Propositions 1.1.3 and 4.1.3), this implies that Df; is a countably H n—1_rectifiable set for
all i € [n]. By (Cannarsa and Sinestrari, 2004, Definition A.3.4), we have that Df; = U, Df;.
is a countably H" '-rectifiable set. By (Evans, 2025, Definition 1.9 and Theorem 2.1), it
follows that Dg C N U (UgenNi) where N is Borel measurable with H"~ 1 (A) = 0 and N, =

20The set span {d}J‘ is isomorphic to R®~!. Thus, “almost all” is with respect to the Lebesgue measure over
R 1,
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fr (R"1) C R™ and f;, : R® ! — R" is Lipschitz continuous for all k € N. For each k,m € N
define Ny, = fa R IN{zeR" 1 : —m <z <m Vi€ [n—1]}) and Ny, = N UN;. By
(Evans, 2025, Theorems 2.5 and 2.8) and since H" ™' (N) = 0, we have that H" ™ (N} ) < o0
and H"! (Ny,n) < oo for all k,m € N. Fix k,m € N, j € [n], and d = /. Note that N, is a
Borel set. Let P : R® — R"~! be the canonical projection deleting the j-th coordinate. Define
2+ card (N, N P7'(2)) on R""!. By (Evans, 2025, Lemma 5.8), we have that

/ card (/\_/'km NPt (z)) dz < H" ! (/\_/km) < 00.
Rnfl

Since k and m were arbitrarily chosen, it follows that {z € R"!: card (/\_/km NPt (z)) = oo}

has measure 0. Define Z = Ny men {z e R* ! card (Nkm NP1t (z)) < oo}, that is, Z¢ =

Uk meN {z € R"!: card (./Vkm NP1t (z)) = oo}. Note that Z¢ has measure 0. Fix z € Z.
Consider € R™ such that P(z) = z. We have that card (N, N P~'(2)) < oo, that is,

{t ER:x+ted € Nkm} is finite for all k£, m € N and, in particular, UkeNUmeN{t ER:xz+ted € ./\_/km}
is countable. Since

UkeN Umen {tERII‘+t€j GNkym}:UkeN{tERil'ﬁ—tej GNUNk}
Q{tGR:x—l—tejeDﬁ},

the latter set is countable. ]

D.2 Infinitesimal Changes in Variance

Consider a probability density function ¢ : R — [0,00), that is, ¢ > 0 and [, ¢ (t)dt = 1. We
assume that ¢ is continuous, even, and such that [, t*¢ (¢) dt = 1. For each (p,e) € R x (0, 00)
define ¢, : R — [0,00) by ¢, (t) = e 'p (=£) for all t € R. By the Change of Variable
Formula (see, e.g., (Bogachev, 2007, Theorem 3.7.1)), note that ¢, . is a probability density
function with mean p and variance €2. Consider an L-Lipschitz function f : R — R. By the
Change of Variable Formula, define u : R x (0,00) — R by

wwe) = [ F Ot = [ Fureso)ds Ve eRx (0.0 (153

Since f is L-Lipschitz and [, [t[ ¢, (t) dt < co, we have that | f (t)| < L|t|+|f (0)| forallt € R
and, in particular, u is well defined and u (u, €) is the expected value of f when the probability
density function has shape ¢, mean p, and standard deviation €. Before discussing the main
result of this section, we need to discuss some integration concepts and some notation. In what
follows, we will have an integrator function v : R — R which is right-continuous and such that
v = y1 — 72 where 71,79 : R — R are increasing and right-continuous.?! In what follows, we
will fix a decomposition (v1,72) of 7. By (Billingsley, 1995, Theorem 12.4), note that there
exists a unique o-finite measure p,, : B(R) — [0, 00] such that p., ((a,b]) = 7; (b) — i (a) for
all a,b € R such that b > a and for all ¢ € {1,2}. Consider a measurable function h which
is bounded on a bounded interval and 0 otherwise. We have that [, hdpu,, is well defined and

2INote that this is equivalent to assuming that v is locally of bounded variation (see e.g., Propositions 13.1.1
and 13.1.3 in Simonnet, 1996).
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finite for all i € {1,2}. We define [, h () dv; (t) = Jg hdp,, for all i € {1,2} and we set

/R ht) dy (1) / Bt dv (1) - / h (1) ds (1)

Since y; and 7, need not be bounded, it is important to observe that, a priori, we cannot
define p., as the difference of 1, and f,: there might exist A € B(R) such that u.,, (A) =
s (A) = 00. Next, consider a function = : R — R which is continuously differentiable and
increasing and, in particular, Z’ is measurable and nonnegative. Define fiz (4) = [, =’ (¢) dt
for all A € B(R). By the Fundamental Theorem of Calculus and since the Riemann and the
Lebesgue integrals coincide over closed and bounded intervals for continuous integrands (see,
e.g., (Billingsley, 1995, p. 222)), we have that fiz ((a,b]) = Z(b) — = (a) for all a,b € R such
that b > a. By (Billingsley, 1995, Theorems 12.4 and 16.11), we can conclude that uz = ji= and
Joh (t)d=(t) = [y h(t)Z (t)dt. Finally, given an integrator y as above, we define Ay : R — R
by Ay (t) = v (t) — limgy (t — 1/k) for all t € R. If v is increasing, then Ay > 0. Finally,
observe that v is differentiable almost everywhere. We denote by 7/ its derivative which we set
to be equal to 0 outside the domain of differentiability.

Lemma 13. Let f : R — R be an L-Lipschitz function such that fi,f’ : R — R are well
defined functions such that {t eR:fiL(t)# - (t)} is a countable set. If v : R — R is right-
continuous, locally of bounded variation, and such that {t € R:~ (t) # fi (t)} is a countable
set, then

%(u,s)=437(u+55)¢(3)ds€ﬂ% V (u,e) € R x (0,00) (154)
and
ou ,
R (n,e) = hin . </H‘_s“|k] s (s) ds) dy(t) Y(pe)eRx(0,00). (155)

Moreover, we have that:

1. If t — v (t) + At is increasing with A > 0, continuously differentiable on an open set O
such that O¢ = {ty}, oy is countable, and M : [0,00) — [0,00) is defined by M (t) =
f[t o) 5 (s)ds for allt € [0,00), then Ay >0 and

%(u,eh/RM('t_TMD yamng(

2. If v is as in Point 1 and ¢ (t) = #6*9/2 for allt € R, then

by — [
£

D Ay () V(ue) € R x (0,00).

% (n,e) =c¢ /]R Oue () (t)dt + ¢ Z Oue (te) Ay (tr)  V(p,e) € Rx (0,00). (156)

Proof. Fix (u,e) € R x (0,00). Since f is L-Lipschitz, we have that

<Lls| VseR,VseR)\{0}.

‘f(u+(6+5)8)—f(u+ss)
4]
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Since f is continuous and f” and f/ are well defined, if we consider a sequence {03 },.y € (0,00)
such that limy 0, = 0, we have that

i St EH00)s) — flutes) sf/+<,6+5s) 228,

g Ok sfl(p+es) s<0

S (pt(e+6k)s)—f(utes)
Ok

is measurable for all £ € N and so is the pointwise limit

f(pt(et+dk)s)—f(utes)
Ok

bounded by s — L |s| for all k € N and, in particular, it is integrable for all £ € N and so is the
pointwise limit of this sequence. By Lebesgue’s Dominated Convergence Theorem, this implies
that if {05} ,cy € (0,00) (resp. {0k }en € (—00,0)), then

hmu(,u,g—i—ék)—u(u,e) :hin/ (f(/ub+<€+5k)8)—f(/ub+68>> gp(s)ds

yielding that s —

of this sequence. Moreover, since [ |t|¢ (t) dt < co, we have that s — is

k O Ok
_ / - (f(#+ (5+5k)63) — f(M‘I—&S)) o (5)ds
R k
_/ Sf/_wm)gp(s)m/ SIL (1 +es) i (s) ds
(—00,0] (0,00)

(resp. = /(oo,()] sfi (n+es)p(s)ds+ /(0 sfl(u+es)p(s)ds).

’m)

Since {t e R: f} (t) # f. (t)} and {t € R: v (t) # f} (t)} are countable sets, we can conclude
that

/ sf’(u+€s)go(s)ds+/ sfi (u+es)p(s)ds
(=00,0]

(0,00)

:/ sfjr(u+ss)go(s)ds+/ sfl(n+es)p(s)ds
(—00,0]

(0,00)

= [stirenpds = [ siGutes (s

Since {0}y Was arbitrarily chosen, this implies that u(u,-) : (0,00) — R has left- and
right-derivative at e, the two side-derivatives coincide, and their value is [;, s (1 +€5) ¢ (s) ds.
Since p and € were arbitrarily chosen, (154) follows. Fix again (u,e) € R x (0,00). Define
®:R — [0,00) by ®(t) = [, sgp )ds for all t € [0,00)and @ (t) = 0 for all t € (—o0,0).
Define ¥ : R — (—o0 O] by W(t) = [,qs¢(s)ds for all t € (—00,0] and ¥ (t) = 0 for
all t € (0,00). By the Fundamental Theorem of Calculus and since the Riemann and the
Lebesgue integral coincide over closed and bounded intervals for continuous integrands (see,
e.g., Billingsley (1995)), note that ® is continuously differentiable, increasing, and such that
® (0) =0 and 9’ (t) =ty (t) (resp. = 0) for all ¢ € [0,00) (resp. ¢ € (—00,0)). Note also that
) = —®(—t) for all t € R and, in particular U is continuously differentiable, increasing,

U(t) =0 for all ¢ > 0 and ¥(¢) ft sp(s)ds for all t < 0. Deﬁne@w R — [0,00) by
e (t) = @ (5£) for all t € R and ¥, : R—)(—OO,O] by U, (t) = W (=£) for all t € R.

v (t
and
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Given =, consider a decomposition (v;,7,). Fix i € {1,2}. By the Change of Variable Formula
and Integration by Parts (see, e.g., (Billingsley, 1995, Theorem 18.4)) and since ~;, ®, ., and

VU, . are right-continuous and increasing, we have for all k£ € N that

1 t—
[ oswresio@ris= [ uuren® sas= [ %-<t>—<1>'(
(0,k] (0,k] (poptek] € €
_ / (6B () dt = / 7 (1) d,,. (1)
(1, p+-ek] (poptek]

=D (u+ek)y (u+ek) = e () v (1) — / D (t) di (¢)

(poptek]

= (I),u,e (,U + 5k) Yi (/L -+ Ek) — / (I),u,e (t) d"}/l (t)
(p,u+-ck]

SCRUEEEEY ( t;“D i (1)

and

“)dt

1 t—
[ sitrerpeas=— [ qurevas=- [ %-(t)—\l"< “)
(_k70} (—k’,O] (M_Ekvu] €

. / Y (8) W, () dt = / 2 (8) AV, (1)
(/.L—é‘k“u] (/.I,—Ek,/.l,}
_ {w 075 ) W (=) o=k = [ Wy <t>]
(n—ek,y]
- n—eh) 4 [ B @dn

(}L*Ek,ﬂ}

W (k) (k) + /(] v (1) an
(k) (k) — /(Hk’“]cb (\t;“\) i 1),

By adding these two terms, it follows for all £ € N that

/ % (1 +es) ¢ (s)ds
(_k‘vk}

IGEIEEEy B ([22]) a0+ @ 2 20 - [ e (
= 0 (8) b ob) = =) - | Ewﬁk]@(\t‘“\)dmw

e
Ly (202 (5] e
/ S—— (/t = ] s (s) ds) dv; ().
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Since ¢ was arbitrarily chosen and each integral is finite, we can conclude that

/( Iy (n+es)p(s)ds = /( R ( /[ T s () ds) dr (t)

By passing to the limit and applying Lebesgue’s Dominated Convergence Theorem and since
Jesfi (n+es)p(s)ds € R, we can conclude that

/Rsv (L+es)p(s)ds = lillirn . (/Ht;‘\k] sp () ds) dvy (t) .

Since p and € were arbitrarily chosen, (155) follows.

1. Given 7, consider the decomposition (7y1,72) such that v, (t) = v (t) + At and v, (t) = Mt
for all t € R. Since 7 is increasing and continuous on O, we have that Ay, is positive and such
that Ay; = Ay as well as Ay, (t) = 0 for all ¢ € O, proving that A+ is positive and such that
A7 (t) =0 for all t € O. By definition of y.,, we have that

p ({11) =T o, (6= 1/02]) =Timn [ (1) =0 (= 1/k)] = Ay () = Ay (1) Wt ER

Since 7, is continuously differentiable on the open set O and O€ is countable, we have that ~] is
well defined and continuous on O and so is 7'. By convention, recall that we set v (t) = 0 for all
t € O°. By Lebesgue’s Decomposition Theorem (see, e.g., (Billingsley, 1995, Equation 32.8 and
Exercise 32.7)), we have that jt,, = iy, act+/iy, s Where piy, o (resp. p,, ) is absolutely continuous
(resp. singular) with respect to the Lebesgue measure. By the Radon-Nikodym Theorem (see,
e.g., (Billingsley, 1995, Theorem 32.2)), there exists a measurable function 4 : R — [0, 00) such
that fiy, ac (A) = [, 7 (t)dt for all A € B(R). It follows that 4 can be replaced by | and
Py e (O°) = 0 as well as ji,, s (O) = 0. Since pu,, ¢ is countably additive and O° = {t}, is
countable, it follows that

Heyy (A) = Hyy,ac (A) + Hoyy s (A) = Hoyy,ac (A) + Heyy s (ANO°)
= @+ Y () vASB®).

kitpreA

Since 0 < 1y, s < fyy, DOte that p,, s (A) = lim,, > 7" Ay (t) 0y, (A) for all A € B(R), that is,
Poys = D peq A7 (L) 0y, where &, is the Dirac measure at ¢ for all k € N. Fix k € N. Define
My : R — [0,00) by My (t) = f[|ﬂ| K] 52 (s)ds= [ Ujezs | 4] (s) s (s)ds for all t € R. We can

conclude that

/(usk,;ursk] </[|t”|k] s (s) ds) dy (t)

:/1(u—ak,,u+ek]Mkd,u71 :/1(u—ek,u+ak]Mkd/~Lv1,ac+/1(u—ak,u+ak]Mkd,Uﬂyl,s
R R R

— [ Vgt O M @+ [ Lty Mad,
R R
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By Tonelli’s Theorem and since ¢ is even and

1[u—£k,u+£k] (t) 1“%“{] (S) S$ (8)
= 1[,ufek,,u+ek} (t) 1[,uf€s,,u+€s] <t> 1[0,k] (S) Sp (S) >0 v (57 t) € R x R>

we have that

%}mwm<4mwﬂ&“$$>m“w:AA}mwm<4mwﬂﬁﬂg@>ﬁ
) /[M_Eka] ( /[ g ds) dt =\ /R L rmsa () ( /R L ()55 ds) dt
y@(éuwmwmunwywuewxew)ﬁ

(/ Lp—ekyprer] (8) Lpu—es pres) (1) Lo ( S) &
R
= )\/ (/ 1[M—ak,u+ak} (t) 1[M—£s7u+as] (t) 1[0 k] dt) ds
R R
l[O,k} (3) s@ (5) (/ 1[#*ek,u+5k} (t) I[M*ES,quss] dt):| ds
R

= )\/ |:1[0,k} (S) Sp (S) (/ 1[max{,ufz-:k,,ufes},rnin{,u+€s,,u+sk} dt):|
R R
1

[Ok]()sgp()(Qes)ds:Q/\e/ sggp(s)dS—/\e/ s*p (s)ds
[0,k] [—k,k]

By the Monotone Convergence Theorem and since k was arbitrarily chosen, My.1 > My > 0

for all k € N, and [, s%p (s)ds = 1, we obtain that limj Mj, (t) = M (|=£|) for almost all ¢ € R
and
lim (/ s (s) ds) dy (t)
k (p—ek,p+ek] H%Lk]
t— t—
= [ar ([Z5) st @ars [ar ([72]) .
R € R €
t— = t, —
:/M( 8“‘)%(t>dt+ZM( k “Dm(tk)
R k=1
and _
t —
lim / 50 (5) ds] i (1) = / M (‘ " D At (157)
k (n—ck,p+ek] i H%‘,k] R €
and
lim [/ s (s) ds] dvys (t) = lim /\8/ s’ (s)ds = \e €R. (158)
B J(u—ekptek] | J]| 22| 4] k [—k,k]
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By (157) and (158) and since v; (t) = 7' () + A for almost every ¢ € R, it follows that

T St </[|t;|,k] (o) ds) ()= /RM <'t - D 70 dH,ﬁ; M ( = MD B (&),

€
proving the point.

2. Observe that ¢’ (s) = —sp (s) for all s € R. By the Monotone Convergence Theorem
and the Fundamental Theorem of Calculus and since the Riemann and the Lebesgue integral
coincide over closed and bounded intervals for continuous integrands and ¢ > 0, it follows that

k
M (t) = lim sp(s)ds = —lim O (s)ds = — hm/ ¢’ (s)ds
P Stk ko Jiek) ko Jy

=limfp(t) —p (k)] =¢(t) Vte[0,00).

Since ¢ is even, it follows that M (’%D = (‘ﬂ‘) = (ﬂ) = e, (t) for allt € R, proving

3 3

the statement. O

Without loss of generality in what follows, we focus on the last coordinate of R", that is,
on the n-th sector. Consider a probability density function ¢ : R — [0, 00) which is continuous
and even with standard deviation 1. For example, ¢ could be the normal distribution ¢ (t) =

\/%e_g for all t € R. If we fix (u,e) € R x (0,00), then ¢, . : R — [0, 00), defined by ¢, . () =

ey (t%’”) for all ¢ € R, is a probability density function with mean p and standard deviation ¢.
Consider also a probability density ¢ : R"™" — [0, 00) satisfying [o. 1 [|2]|?(2) dz < co. Since
T is Lipschitz and both shock distributions have finite first moments, ET : R x (0,00) — R

given by

EY (,u,s):/.../T(xl,...,xn_l,xn)gb(xl,...,xn_l)goma () dxy...dxy_1dx, Y (p,e) € Rx(0,00),
R Jr

(159)
is well defined. In other words, EY (u,¢) is the expected log-GDP when the first n — 1 nor-
malized log-productivities, x; = —In Z;/ (1 — [3), are jointly distributed according to ¢ and x,
is independently distributed according to the rescaled ¢, that is, with mean u, standard devi-
ation ¢, and shape ¢. The next result shows how infinitesimal changes in standard deviation
¢ affect this expectation. To this end, we need to introduce some extra notation. We define

Y, :R" x R" — R by

T, (2:d) = lim Y (x+ hd) — 7T (2)
h10 h

V(z,d) € R" x R".
By Corollary 7, we have that Y, is well defined. By Proposition 7,

To(z;e™) = —(1 — B)An(x) Vo e R". (160)
Define V = {z € R : x,, = 0}. By Proposition 10, for every v € V', the function

t= To(v+te;e”) + %t (161)

66



is finite, non-decreasing, and right-continuous. So, t — A, (v + te") is right-continuous, locally
of bounded variation, and has finite left limits. For every v € V, its derivative exists for almost
every t € R. By Tonelli’s Theorem, the partial derivative d\,/0x,, exists almost everywhere in
R™.

Proposition 11. Let T be a fundamentally C? log-cost operator, 3 € (0,1), and £ € A. Let
@ be a probability density on R"™ satisfying [p. 1 ||2]|cP(2 )dz < oo. If p : R — [0,00) is
contmuous even, and such that [, o (t)dt = 1 and [, t*¢(t)dt = 1, then for each (p,e) €
R x (0, 00)

OET .y
85 l’[’7€ -

(1-2 / / (‘—_D gin (21, ooy @) P (21, ooy Ty dty...dy_y dy,
(1-5 / /(ZM( )A)\ (xl,...,xn)>gb(xl,...,xn_l)d:vl...dxn_l

Tn€R
where M : [0, 00) — [0, 00) is defined by M (t) = f[t wo) 5§ (8) ds forallt € [0,00) and AN, (z) <
0 for all x € R™.

Proof. Given a vector z € R"™! we define Z € R" to be such that z; = z; for all i € [n — 1] and
Z, = 0, that is, Z € V. Define 4 : R*! x R x (0,00) — R by

Ty — MU

Uz, p,e) = / T (Z+te")pue () dt  V(z,p6) €ER" xR x (0,00).
R

Define by Z the set of points z in R"™! such that O = {t € R: Z + te" € Dy} is open and
{t e R: Z+te" € D} is countable. By Lemma 12 and since T is fundamentally C?, observe
that Z¢ has Lebesgue measure 0 in R""!. Fix z € Z. Define f, : R = R by f, (t) = T (Z + te")
for all ¢ € R. Since T is Lipschitz continuous of order 1, so is f,. By Proposition 6 and Corollary
7 and since {t € R : Z 4+ te™ € D} is countable, we have that f, has left- and right-derivative
at each point of R with

fly@t)="To(2+te",e") and f]_(t) = =T, (2 +te", —¢") vVt € R.

2,

Define g.(t) = f.(t) + ﬁt%w(t) := f. . (t). The function g, is convex, and v.(t) = g , (t) —
%t = —(1 = B)\u(Z + te™). Consequently, v, is right-continuous and locally of bounded vari-
ation, and ¢ — ~,(t) + %t is non-decreasing.

Since T is fundamentally C?, v, is continuously differentiable on O, whose complement is
countable. Furthermore,

Av(t) = 7(t) — lim 1t — 1/K) = —(1= B)AN(E +8e")  VEER

By Lemma 13, it follows that

2 emar= [ar ([ e S ar (|2 a0utt) v iee) € 2xRx(0.00)

teO°
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Next, observe that

/ / (/ (T1,y ooy Tty ) Qe (T0) da:n> O (21, .y Ty1) day...dy 4

_/Rnl (2o p1,6) B (2)dz V() € R x (0, 00).

ﬁ(zzﬂ7€+6)7ﬁ(za“a€) <
0

By Lebesgue’s Dominated Convergence Theorem and since Z¢ has measure 0 and

1 for all z € R*™! for all § € (—e,00) \ {0}, and for all € € (0,00), we can conclude that for
each (p,e) € R x (0, 00)

OEY ou
= D(z)dz.
o= [ s
By evenness and the unit-variance assumption, [, M(|(t—u)/e]) dt = e. Since v, > —3/(1—p)

almost everywhere, Avy, > 0, and |0.4(z, u,€)| < 1, the slice identity implies

255
_6'

/M (= )DL dt+ 3 M|(E = o) f2)) A () <

teR

Thus both terms are separately integrable against ¢. We set these terms equal to zero on the
null set Z¢. Consequently,

0ET< )
e M, €

L (e romsone (2o (1

teR

)Az@>w@w.

Substituting 7.(t) = —(1 —5)%(2%—%") for almost every t, and Ay, (t) = —(1—5)AN,(Z+te™)
for every t, yields the formula in the statement. That A\, (z) < 0 for every € R™ follows by
Proposition 7. O

Proof of Theorem 3. Fix i € [n| and s € R} . After relabeling coordinates so that sector 4 is
the last coordinate, apply Proposition 11 with

¥ = @i, M= Wi, £ = S;, @:Spfi,s'

The integrability assumption on ¢ holds because each X; = 1; + s;; has a finite first absolute
moment. Indeed,

E[|X-illoe < (1] + 85El5]) < oo

J#i

Finally, the sign follows from A\;(xz) <0 O

Observe also that

5’31 /‘z

) roi(r) dr = m(x;).
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E Relaxing Cobb-Douglas in Labor

Suppose that the equilibrium log-price equation for each sector i € [n] can be written as

pi = —In(Z;) + T; (po, p) (162)

where py € R is the log-price of the primary input and 7; : R**! — R. This generalizes
Equation 14 by allowing 7; to also depend on the price of labor. Next, suppose that there exist
B € (0,1) and a normalized, non-decreasing, and translation invariant S : R"*! — R" such that

T; (po. p) = (1 = B) po + BSi (o, p) (163)

for all (po,p) € R"™ and i € [n]. Assume also that S is a valid log-cost operator.”> The
previous fixed-point equation then becomes

Di = (1 - B) (i + po) + BS; (po, p) Vi € [n] (164)

where, as in the main text, x; = _(i(%) for all ¢ € [n]. Let Il (pg,z) € R™ denote the unique

solution of the previous fixed-point equation indexed to (pg,z) € R™™!. This is well-defined
because y — (1 - B) (x + poe) + BS (po,y) is a contraction, hence admits a unique fixed point.
In our main analysis, we always focus on II (0, z) since it is always possible to normalize py = 0.

Consider the cloned economy where, for each original sector i € [n], we generate two sectors
given by the original one 7 and a new cloned sector ¢ + n. With this, the new cloned economy
has 2n sectors. Define S : R2" — R2" as

J (=) S] (ﬁj—i—rmﬁla'“aﬁn) if ]6 [n]a
S; (p) _{ i if je{n+1,..2n}. (165)

Intuitively, to fit this more general dependence on labor in the baseline framework of the paper,
for every sector i, we are adding an extra sector ¢ + n that transforms the household’s labor
supply into labor services sold to sector i (this is a fairly standard approach, see e.g., La’O and
Tahbaz-Salehi, 2022). It is immediate to see that S is normalized, monotone, and translation
invariant. Assume that S represents the log-cost operator of our cloned economy.

The equilibrium price equation in the cloned economy parametrized to the log-cost of labor
po € R and the cloned log-productivity 7 € R?*" is

p=(1—5) (@ +poe) +5S (p). (166)
Call II (po, ¥) € R?" the unique solution of the previous fixed-point equation.

Lemma 14. Define

- _ oz j € [nl,
xj_{ 0 if je{n+1,.,2n}. (167)

22This is tantamount to assuming that thef production function of sector ¢ can be written as éi(Qo, Q) =
maxse (0.0, ((Qo —£)/(1 — BN (G (4, Q) /B)B,Awhere Gi: R — R is positive homogeneous, non-decreasing,
continuous, and with MaX (o, Q:Qu+Sr, @i=1} G (Qo,Q) = 1.
1 =1 O
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We have 0 (0.2) if .
~ - ;i (0,2) 4 7 € |n],
I; (0, 7) :{ 0 if je{n+1,..,2n}. (168)

Proof. That I1; (0,%) = 0 for all j € {n + 1,...,2n} follows from
i (0,4) = (1— B) (#; + 0) + 35, (H (0,5:)) = BIL(0,7) Vje{n+1,..2n}. (169)

With this, we have that for all j € [n]

01, (0,2) = (1= ) (& +0) + BS; (11(0,2)) = (1= B)a; + BS; (0.11(0,8), ... 71(0,3),,) .
(170)

Since this coincides with the system of equations in (164) that defines IT; (0, z) and it admits
a unique solution, we obtain II; (0, ) = I1, (0, z) for all j € [n]. O

Crucially, the economy described by the log-cost operator of Equation (165) satisfies our
Assumption 1, and therefore, all our results can be applied to it verbatim. Given the relation
established between the prices of the cloned and original economy, these results are easily
transferred to the latter, too.

F Producer Theory

We define by G the collection of all production functions G : R} — R, that are nondegenerate,*
monotone, upper semicontinuous, and positive homogeneous.?* We denote by G, the collection
of all production functions G : R} — R that are monotone, upper semicontinuous, positive
homogeneous, and such that max,ea G (w) = 1. Clearly, we have that G,,, C G. We define by
Geon (resp. Gyeon) the subset of functions in G that are concave (resp. quasiconcave). We set
Gnor —con = Gnor N Geon. Given G € G, we define the expenditure function of G at 1, denoted
Kg:RY, — R, ., by

K¢ (P) = QERgmn . Z Q, P VP eRY .

We will show that indeed K¢ is well defined (cf. Lemma 15). We will also show that K¢ is
monotone, continuous, concave, and positive homogeneous. We denote the class of functions
K : R}, — R4, with these four properties by K. We also denote by K. the subset of
functions of I that are such that K (e) = 1. A goal of this appendix is to show that G — K¢ is
a bijection from G,o; — con Onto K. Finally, given a function K € K, we define k : R” — R by
k(p) = In(K (exp(p))) for all p € R™ where exp (p) is the vector whose j-th component is ePs
for all j € [n]. We conclude the paper by characterizing convexity and concavity of x in terms
of G. Throughout the note, we assume that 0-+0co =0,0/0 =0, 00’ =1, 0° =1, Inco = o0,
and In0 = —oo. Given a nonempty set X and a function f : X — R and t € R, we denote by

That is, G (e) > 0.
#That is, G (AQ) = AG (Q) for all A > 0 and for all Q € R7}.
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{f>1t} ={xr e X: f(x) >t} the upper contour set of f at ¢t. Similarly, we define the lower
contour set {f <t}.

Remark 7. In what follows, whenever G € G, it will automatically be granted that G is
continuous by the classical result of Moore (1999). A

F.1 Expenditure functions

We move to study the expenditure functions induced by our class of production functions.
Given G € G, recall that K¢ : R, — R is defined by

Kq (P) = mln >1ZQJ VP e RY .

QEeRY:G

We also define Ug : Ry x R — [0, 00] and Ugint : Ry x R} — [0, 00] by
Ug(t,P) =sup{G(Q): Q €R} and (Q,P) <t} V(t,P)eR. xR"

and
Ugint (1, P) =sup {G(Q) : Q € R}, and (Q,P) <t} V(t,P)€R,: xR}
We next show that expenditure functions inherit most of the functional properties defining

the functions in G. In particular, the next lemma shows that if G € G (resp. Gpor), then K € K
(resp. Kyor)-

Lemma 15. If G € G (resp. G € Guor), then Kg is well defined and belongs to IC (resp. Kuor)-

Proof. Since G is continuous and positive homogeneous, we have that G (0) = 0. Fix P € R" .
Since G is nondegenerate and positive homogeneous, denote by () an element in R”} such that

G (Q) = 1. Since G is monotone, continuous, positive homogeneous, and such that G (0) =0,

we have that

f f
QERTL G(Q)>1 Z Q‘] QER”I% Q) 1 Z Q‘] ln Z Q‘]

QER" G(Q)=1 and Z? 1 Q5 P; <Z;L 1QJ I j=1

= min ZQ]P > 0,
QEeRY:G(Q)=1 and Z] 1Q]P<ZJ 1Q7 i =1

proving that the inf is attained and K¢ is well defined. Next, for each @ € {G > 1} define
lo: R, = Ry byl (P)=(Q,P) forall P € R, . Since K¢ = infge(a>1) g and each (g is
monotone, continuous, affine, and positive homogeneous, we have that K¢ is monotone, concave,
and positive homogeneous. By (Borwein and Lewis, 2006, Theorem 4.1.3) and since K is con-
cave, it follows that K is continuous, proving the main statement. Finally, if max,ea G (w) = 1,
then @ = 1 can be chosen to be in A. This implies that 1 = Doy = D00 je; > K (e)
where @ € A is such that G (w) = 1. Next, consider @ € R’} such that G(Q) > 1 and
> -1 Qj = K (e) < 1. Since G (Q) > 1, it follows that @ # 0 and } 7, Q; = [|Q||, € (0,1].
Since maxyea G (w) = 1 and G (Q) > 1, this implies that w = Q/[|Q||; € A is such that
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12> G(w) =G (Q)/ R, =1, proving that G(Q) /[|Q[]; = 1, that is, 1 < G (Q) = [|Q[|; < 1.
It follows that K¢ (e) = > 7, Q; = [|Q||, = 1, proving the statement. O

We next study some of the properties of the indirect utility Ug and relate it to Kg. Those
are classic results. We begin with an ancillary fact.

Lemma 16. If G € G, then Ug (t, P) € (0,00) for all (t,P) € Ryy x R, and Ug (t, P) =
UG’,int (t, P) fO'F all (t, P) S R++ X Ri\ {0}

Proof. Consider (t,P) € Ry x R}, and set A = <Z?:1 P]> lt € (0,00) and @ = Xe €
R . Since G is nondegenerate and positive homogeneous, we have that (Q,P) = ¢ and
0 < AG(e) =G(Xe) = G(Q) < Ug(t,P). At the same time, since (t,P) € Ryy x R}, we
have that {Q eRY:(Q,P) < t} is closed and bounded and, in particular, compact. Since G
is upper semicontinuous and real-valued, it follows that the sup defining Ug (¢, P) is attained
and real-valued too. Since (¢, P) was arbitrarily chosen, the first part of the statement follows.
Consider (¢, P) € Ryy x R\ {0}. Since P € R}\ {0}, define o = 37 | P; > 0. Clearly, we
have that {Q eR::(Q,P) < t} is a closed set and, in particular, cl {Q eRY, :(Q,P) < t} -
{Q eR} :(Q,P) < t}. Consider @ € R% such that (@, P) < t. We have two cases: either
(Q,P) < tor (Q,P) =t In the first case, define s =t — (@, P) > 0 and for each k € N
define Q% = Q + e € R}, . Note that <Qk,P> =(Q,P)+; <(Q,P)+s=tforallk €N
and lim;, Q* = @, proving that @ € cl {Q ceR:, :(Q,P) < t}. In the second case, since t > 0
and P € R%\ {0}, the condition (@, P) = ¢ implies that Q;P; > 0 for some j € [n] and, in
particular, Q; > 0 and P; > 0 for some j € [n]. For each k € N define s, = %HQEPE > 0 and
define Q* = Q — =2 Q;eh—%’“e € R%,. Note that (Q*, P) = (Q, P)—si+s, = (Q, P) = t for all

)
k € N and lim;, Q* = Q, proving that Q € cl {Q eRY, (Q,P) < t}. Since () was arbitrarily
chosen, we have that {Q eR: :(Q,P) < t} Ccl {Q eRY, (Q,P) < t} and, in particular,

{Q eR} :(Q,P) < t} =cl {Q eRY, :(Q,P) < t}. Since G is continuous, we have that

UG’ (t7 P) = sup G (Q) = sup G (Q) = UG,int (t7 P) .
QER™:(Q.P)<t QeR™:(Q,P)<t
Since (t, P) was arbitrarily chosen, the second part of the statement follows. O

Lemma 17. If G € G, then Ug (K¢ (P),P) =1 for all P € R},

Proof. 7Fix P eR"_. Consider @ € R" such that G (Q) > % and K¢ (P) = Z?Zl Q;P;. Since
> -1 QP < Kg (P), we have that Ug (K¢ (P), P) > G (Q) > 1. By contradiction, assume
that Ug (K¢ (P), P) > 1. Since G is upper semicontinuous and P € R’ , consider Qe R” such
that > 7 Q;P; < Kg (P) and G (Q) = Ug (K¢ (P),P) > 1. By definition of K¢ and since
G (Q) > 1, this would imply that ¥"_, Q;P; > K¢ (P), vielding that K¢ (P) = 3", Q,P;.
Define v = 1/G(Q) € (0,1) and Q@ = vQ € R?. Since G is positive homogeneous and
PR Q;P; = K¢ (P) > 0, we would have that G(Q) = 1 and thus a contradiction:

Y QP =Y QP <> QiPj=Kc(P) <> QP
j=1 j=1 j=1 j=1
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F.2 Expenditure functions and lattice operations

We next explore the question of whether lattice operations on production functions translate
into lattice operations over expenditure functions. This will play a role in characterizing when
a (log-expenditure) function x is either convex or concave. We first show that the expendi-
ture function of a production function which is the infimum of production functions is the
maximum of the corresponding expenditure functions, provided some extra conditions are met.
To this end, given a function from a nonempty set C' of a normed vector space to the real line,
we say that it is lower (resp. upper) coercive if and only if its lower (resp. upper) contour sets
are compact.

Lemma 18. Let C' be a nonempty precompact convezr subset of a normed vector space and
& C xR} — Ry be such that w — & (w,Q) is lower coercive and quasiconvez for all

QeRY, and & (w,-) € Geon for all w € C. IfG: R? — Ry is such that

G(Q)=inf &(w,Q)  VQEeRY,

welC

then the inf is attained on R’ and G is well defined and belongs to Geon. Moreover, we have
that Kg = max,,.& Ky where K, = Kg(w,.)-

Proof. Since @) — & (w, Q) is nonnegative, monotone, upper semicontinuous, concave, and
positive homogeneous for all w € C, it is plain that G is well defined, monotone, upper
semicontinuous, concave, and positive homogeneous. By Remark 7, GG is continuous. Since
w = & (w, Q) is lower coercive for all @ € R", we have that G (Q) = min, s & (w, Q) for all
() € R, . In particular, this implies that G is nondegenerate and, in particular, G € G. Define
& :clC x R? — [0,00] by

oiwar={ o0 tr el

By definition of & and since w +— & (w, Q) is lower coercive and quasiconvex for all Q) € R" T, on
C, we have that w — & (w, Q) is lower semicontinuous and quasiconvex on ¢l C for all Q € R%

Similarly, Q@ — & (w, Q) is monotone, continuous, concave, and positive homogeneous on R”
for all w e cIC. Fix P € R" .. Note that if @ € R} and G (Q) > 1, then & (w, Q) > 1 for all

w € C, proving that

V(w,Q) € clC x R™.

Y QP> K,(P) Ywel = Y Q;P;>suwpkK,(P) = Kg(P)>supK,(P).

j=1 wel weC
Define Uy, = Ug(w,) and Uy jnt = Us(w,.),int for allw € C. Observe that G (Q) =min, & (w,Q) =

min, -6 (v, Q) = minwed_é@(w,Q) for all @ € R%,_. By Sion’s Maxmin Theorem and
Lemma 16 and since w — & (w, Q) is lower semicontinuous and quasiconvex for all @ € R’} |
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and Q — & (w, Q) is upper semicontinuous and quasiconcave for all w € clC, note that

Ug (t,P) =Ugnt (t, P) = sup inf & (w,Q) = inf sup & (w,Q)
Q6R1+‘Z;‘L:1 Q;P;<t weclC wecl C Q€R1+ZZ§L:1 Q;P;<t

= min sup & (w, Q) = min sup S (w, Q)
weelC QeR% 377, Q;P<t weC QeRY 377 Q;P<t
=min Uy (¢, P) = min U, (t, P) Vt >0,
wel wel
proving that Ug (¢, P) = min, U, (t, P) for all ¢ > 0. By Lemma 17, we have that 1 =
U (K (P),P) =min, U, (K¢ (P),P)and U, (K, (P),P) =1forall w € C and, in partic-
ular, there exists w € C such that 1 = Ug (K¢ (P), P) = Uy (K¢ (P), P). Since P € R", and

& (w, -) is upper semicontinuous, this implies that Uy, (1, P) € (0,00). Since Uy (K (P),P) =1
and t — Uy (t, P) is real-valued and positive homogeneous, it follows that

Ky (P)Ug (1,P) = Uy (Ky (P),P)=1=Uy (Kg(P),P)=Ka(P)Uy (1, P),

proving that K¢ (P) = Ky (P) < supyea Kuw (P). Since K¢ (P) > sup,, o Ky (P) and P was
arbitrarily chosen, we can conclude that

K¢ (P) =max K, (P) VPeRl,,

welC
proving the statement. O]

We next show that the expenditure function of a production function which is the maximum of
production functions is the minimum of the corresponding expenditure functions.

Lemma 19. Let C be a nonempty precompact subset of a metric space and & : clC x R%T — R4
be upper semicontinuous and such that & (w,-) € G for all w € C and & (w,-) = 0 for all
w e cdC\C. If G: R} — Ry is defined by

G(Q) =swp®(w,Q) VQER, (71)

wel

then the sup is attained on R’ and G is well defined and belongs to G. Moreover, we have that:

1 Kg = min, .~ K,, where K, = Kg(y,) for allw e C.
2. If C is a convex subset of a normed vector space and W — U, (t,w) is upper semi-

continuous and quasiconcave on C for all (t,w) € Ryy x A and (’5( W, ) € Geon for all
w € C, then G € Geon.

Proof. Since @ — & (w, Q) is nonnegative, monotone, continuous, and positive homogeneous
for all w € C, it is plain that G is nonnegative, monotone, lower semicontinuous, and positive
homogeneous. Since & (w,e) > 0 for all w € C, it follows that G (e) > 0, that is, G is
nondegenerate. Since & > 0 and & (w,-) = 0 for all w € cIC\C, the sup over C' in (171)
can be replaced with the sup over c1C. By (Aliprantis and Border, 2006, Lemma 17.30) and
since & : clC x R — R, is upper semicontinuous and clC is compact, this implies that G is
real-valued and upper semicontinuous and the sup is attained on R’} and, in particular, G is
well defined and belongs to G.
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1. Fix Pe R} and w € C. Since & (w, Q) > 1 implies that G (Q) > 1, it follows that

K,(P)=  min )>IZQ]P > i > QP =Kg(P).

QER™:6(w,Q €R™:G(Q)>1 ‘=

Since P and w were arbitrarily chosen, we can conclude that K,, > Kg for all w € C and
inf, .~ K, > Kg. Fix P € R}, . By Lemma 15, consider @ € R} such that G (Q) > 1 and
Kg (P) = 3_5_, Q;P;. By definition of G, there exists w € C such that & (w,Q) > 1 and, in
particular,

inf K, (P) > Kg(P) =) Q;P;> Ky (P) > inf K, (P),

weC =1 weC
proving that K¢ (P) = min, K, (P). Since P was arbitrarily chosen, the statement follows.

2. Given G in (171), define G : R" — [—o0,00] by G (Q) = —oo for all Q ¢ R", and

G (Q) =G (Q) for all Q € R, . Since G is continuous, we have that G is lower semicontinuous.
Define Hg : R X A — [—00, 00| by

Hg (t,w) = sup G(Q) V(t,w) € R x A.
QERM:(w,Q)<t

Note that He (t,w) = Ug,in (£, w) for all (t,w) € Ry, x A. Define G : R? . — R, by

G(Q) = inf Ho ((w,Q),w)  VQERY,

Since t — Hg (t,w) is monotone and @ +— (w, Q) is affine for all w € A, it is immediate
to see that @ — Hg ((w, @), w) is quasiconcave on R, for all w € A and, in particular, so
is G. Fix @ € C. Define & (1,-) : R" — [~00,00] by & (@,Q) = —oo for all Q ¢ R, and
& (0,Q) = & (0, Q) for all Q € R, . Since & (b, -) is monotone, continuous, and quasiconcave,
we have that & (,-) is monotone, lower semicontinuous, and quasiconcave. Define Hy : R x
A — [—00, 00| by

Hy(t,w) = sup 6 (w,Q) V(t,w) € R x A.
QER™: (w,Q)<t

Define Ugjnt = Us(w,),ne o0 Ry x A. By definition of & (,-), we have that Hy (t,w) =
Us(w,),int (t,w) = Uw,mt (t,w) for all (t,w) € Ryy x A. By Cerreia—\/ioglio et al. (2011) and
smce W was arbitrarily chosen,? we have that Hy is lower semicontinuous and quasiconvex on
R x A for all w € C and, in particular, so is Upint on Ry x A for all w € C and

®(U~jaQ) = 6(157@) IIlEIIAlH (<w7Q>aw) :InelIAlUﬁ},mt(<w7Q>7w) VQ € R++avu~] S é
By (171), we have that UG int = SUPgea Uming. Fix @ € R . Define the function Fy : A x C —
[0, 00] by Fg (w,0) = Ug jint ((w, Q) ,w) for all (w,w) € AxC. Since Uy jn; is lower semicontin-
uous and quasiconvex on Ry x A for all w € C, it follows that Fy, is lower semicontinuous and
quasiconvex in the first argument. By assumption, Fi is upper semicontinuous and quasicon-

25See the working paper version (Cerreia-Vioglio et al., 2011, Lemmas 4 and 5, Theorem 1, and p.5).
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cave in the second argument. By definition of Fy and Sion’s Maxmin Theorem (see Corollary
3.3 in Sion, 1958) and since Fy, is lower semicontinuous and quasiconvex in the first argument
and upper semicontinuous and quasiconcave in the second argument and A is compact and
convex and C' is convex, we have that

G (Q) = inf Ugint ((w, Q) ,w) = inf sup Ug i ((w, @) ,w) = inf sup Iy (w, )

weA weA el weA el
= sup inf Fy (w,w) = sup inf Ugin ((w, Q) ,w) =sup & (0, Q) = G (Q).
weC WEA BeC WEA wel

Since @ was arbitrarily chosen, we have that G coincides with G on R? ., proving that G is
quasiconcave on R’ . Since G is continuous, it follows that G is quasiconcave on R’}. Since G
is positive homogeneous, this implies that G € G, proving the statement. O

F.3 Representation result

We can now move to our main representation result of this appendix. We provide a represen-
tation of the expenditure function in terms of its generating production function. The main
representation result will follow and build on this and provide a canonical representation in
terms of an alternative and unique concave production function.

Lemma 20. If G € G, then

. (w, P) n
KG(P):{UHEIE ) VP eRY .

Moreover, K¢ (€) = 1 if and only if max,ea G(w) =1 (that is G € Gyor)

Proof. Fix P € R}, and w € A such that G(w) # 0. Define Q) = )w € R7}. Since G is
positive homogeneous, we have that G (Q)) = 1. By definition of Q) and Kg, it follows that

(w, P
G (w)

:ZQj‘PjZKG(P)'

Jj=1

Since w was arbitrarily chosen, it follows that min,ea <G( )> 2 MiNyeA:G(w)#£0 <G( )> > Kg (P).

Next, fix @ € R’} such that G (@) > 1. Since G is nondegenerate and positive homogeneous,
this implies that Z?Zl Q; > 0.%° Define w = %QQ € A. Since G (Q) > 1, it follows that
j=1%7]

- 1 Q5F _ > Wil
24Pz = e = 6w

where the equality follows from positive homogeneity of G. Because () was arbitrarily chosen,

it follows that K¢ (P) > mingea %, proving the main statement. Finally, observe that

K¢ (e) =1 if and only if min,ea % = 1 if and only if max,ea G (w) = 1.
]

26Qtherwise, since Q € R?, we would have that Q = 0 and, in particular, G (Q) = 0, a contradiction.
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Theorem 4. Let K : R}, — R,. The following statements are equivalent:

(i) K € Kunor;
(ii) K is monotone, continuous, quasiconcave, positive homogeneous, and such that K (e) = 1;
(i1i) There exists an upper semicontinuous and concave function I' : A — [0,00) such that
max,ea ' (w) =1 and

K (P) = min <§"<’f)> VP ER",. (172)
(iv) There exists G* € Guor — con Such that K = Kgx.
(v) There exists G* € Guor — con Such that
K (P) = wmeiggu*’—(i]é VP eRY,.
Moreover, we have that:
1. I': A —[0,00) is such that
1

Yw e A

F) = TR (P) P e R, and (w,P) <1}

and it is the unique upper semicontinuous and concave function T satisfying (172) and
such that max,ea I (w) = 1.

2. G* is the unique element in Guor — con Such that K = Kg-.

3. I'(w) = G* (w) for allw € A. In particular, T' is continuous and G* (0) = 0 and G* (Q) =

1QI, T (Q/[IQll,) for all @ € R\ {0}.
4 IfG € Guoy and K = K¢, then G* — min{é -G € Guor—con and G > G}.

Proof. (i) implies (ii). By definition of K,,, it is obvious.

(ii) implies (iii) and point 1. Call K the extension of K to R" such that K (P) = 0 for all
P ¢ R}, . Since K > 0 and K is monotone and positive homogeneous, it is immediate to see
that K is monotone and positive homogeneous. Since R}, is open and K is continuous on R’}
and K > 0, we have that

{K>t}={PeR}, :K(P)>t} Vt>0.

n

It follows that the latter set is relatively open in R’} , proving that the latter and the former

are open. Moreover, since K > 0, we have that {K > t} = R” for all t < 0, proving that K is
lower semicontinuous. Since K is quasiconcave on R} and K > 0, we have that

{K>t}={PeR},:K(P)>t} Vt>0.

It follows that the first set is convex. Moreover, since K >0, we have that {I_( > t} = R” for
all t < 0, proving that K is quasiconcave. By (Cerreia-Vioglio et al., 2011, Theorem 8.1 and
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Proposition 8.1 and their proofs) and since K is monotone, lower semicontinuous, quasiconcave,
positive homogeneous, and such that K (e) = K (e) = 1, we have that

R (P) = min{<w’P>+ - <w’P>_} VP e R" (173)

wed | a (w) co (w)

where A is a nonempty, closed, and convex subset of A, ¢; : A — [0,00) is upper semi-
continuous and concave, ¢y : A — (0,00] is lower semicontinuous and convex. Moreover,

A= {we A:domH (-,w) # 0} where H : R x A — (—o0,00] is defined by
H (t,w) =sup {K (P): (w, P) <t} V(t,w) e Rx A

and ¢, and ¢, are unique with H (1,w) = le) for all w € A. Since K (P) = 0 for all
P ¢ R"_, it is immediate to see that H (t,w) = 0 for all w € A and for all ¢ < 0, that is,
(—00,0] € dom H (-,w) for all w € A, proving that A = A. In particular, this implies that

1 1
c(w) = H(1,w) sup {K (P): (w, P) <1}
1
= Yw € A.
sup{K (P): P € R%, and (w,P) <1} we
By (173) and since K (e¢) = 1 and K (—e) = 0, we have that 1 = min,ea Cl(lw) = — elA )

1
By restricting (173)2(té R% arﬁAseQ‘Eti)ng I' = ¢, Equation (172) follows. Next, consider
I': A — [0,00) such that I is upper semicontinuous, concave, and such that max,ea I' (w) = 1
and I satisfies (172). By the uniqueness part of (Cerreia-Vioglio et al., 2011, Proposition 8.1)
and since c; = oo and K (P) =0 for all P ¢ R"_, this implies that

[P P .
K(P)_weA{ Fw) o) } VP e R",

and 0 = mingea —

that is, maxyea ¢1 (w) = 1 and mingea ¢ (W) = 0.

proving that I' = ¢; = ' and uniqueness.
(iii) implies (iv). Define G* : R} — Ry by G*(0) = 0 and G* (Q) = ||Q[|, ' (Q/ ||Q]|,) for
all @ € R\ {0}. Note that Gia = TI'. Consider Q,Q € R’} such that @ > Q. Since I > 0,

if Q =0, then G*(Q) > 0 = G* (Q) If Q > 0, then @ > 0. In this case, if Q = @, then
G*(Q) > G* (Q) Assume Q > Q. Define § = Q — Q € R™. Since Q,§ > 0, T is concave, | ||,
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is additive on R’} , and G* > 0, note that

G*(Q) =1, T(Q/|Ql, = HQ+6H1F ()g%(f)
~ 1

oo v (k@ _ldh_ ¢

1 @—1-51 Ql HQ+51H5”1

o<\,

1

>Q+0 JQle ? +HQ+5
Haa, \Jal,

~¢(Q)+6¢ ) =6 (Q).

proving that G* is monotone. Consider {Qk} reny & RY such that Q¥ — Q. Note that there
exists a subsequence {ka}meN C {Qk}keN C R? such that limsup, G* (Q*) = lim,, G* (Q*").
If there exists a further subsequence {ka(l)}leN - {ka}mEN C {Qk}keN C R such that
QF»» =0 for all | € N, then Q = 0 and lim sup,, G* (Qk) = lim,, G* (ka) = lim; G* (kam) =
0 = G* (Q). If this further subsequence does not exist, there exists m € N such that Q*~ > 0
for all m > m, therefore we can assume without loss of generality that Q%= # 0 for all m € N
and define wh = Q*n / HkaH1 € A for all m € N. Since A is compact, there exists a further

subsequence {ka(U}leN C {ka}meN - {Qk}keN C R% such that limy, wkm® = w € A. Since
I' is upper semicontinuous and I' > 0, we can conclude that

limsup G* (Q") = 1im G* (Q*") = lim G* (Q*»®) = limsup || Q" [ T' (w*®) < [|Q], T (w).
k m l

If @ =0, then [|Q|]; = 0 and |Q||;T' (w) = 0 = G*(Q). If Q > 0, then w = Q/||Q||, and
1Q, T (w) = G* (Q), proving upper semicontinuity. Fix @ € R and A > 0. If either Q = 0 or
A =0, then G* (AQ) = G* (0) = 0 = AG* (Q). Otherwise, we have that

G*(AQ) = [2QI, T (AQ/[IAQly) = AN, T(Q/ Q) = AG™(Q),

proving that G* is positive homogeneous. Since Gfy =I" and maxyea I (w) = 1, we have that
max,ea G* (w) = 1. Next, fix Q,Q € R} and A € (0,1). If either @ = 0 or @ = 0, then
either G* (AQ (1) @) e ((1 ~ ) Q) —(1- )G (@) = AG*(Q)+ (1= \)G* (Q)
or G* ()\Q +(1=X) Q) =G (AQ) =\G"(Q) = \G"(Q)+ (1 -\ G* (Q) Since I is concave
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and | ||, is additive and positive homogeneous on R” , if instead @, Q > 0, note that

¢ (M +1-20Q)

= |pe+a-na| r ;§+F_§§
41—

1

QI Q a-x]ef, ¢

pL e AQ+<1—A>@L”Q”1+ pe+a-naf o]
> AQ+(1-1Q M@, ( )+HAQ+ 1—A)C~2H HQH Q
‘pQ+»1— ‘pQ+:L- QH

Q
1l
-l () + - v e, r Qi)

=G (@ + (-6 (Q)

proving concavity and G* € G, o1 — con. By Lemma 20 and since GTA =TI, we can conclude that

. (w,P) . (w,P)
K(P) =min oS = mit o)

= K¢« (P) VP e RY
proving the implication.

(iv) implies (v). By Lemma 20, the implication follows.

(v) implies (i). Since K is the inf of monotone, continuous, affine, and positive homogeneous
functionals, we have that K is monotone, upper semicontinuous, concave, and positive homo-
geneous. By (Borwein and Lewis, 2006, Theorem 4.1.3) and since K is concave, it follows that
K is continuous. Finally, by Lemma 20 and since max,ea G* (w) = 1, we have that K (e) = 1,
proving the implication.

3. By points (iii) and (v) and point 1 and since G* is continuous and concave and such that
max,eca G* (w) = 1, we have that

(w, P) (w, P)

K(P)=min Ty = M2 G (o)

VP eRY

proving that I'(w) = G*(w) for all w € A. Since G* is continuous and positive homogeneous,
the rest of the point follows.

2. Consider any other function G € Gpor — con satisfying either point (iv) or (v). By the same
argument above and the equivalence with (iii), we have that G (w) = I' (w) = G* (w) for all
w € A. By positive homogeneity, we can conclude that G (Q) = G* (Q) for all @ € R'}\ {0}.
By continuity, we have that G (0) = 0 = G* (0), proving uniqueness of G*.

4. Define K : R" - R by K (P)=0forall P¢R", and K (P) = K¢ (P) forall P € R" .
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Define H : R x A — (—o0, 00] by
- Gy >0
H(t,w):{ cw 20w eRxA.

By Lemma 20, it is immediate to see that

K (P) = min H ((w, P) ,w) VP e R"

wEA
By points 1 and 3 and definition of K, we have that

1
G* (w)

=sup{K (P): PR}, and (0, P) <1} =sup{K (P): (w,P) <1}

~

P 1
= sup inf H ({(w, P),w) < inf sup H ((w, P),w)=—— VYw € A,
PeR™:(,P)<1 WEA ( )+ v) WEA peRrn: (i, P)<1 ( ) G (0)

proving that G* > G on A. Since G and G* are continuous and positive homogeneous, it follows
that G* > G. Next, consider G € Guor—con and G > G. It follows that Kz < K¢ = Kg+. By
points 1 and 3, we have that

1 n
G (w) =sup {Kg+ (P): P €RY, and (w,P) <1}
>sup {Kg (P): P€R}, and (w,P) <1}
:; Yw € A,
G (w)

proving that G > G* on A. Since G and G* are continuous and positive homogeneous, it follows
that G > G*, proving the point. O

F.4 Fragile Sectors
By Lemma 20, if G € G, then

Kg (P) = min <w(’f)> VP eR",
and
fi (p) = min{M (w,p) +c(w)}  VpeR" (174)

where M : A x R" — R is defined by M (w,p) = In (Z;;l epjwj) for all (w,p) € A x R™ and

c: A —[0,00] is defined by ¢ (w) = —InG (w) for all w € A. Since K¢ € Kyor, we have that
K¢ is normalized, monotone, and translation invariant. We define R(+||-) : A x A — [0, o0] by

R (w||@®) = 2jmrIn (Z_) Wi WUy, By e Ax A
00 otherwise
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We define the absolute entropy Ent : A — R by Ent (w) = — Z?:1 w; Inw; for all w € A.
Recall that Ent is continuous and strictly concave.?” Given a convex subset C' of A, we will
say that a function f : C' — R U {oo} is entropy convez if and only if f + Ent is convex. By
subtracting Ent, it is immediate to see that if f is entropy convex, then f is strictly convex on
its effective domain and convex in general. Given a function A : C' — [1, 00|, we will say it is
entropy log-convex if and only if d : C' — [0, 0], defined by d (w) = In A (w) for all w € C, is
entropy convex.

Lemma 21. Let G € G If kg : R® — R is convex, then there exists a grounded, lower
semicontinuous, and convex d : A — [0, 00] such that

o ) = max {(w.p) —d(w)}  VpeR" (175)
and
d(w) = wescllloll)nc{R(szD) —c(w)} Yw € A. (176)

Moreover, if w € int A, then w — d (w) — R (w||w) is lower semicontinuous and conver on A.
In particular, d is lower semicontinuous and entropy convex.

Proof. Define kg : R" — R by kg (p) = —kg(—p) for all p € R". We have that kg is
normalized, monotone, translation invariant, concave, and such that

Rg (p) = max{m (w,p) —c(w)}  VpeR" (177)

where m : A x R" — R is defined by m (w,p) = —In <Z?:1 e"’jwj> for all (w,p) € A x R™.
By Cerreia-Vioglio et al. (2014) and since k¢ is normalized, monotone, translation invariant,
and concave, we have that d : A — [0, oo}, defined by d (w) = sup,cg {Fa (p) — (w,p)} for all
w € A, is such that

kq (p) :{UneirAl{<w,p>+d(w)} Vp € R™.

By definition of d and since K¢ is normalized, we have that d is grounded, lower semicontinuous,
and convex. By definition of d and (177) and Donsker-Varadhan’s variational formula, we also
have that

() = sup {ama i (.5) = € (0)) = (w2 | = sup sup {m (3.9) = ¢ () — (w,p))

=sup sup {m(w,p) —c(w)—(w,p)} = sup sup {m(w,p) — (w,p) —c(w)}

pER™ Wwedom ¢ wedom ¢ peR™
= s {sup (@)~ (W)} - c(0)} = swp {Rulld) - c(@)} VoA
wedome  peR™ wedom ¢

Since kg (p) = —FRg (—p) for all p € R, the main statement and (176) follow. Fix w € int A.
Since w € int A, we have that R (w||w) < oo for all w € A. For each w € domec define
fo: A — RU{oo} by fz (w) = R (w||w) —c (@) — R (w]|w) for all w € A. Fix @ € dome. Since

2"Define ¢ : [0,00) — R by ¢ (0) = 0 and ¢ (t) = tIn (¢) for all t > 0. Observe that ¢ is continuous and strictly
convex.
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R (w||w) € R for all w € A and ¢ () € R, note that w € dom fj if and only if f; (w) < oo if
and only if R (w||w) < oo, proving that dom fz = dom R (+||w) is convex. Since R (wl||w) € R
for all w € A and R (w||w) € R for all w € dom fz, we have that w; = 0 whenever @w; = 0 and

Fol) = Rul) = ) = R (o) = > () s =) = 3t (32

= zn:ln (@) w; — ¢ (0) YVw € dom fg.

This implies that fz is affine over dom f and, in particular, convex on A. By definition of d
and since w was arbitrarily chosen, we have that

d(w) — R(wl||w) = sup {R(w||lw) —c()} — R (w]d)

wedom ¢
= sup {R(w||w)—c(®) — R(w||w)} = sup fz(w) YweA,
wedom ¢ wedom ¢

proving that w +— d (w) — R (w||w) is convex. Since w € int A and d is lower semicontinuous,
we have that w — R (w||w) is continuous and w +— d (w) — R (w||w) is lower semicontinuous.
Fix w € int A. Since w — Y7, In (w;) w; is affine and w — d (w) — R (w|[w) is convex, we
have that w + d (w) + Ent (w) = d (w) — R (wl[w) — >°7_, In (;) w;, proving that d + Ent is
convex. [l

Proposition 12. Let K : R}, — R ,. The following statements are equivalent:

(i) K € Kyor and K is convez;
(i) There exists G € Gyor such that K = K¢ and k = kg is convet;
(iii) There exists a unique G* € Guor —con Such that K = Kg«, k = Kg+, and

G*(Q) = min A (w) IT}_, (Q) b vVQ € RY

wel wj

where C is a nonempty, compact, and convex subset of A and A : C' — [1,00] is lower
semicontinuous, entropy log-convex, and such that min,cc A (w) = 1.

Proof. (i) implies (ii). By Theorem 4, the implication follows.
(ii) implies (iii). Define L : R} — R™ by L (P) being the vector whose j-th component is
In (P;) for all j € [n] and for all P € R",. By Lemma 21 and definition of k¢, this implies that

(P) =z TR e TR Tew VPR (1)

where d : A — [0, 0] is grounded, lower semicontinuous, and convex. For each w € A define
Ky : Rt — Ry by K, (P) =1I_, P, [e?™) for all P € R . If d (w) = oo, note that K, = 0.
Given w € A, define H, H,, : A — [0, 00] by

H(w)=sup{K (P): PR}, st. (w,P)<1} Y e A
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and
H, (w) =sup {K, (P): PR} st (o, P)<1} Y € A.
Note that
eR(wl[w) 1 1

H, (0) = e el e o T <&>wj >0 V(w,w)e Axdomd
Jj=1 wj

while H,, (@) = 0 for all (0, w) € A x (domd)°. By (178), note that H (0) = sup,,ca Hy (0) =
SUDycdomd Hw (W) for all @ € A and

1 1
H(w)= sup H,(w)= sup =

5\ 5.\ Wi
wedom d wedom d d(w)TTn Wi i d(w)TTn Wy
e W7, o infyedoma €17, o

Y € A.

By Lemma 15 and Theorem 4 and points 1-3 and since K = Kg € Ko, Wwe can conclude that
K = Kg« where I' : A — [0,00) and G* : R}, — R, are such that

and

G*(Q)= inf ™7, (%> vQ € RY.

By Lemma 21, we have that C' = cl(domd) is a nonempty, compact, and convex subset of
A and A = e from C to [1,00] is lower semicontinuous, entropy log-convex, and such that
min,ec A (w) = 1. We next show that the inf can be extended from domd to C' and it is a
min. Consider ) € R’. We have two cases:

L A(w) T, (%)w] > ( for all w € domd. In this case, since A (w) € [1,00), we have that
for each w € domd
w; >0 = @Q; >0.
Define A (Q) = {w e A:Q; =0 = w; =0}. Clearly, A(Q) is closed and domd C
A (Q) and, in particular, C' € A (Q). Note also that IT}_, (%)w] = exp (E}Ll In %wj) =

exp (Z?zl In Q;w; + Ent (w)) for allw € A (Q). Note that the function w = =7 | In Q;jw;+

Ent (w) is real-valued and continuous on A (@) and, in particular, on C. This implies
that the function

w— A(w) T, (%)wj = exp (d (w) + i In Q;w; + Ent (w))
j=1

is lower semicontinuous on C', proving that the inf over C' is a min. Moreover, since

A(w) TG, (%)wj = exp (d (w) + znzln Q;w; + Ent (w)) =00 Yw e C\domd,
j =
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we have that extending the inf to C' does not change the value of the minimization.
B

2. A(w) I}, (%) " = 0 for some w € domd. Since w A (w) IT5_, (%)w] > 0 for all
w € C, we have that

G*(Q)= inf ™I, (@> = inf e™1I7_ (%)

welC w;

proving that inf can be extended from domd to C' and it is a min.

Points 1 and 2 prove the implication.

(iii) implies (i). Define ¢ = {w € C': A(w) < co}. Since C' is a nonempty subset of a
compact set and A is such that min,cc A (w) = 1 and entropy log-convex and, in particular,
quasiconvex, we have that C' is nonempty, precompact, and convex. Define & : C' x R} — R,

by _
& (w,Q) = A(w) I, (%> J V(w,Q) € C xR

wj
Clearly, & (w,-) € Geon for all w € C. Define d : C — [0, 00] by d (w) = In A (w) for all w € C.
Given @ € R++, note that & (w,Q) = ||Q|, el +E@+Tialm@e; where @ = Q/ |Q|,.
Since A is lower semicontinuous on C' and entropy log-convex, it follows that w +— d (w) +
Ent (w) + 37, In (w0;) w; is lower semicontinuous and convex on clC and, in particular, the

lower contour sets of this function are closed and convex subsets of clé, that is, they are
compact subsets. At the same time, since d (w) = oo for all w € clC\C, they are subsets of
C, proving that w + d (w) + Ent (w) +>_7_, In (w0;) w; is lower coercive and quasiconvex on C
and so is w +— & (w, Q). By Lemma 18 and since G* : R} — R, is such that

G*(Q)=min® (w,Q)  VQeRY,

weC
then "
Kg« (P) = max K, (P) = max M VP ¢ RY
“ Cwel wee el A

Since k (p) = ke« (p) = In (Kg+ (exp (p))) for all p € R™, it follows that

wel weC

7, ewims §
k(p) =In(Kg- (exp(p))) =In maxw = max Zw]pj (w) Vp € R",

proving the convexity of k. O]

F.5 Smoothness and density

In this section, we show that smooth unit log-cost functions are dense. In light of Theorem 4,
we can therefore think that for any G' € G, there exists a sequence {G,,},,,cy € Guor such that
kg, € C*(R") for all m € N and lim,, k¢, (p) = kg (p) for all p € R". By Arzela-Ascoli’s
Theorem and since the sequence {£g,, },,cy is uniformly bounded over compacta and Lipschitz
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of order 1, this implies that k¢, LN kg where d is the distance on C' (R™) metrizing convergence
over compacta. This is our density result (cf. Proposition 13).

As one might suspect, we carry out these approximations by convolution with mollifiers. To
this end, we need an intermediate approach. This intermediate approach brings us to consider
the following new objects. Given a function K € K, we define K : R® — R by

R(p)=K(exp(p)) VpeR"

where as usual exp (p) denotes the vector whose i-th component is e?i. Recall that R" is endowed
with the supnorm || ||, and we denote by B the unit ball. Consider a function ¢ € C§° (R")
such that ¢ > 0, [p, ¢ (2)dz = 1, and supp ¢ C B. For each ¢ > 0 define ¢, (z) = e "¢ (f)

for all z € R". By the Change of Variable Formula, note that ¢, > 0, [5. ¢. (z)dz = 1, and
supp . C eB for all € > 0. Given a function K € I, and € > 0, we define R, : R* — R by

80 =R = [ o -DRGD WpER

We define K. : R, — R, by K. (P) = %(O)ﬁg (In P) where In P is the vector whose i-
th component is In P; for all P € R . As before, we define s, : R* — R by k. (p) =

In (K. (exp (p))) for all p € R™.

Proposition 13. If K € Ko and {e},,cn € (0,1) such that limy, e, = 0, then K., € Kyo
and k., € C*(R") for allm € N and k.,, % k.

Proof. Since K is continuous, so is & and, in particular, 8 € L{_(R"). By (Brezis, 2011,
Propositions 4.20 and 4.21), it follows that 8. € C* (R") for all m € N and K., converges
uniformly to K over compacta. By the Change of Variable Formula, recall that convolution is

commutative. It follows that
e (9) = (o, % 8) () = (Rx o) () = / R —p)¢., ()dp V5 € R, ¥m € N.

Since K > 0 and ¢, > 0 and [, ¢, (¥)dz = 1 for all m € N, we have that & > 0 and,
in particular, K. > 0 for all m € N. It follows that K., is well defined and continuous for
all m € N. Moreover, by construction, we have that K. (e) = 1 for all m € N. Since K is
monotone, so is R. Since K is monotone and ¢.,, > 0 and [, ¢.,, (p)dp =1 for all m € N, it
follows that

P2 p — ﬁm(m:/ ﬁ(ﬁ—p)%m(p)dPZ/ 85— 1)ge, (D) dp= e, () YmEN,

n n

proving monotonicity of K., and K. for all m € N. Since K is positive homogeneous and
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@e,, > 0and [g, e, (p)dp =1 for all m € N, it follows that

S, (0 he) = [ R+ he=p)po, Wdp= [ K (exp(p+he—p) o, () dp

=" (e (= p)¢e,, (p)dp = ¢ /Rnﬁ(ﬁ—p) Pen (P) dp

="’ (p) VpeR"VheR,VmecN.

It follows that

K., (\P) = ﬁsml 7 (w(AP) = mﬁem (In (P) +1n (A) e)
1

NG "M@ (In(P))=M\K.,, (P), VYPeR", V¥A>0,VmeN,

proving that K  is positive homogeneous for all m € N. Consider P, Pe R”, and A € (0,1).
Given a vector p € R" define P, (resp. P,) as the vector whose i-th component is P;/ exp (p;)
(resp. P;/exp (p;)). Since K is concave, we have that

(m </\P F(1-N) 13))
/Rnﬁ<1n AP+ (11— ) p)(psm(p)dp

(
/Rn§<ln()\P+ (1—A ))gpam(p)dp
P,

:/RnK AP, + (1 ) n (p)dp
2o [ KB ey + 0= [ K (B) o )
3 [ RP) = e, Wdp+ -0 [ & (0 (P) = p) o, Gy

— A&, (In(P)) + (1 -\ &, (m (15)) Vm € N,

proving concavity of K. for all m € N. We can conclude that K. 6 € K, for all m € N.
Since R.,, € C* (R") and R.,, > 0 for all m € N and In is infinitely many times differentiable

n (0,00), we can conclude that k., € C*(R") for all m € N. Since lim,, &, (p) = K(p)
for all p € R™ and In is continuous on (0, 00), we have that lim,, K.,, (0) = £(0) = 1 and, in
particular,

limk,, (p) =lim[InK. (p) —InKk., (0)] =limln K, (p) —limln &, (0)

m

=InR(p)=r(p) VpeR"

proving that k. converges pointwise to k. By Arzela-Ascoli’s Theorem and since the sequence
{Fem tmen 18 uniformly bounded over compacta and Lipschitz of order 1, this implies that

d
Ke,, — K- [l
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F.6 Semiconcavity

In this section, we prove that if K € K,, and k is twice continuously differentiable, then
% — || |I3/2 is a concave function where || ||, is the Euclidean norm over R™. In this section,
given two symmetric n X n matrices A and B, we write A = B if and only if (Az,x) > (Bx, x)
for all x € R™. With a small abuse of notation, we denote by I both the n x n identity matrix
and the identity operator.

Lemma 22. If K € Ky, and k is twice continuously differentiable, then

max <V K ( h,h>§1

h€Bso

and, in particular, I = V% (p) for all p € R™. Moreover, k — || || /2 is concave.

Proof. Fix p € R™ and w € o, (p). By Corollary 4 and since M (w,-) and x are twice continu-
ously differentiable, we have that V& (p) = VM (w, p),

k(p+h) :/<¢(p)+<V/i(p),h)+%<V2/€(p)h,h>+RK(h) Vh € R",
and
M(w,p+h):]\/[(w,p)+<VM(w,p),h>+%<V2M(w,p)h,h>+Rw(h) Vh € R"

where R, (-) = o (] Hg) and R, (-) = o (|| ||3) Fix h € R™. It follows that

(VK (p),th) + % (V?k (p) thyth) + R, (th)

=k (p+th) — K (p)
< M (w,p+th) — M (w,p)

1
= (VM (w,p),th) + 5 (V?M (w,p)th,th) + R, (th) Vt >0,

proving that

Ry (th)

—<v2 ) h, h) + —5 < %<V2M(w,p)h,h>+Rw(2th) vt > 0.

By passing to the limit and since h was arbitrarily chosen, we have that (VZk (p)h,h) <
(VEM (w,p) h,h) for all h € R™ and, in particular, VM (w,p) = V2 (p). Denote by S, the
unit sphere induced by || ||, and by B, the unit ball induced by || || .. Since M (w, -) is convex,
we have that i — (VZM (w, p) h, h) is a convex function on R™. Since || ||, < || ||,, this implies
that

max (VK (p) h,h) < max <V2/£ (p) h,h) < max <V2M (w,p) h, h)

= max <Vwahh><1
heext(Bo)
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proving that (V2k (p) h, h) < ||h||3 = (Ih,h) for all h € R, that is, I > V2k (p). Since p was
arbitrarily chosen, the statement follows. O
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